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Active Control of Engine Dynamics
(RTO EN-020 / AVT-083)

Executive Summary 

Active control presents the opportunity to mitigate future challenges associated with design constraints and
operational requirements in gas turbines, including control of compressor system and combustion system
instabilities. Several programs are exploring this technology to address issues related to higher pressure and
temperature operation for improved performance, volume reduction for increased thrust-to-weight ratio,
and operation near lean blowout limits for reduced emission. The aim of the course was to present the state-
of-the-art of this emerging technology, including the experimental and theoretical understanding of the
control processes and control issues, and to describe the latest developments for its practical
implementation.

The course started with an introduction into fundamental stability characteristics and active control
approaches, followed by a lecture on control theory with special consideration of robustness and
fundamental limits of controllers.

For combustion systems, fundamental flow and combustion processes that determine the behavior of
system dynamics was described and different physics-based active and passive control approaches were
developed. Subsequently, theory associated with the application of standard control laws and strategies to
linear combustor dynamics was discussed, using the spatial averaging method to construct reduced-order
models of the dynamics. In addition, models of the control processes and its application to active control
were reviewed. The practical application to power gas turbines was described, including control approach,
design issues, results from long-term experiments, and assessment of active control compared to passive
control methods.

For compression system dynamics, analysis of hydrodynamics models for multi-mode pre-stall dynamics of
axial compression systems was described, which include non-linear coupling between surge and stall. This
was followed by the description of analytical and experimental techniques for diagnostics and control of
compression instabilities. Different sensor and actuator architectures were discussed together with linear
and non-linear techniques to optimize closed-loop performance and robustness. The course was concluded
with R&D needs and an assessment of future prospects for active control.

In summary, the course has shown for combustion systems, that progress in actuator and sensor
technologies and the increased understanding of the physical control processes associated with flow,
combustion, and acoustics has made the active control approach a viable option even at full scale. The
successful implementation of instability suppression in heavy duty power gas turbines and its continuing
evaluation related to reliability, lifetime, and performance will enhance confidence for other applications
such as aeroengines, for which active control needs have been established. Current efforts focus on
reducing pattern factor and suppression of combustion instability associated with performance increases
and emission reduction. To minimize the risk of implementing active control on aeroengines, life extension
of combustors maybe the first practical application in conjunction with implementation of diagnostics and
information technologies for health monitoring. For airbreathing missiles propulsion, suppression of
combustion instabilities and extension of lean blowoff limits are viable options for active control
applications. For future developments of “smart combustors” active control will play an enabling role when
combined with distributed wireless sensors and distributed actuators.

For compression systems, significant progress has been made of coupling the actuation mechanism with the
physics. A variety of actuation schemes have been developed and successfully demonstrated in systems
ranging from low-speed, single stage rigs to full-scale engines, however active control has not been
implemented in a practical system. One of the difficulties is obtaining low-weight and highly reliable
actuators with sufficient control authority and frequency response. Given the difficulty in controlling stall
and surge behavior on practical systems, diagnostic systems for detecting abnormal operational conditions
may be the more important early application.
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Le contrôle actif pour la dynamique des moteurs
(RTO EN-020 / AVT-083)

Synthèse 

Le contrôle actif offre le moyen de réduire l’impact des futurs défis représentés par les contraintes de conception
et les besoins opérationnels associés aux turbomoteurs, y compris le contrôle des instabilités des compresseurs et
des systèmes de combustion. Ces technologies sont actuellement étudiées par le biais de différents programmes
de recherche, ayant pour objectif d’examiner la possibilité de faire fonctionner les turbomoteurs à des
températures et à des pressions plus élevées afin d’améliorer leurs performances, de réduire leur volume pour
améliorer le rapport poussée-poids, et de fonctionner aux limites de l’extinction pauvre afin de réduire les
émissions. Le cours a eu pour objectif de présenter l’état actuel des connaissances de ces technologies
émergentes, y compris les connaissances théoriques et expérimentales dans le domaine du contrôle et de ses
processus, et de décrire les derniers développements en ce qui concerne sa mise en œuvre concrète.

Le cours a commencé par une introduction aux caractéristiques fondamentales de stabilité et aux différentes
approches du contrôle actif, suivi d’un cours sur la théorie du contrôle, qui a mis l’accent sur la robustesse et les
limites intrinsèques des contrôleurs.

En ce qui concerne les systèmes de combustion, les processus fondamentaux de flux et de combustion qui
déterminent le comportement de la dynamique du système ont été décrits, et différentes approches du contrôle
actif et passif basées sur la physique ont été examinées en détail. Par la suite, la théorie associée à l’application
de lois et de stratégies de contrôle normalisées à la dynamique des chambres de combustion linéaires a été
discutée, en faisant appel à la méthode de moyenne spatiale pour construire des modèles réduits de la dynamique.
Un certain nombre de modèles des processus de contrôle et leurs applications au contrôle actif ont été étudiés.
Les applications pratiques aux turbomoteurs ont été décrites, y compris les approches du contrôle, la conception,
certains résultats d’expériences à long terme et une évaluation du contrôle actif par rapport aux méthodes du
contrôle passif.

En ce qui concerne la dynamique des systèmes de compression, l’analyse de modèles hydrodynamiques de la
dynamique multi-mode de systèmes de compression axiale en prédécrochage a été présenté, y compris le
couplage non-linéaire entre le pompage et le décrochage. Cette présentation a été suivie de la description de
techniques analytiques et expérimentales pour le diagnostic et le contrôle des instabilités de compression.
Différentes architectures de capteurs et d’actionneurs ont été discutés, ainsi que des techniques linéaires et non-
linéaires permettant d’optimiser les performances en boucle fermée et la robustesse. Le cours a conclu par un
tour d’horizon des besoins en R&D et une évaluation des perspectives futures en matière de contrôle actif.

En conclusion, le cours a démontré que grâce aux progrès réalisés dans le domaine des technologies des
actionneurs et des capteurs, ainsi qu’ aux nouvelles connaissances des processus physiques de contrôle des flux,
de la combustion et de l’acoustique, le contrôle actif est une option valable, même en grandeur réelle.
L’élimination des instabilités dans les grands turbomoteurs et son évaluation continue en ce qui concerne la
fiabilité, le cycle de vie et les performances permettra de rehausser le niveau de confiance en vue d’autres
applications telles que les moteurs d’avion, pour lesquels les besoins en contrôle actif ont été établis. Les efforts
actuellement consentis dans ce domaine concernent principalement la réduction des écarts de température et
l’élimination des instabilités de combustion, associées à l’amélioration des performances et la réduction des
émissions. Afin de réduire au minimum les risques associés à l’application du contrôle actif aux moteurs
d’avion, la première application concrète pourrait être le prolongement du cycle de vie des chambres de
combustion, en parallèle avec la mise en œuvre des technologies du diagnostic et de l’information pour le
contrôle de l’état de fonctionnement des moteurs. En ce qui concerne la propulsion des missiles aérobies,
l’élimination des instabilités de combustion et l’extension des limites de l’extinction pauvre représentent des
options valables pour d’éventuelles applications du contrôle actif. Le contrôle actif, associé à des capteurs sans
fil et à des actionneurs répartis, est appelé à jouer un rôle habilitant dans le développement futur des «chambres
de combustion intelligentes».

En ce qui concerne les systèmes de compression, des progrès appréciables ont été réalisés en couplant le
mécanisme actionneur avec des aspects ayant trait à la physique. Diverses configurations d’actionneurs ont été
développées et démontrées avec succès pour des systèmes allant de bancs d’essai basse vitesse à un seul étage à
des moteurs réels, mais le contrôle actif n’a pas été mis en œuvre dans un système particulier. L’une des
difficultés consiste à obtenir des actionneurs légers et hautement fiables dotés de suffisamment de contrôle et de
réponse en fréquences. Etant donné les difficultés rencontrées pour contrôler le pompage et le décrochage dans
des systèmes en service, il se pourrait que l’application prioritaire soit la détection de conditions de
fonctionnement anormales.
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Introductions – Stability Characteristics and Control Approach*

V. Yang
Department of Mechanical Engineering

The Pennsylvania State University
University Park, PA 16802, USA

Email: vigor@psu.edu

Summary

This lecture provides an overview of various fundamental aspects of active control of gas-turbine combustion
dynamics.  The physical mechanisms and practical means for modulating flow and combustion processes are
discussed.

1.  Introduction

The quest for enhanced performance, service reliability, maintainability, and availability has been the thrust of
gas turbine engine research since its invention in 1905.  While traditional approaches yielded profound
improvement over the years and require further optimization, intelligent control of gas turbines offers a radically
new avenue for advancing the state-of-the-art.  By synthesizing novel control strategies at the component,
substystem, and system levels, realization is possible of desired engine characteristics previously limited by
phenomena such as compressor surge and stall, lean blow out limit, and combustion instabilities.  Even relatively
modest improvements in a design can result in substantial payoffs.  For example, only a 5-10% improvement in
stall pressure ratio is required to lead to a 2-5% reduction in gross takeoff weight of an engine, a 2-5%
improvement in range, and up to a 3% decrease in cost.  Such data exemplifies the strong impetus for pursing
active control in gas turbines for fuel economy and augmented performance.

In contrast to passive control, the term ‘active control’ implies control of a system involving expenditure of
energy from a source external to the system.  Generally, the purpose is to minimize the difference or ‘error’
between the instantaneous desired and actual behavior of the system.  Control may be exercised with feedback of
information about the actual response of the system (closed-loop control) or without feedback (open-loop control).
The field of active control of combustion is concerned both with control of dynamics, notably combustion
instabilities, and with various forms of the ‘regular’ problem, for example maintaining operation to optimize some
property of the performance.

Although the earliest proposals for active feedback control of combustors, and the initial experiments, were
motivated by the intention to control combustion instabilities in rockets, ramjets, and afterburners, subsequent work
has demonstrated other possible applications.  Thus one can now conceive of situations in which the purpose of
introducing active combustion control (ACC) may be one or a combination of two or more of the following: (1)
improve the performance of a combustor (e.g., reduce pollutant and/or noise emissions, reduce specific fuel
consumption, increase combustion efficiency, improve pattern factors in gas turbine combustors, etc.); (2) permit
modification of combustor design (e.g., reduce its length); (3) damp combustion instabilities; (4) increase
combustor reliability; (5) extend operational limits of combustors (e.g., permit stable operation at lower
equivalence ratios); and (6) improve performance of other military combustion processes such as shipboard
incineration, and power and heat generation in the field.  Because the practical problem of suppressing combustion
instabilities has been the chief motivation for investigating ACC, it is useful to explain some broad aspects of the
subject by considering feedback control of unsteady motions in a combustor.  The essential reason for the presence
of instabilities in a combustion system is the existence of internal feedback such that energy may be transferred to a
fluctuation at a rate dependent on the fluctuation itself.  Passive control involves changes of design, (e.g., in the
composition or types of reactants, injection system, chamber geometry) either (1) to reduce the rate at which energy

                                                
* Part of the materials presented in this chapter were excerpted from the AGARD Report 820, entitled “Active

Combustion Control for Propulsion Systems,” authored by K. Schadow, V. Yang, F. Culick, T. Rosfjord, G. Sturgess
and B. Zinn.

Paper presented at the RTO AVT Course on “Active Control of Engine Dynamics”,
held in Brussels, Belgium, 14-18 May 2001, and published in RTO-EN-020.



1-2

is transferred to the unsteady motions or (2) to increase losses of energy, for example by the use of suitable
resonators to introduce a dissipative process.  Use of active control may be effective by causing either (1) or (2) to
occur by sensing the instabilities and then using a feedback control loop to modify one or more input parameters.
What may be possible, or what actually happens in a particular case, can be established only by understanding the
system in question.

In the experimental work reported to date, relatively simple laboratory burners are typically used, having
relatively large length/diameter ratios, although demonstration has been made in two full-scale land-based gas
turbine applications.  The undesirable oscillations often have motions largely in the axial direction.  Control has
been exercised, or at least the levels of oscillations have been reduced, by applying several methods of actuation,
the most common being:  forcing the motion of a portion of the boundary, for example of the inlet; injecting
acoustic waves with a loudspeaker; and modulating the primary or a secondary fuel supply.  A typical arrangement
for active control of combustion instabilities in a dump combustor is sketched in Figure 1 involving actuation, A(t),
achieved by modulating the flow through a fuel injector.  The actual performance of the system is monitored by
two pressure sensors, for the real-time, s(t), and time-average, s (t), condition monitoring, respectively . Three
different levels of ACC are shown.  The first (marked 1) shows an open-loop operation in which the actuator is
used without any feedback.  The second (marked 2) adds a fast sensor to provide real-time feedback for control of
the actuator signal.  The third (marked 3) employs an additional sensor to detect the overall performance in a time-
averaged sense.  This sensor output is used to adjust the controller parameter to adapt to changes in operating
conditions.  In general more than two sensors could be used, distributed in space and measuring several properties
of the motions, for example velocity and radiation in addition to the pressure.

For the control circuit 2 shown in Figure 1, the information acquired by the sensor must be processed and used
within the feedback loop to activate a controller whose output drives the actuator according to a control law.  Most
demonstrations to date have used simple control laws which dictate oscillatory actuation at some phase relative to
the sensed response of the system, and at some amplitude found to give best results, i.e., lowest amplitude of
oscillations.  That approach is a special form of classical PID (proportional/integral/derivative) control in which the
control signal is proportional to the error itself, its time-integral, and/or its derivative.  The conditions for optimal
control influence have always been obtained experimentally with little preparatory design work, a consequence of
the lack of knowledge of the systems under investigation.

Fig. 1  Active Control Arrangement to Suppress Combustion Instabilities in Dump
Combustor.

According to the preceding remarks, there are broadly four areas in which research and development must
proceed to form a firm basis for practical applications of ACC:  sensing, actuation, formulation of control laws, and
understanding of the systems to be controlled.  As part of the progress required, it is essential to acquire
understanding of the scaling laws, particularly with respect to the power density of a combustor.  This short course
covers a broad range of issues ranging from future requirements of combustion systems to topics of basic research
that must be addressed to realize the promise of active control of combustion.
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2.  Background

Although active feedback control had been posed and investigated for a restricted class of problems in the
early 1950s for reasons cited in the preceding section, the idea was not pursued experimentally until the 1980s.  It
seems fair to recognize that the work at Cambridge University, supported by Rolls Royce with a view to
application to afterburners, marked the beginning of the recent considerable activity in this area (see References 14
through 19).  Indeed, the sequence of increasingly more elaborate experimental projects within the program
introduced many of the novel ideas which have subsequently been vigorously pursued by a large number of
research groups throughout the world.  In particular, many of the types of sensing and actuation now being
investigated were first used at Cambridge.

The general notion of active feedback control of combustion dynamics has recently attracted considerable
interest of customers and manufacturers, mainly those producing systems for propulsion and stationary power
generation.  The chief reasons for this attention include:  the trend toward higher combustor pressure (particularly
in the past twenty years or so) not only for higher performance in some sense, but also for smaller size, improved
efficiency, and reduced emissions of pollutants.  While overall efficiency of a system has in the past been largely a
matter of gaining a competitive advantage, independent of any regulatory practices, that is no longer the case.
Increasingly stringent specifications on pollutant generation will likely be met not only by reducing the amount of
pollution produced in combustion of a unit mass of fuel, but also by requiring less fuel to generate a unit of power
output or thrust.  Those requirements and the traditional methods of achieving desired improvement are discussed
in Section 3.  An implication of that discussion is that the customary methods of design changes (a strategy of
‘passive’ control) seem to be approaching their limits.  Hence the interest in active control is a direct consequence
of widespread practical motivations.

On the other hand, the subject of active control of combustion  remains primarily a matter of research.  Apart
from a small number of relatively recent observations of emission levels, practically all work on ACC has been
concerned with control of coherent pressure oscillations, i.e. combustion instabilities.  The general reasons why
research on active control of combustion dynamics has concentrated on control of combustion instabilities are easy
to understand.  First, it is generally true that as designs of combustors are pressed to give higher performance –
normally a matter of raising power density – the likelihood is also raised that combustion instabilities will occur.
Many examples exist for rockets, ramjets, and afterburners.  Second, in the past several years, instabilities have
become a serious problem in gas turbine combustors under quite different circumstances.  In order to reduce
production of nitrogen oxides, it is desirable to consume much of the fuel with lean burning to reduce the
temperature.  That implies operating a combustor as close to lean blow-out as possible.  But then the global
combustion process – the flame – tends to become unstable.  The consequent unsteady motions can couple to
global motions in the chamber, producing combustion instabilities.

Finally, there is a class of practical applications including heaters and incinerators of waste, for which
intentionally pulsed combustion is effective for improved efficiency.  Active control of pulsed combustion is
attractive to ensure optimum operating conditions, avoiding, for example, inadvertent operation when the
pulsations can cause unacceptable rates of surface heat transfer or reduced efficiency.

3.  Requirements for Future Combustors

Active combustion control is a technology that requires basic research and development for all components of
an active control system – sensor, actuator and controller.  It is therefore appropriate to identify the projected needs
and challenges for future combustors when determining the application opportunities for active control.  This
section provides a brief assessment of the requirements for future combustors as used in aeroengine and surface gas
turbines.

Gas turbine engines have been developed for either aeroengine propulsion or surface power/propulsion.  The
aeroengine device, which is used for both military and commercial aircraft, always uses direct fuel injection in the
combustor.  That is, the liquid fuel is injected (often by an airblast fuel nozzle) into the combustor, where the
physical processes of atomization, vaporization and fuel-air mixing occur.  In contrast, surface power/propulsion
devices, which can be used for ground power generation or ship propulsion, may utilize either direct-fuel-injection
or fuel-air premixing.  The former is identical to aeroengine combustors, but in the premixed arrangement, the
aforementioned physical processes are essentially completed prior to entering the combustor.  One consequence of
fuel-air premixing is that the heat release is more concentrated.  Because of the differences in fuel preparation, the
requirements for aeroengines and premixed surface power/propulsion gas turbine combustors may be different.
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3.1  Aeroengine Gas Turbines

Aeroengine gas turbines provide propulsion for aircraft, both military and commercial.  In addition to
requirements on performance and emissions that accompany any powerplant, there is a premium on achieving them
in a compact, light-weight device that is very fuel efficient and highly reliable.  These demands are projected to
become increasingly severe for future aeroengine gas turbines.  It is important to determine enabling technologies
that might mitigate these challenges.

The basic performance trends for aeroengine gas turbines have been toward increasing thrust-to-weight ratio
for military devices, and lower specific fuel consumption (i.e. fuel flow rate per pound of thrust) for commercial
devices.  The former is sought to increase maneuverability, while the latter supports reduced operating costs.
Among the consequences common to both goals is the trend toward higher pressure ratios, with higher
temperatures at both the combustor inlet and exit.

Based on these performance trends and mission-driven engine configuration studies, it is concluded that
operating conditions for combustion systems will continue their historical trends toward increasing stringency.
With long-term goals of doubling thrust-to-weight ratio and reducing specific fuel consumption by 25 to 50 pct,
overall pressure ratios in the range of 50 to 75 are virtually certain, and values up to 100 are possible.  For
commercial applications, bypass ratios could increase to as high as 25 using gear-driven fans.  For military
applications bypass ratios will be more modest, but turbine inlet temperatures will increase significantly to values
associated with combustor equivalence ratios of 0.5 - 0.7.  These targets reflect the range of set-point operation
over the power curve.  The desire for military systems with shorter acceleration/deceleration response times
imposes additional demands for more rapid transients between the set-point conditions.  At times, the static
stability of the combustor, and its adjacent components, will be exceeded.

These projected performance trends will impact the combustor design.  Burning-length-to-dome-height ratios
will approach 1.5, with a mean radius in the range of 216 to 250 mm (8.5 to 10 in.), regardless of engine airflow;
dome heights will be in the range of 50 - 150 mm (2 to 6 in.) depending on the core engine airflow.  Combustion
intensities will range from 100 to 160 MW / m3/ bar  (10 to 16 MBtu / hr / ft3/ atm).  While the general combustor
configuration will likely remain annular, the combustor inlet section diffuser may be changed for overall engine
pressure ratios above 70.  Specifically, passage heights in axial-flow compressors at very high pressures can
become so small (depending on core engine airflow) that losses due to secondary flow begin to dominate,
preventing final high efficiencies from being achieved.  Under such circumstances, the final stages of compression
might necessarily be done through one or more centrifugal-flow stages.  This could have severe impacts on
combustor configuration.  At high pressures, secondary flow losses might also present difficulties for feeding
shower-head cooling schemes in the leading edges of turbine inlet guide vanes.  Therefore, shower-head cooling
requirements might preclude the use of ultra-low pressure loss combustors in engines with very high overall
pressure ratios.  Also, the high fuel turndown ratio associated with high temperature turbines will make fuel-staged
combustion systems common.

In order to cope with the requirements for future combustors, enabling technologies must be identified.  For
the demands discussed above, advances in high pressure fuel pumps, high temperature combustor liner materials,
and fuel systems capable of handling super-critical fuels are required.  Furthermore, in order to preserve and
improve the combustor performance at these severe  conditions, means are required for promoting  the mixing of
fuel, air, and combustion products in the burner, and for preserving stable operation under both steady-state and
transient conditions.  That is, the critical requirement for achieving the high combustion intensities associated with
high pressure conditions, in reduced-size devices, is improved mixing of fuel and air inside the burner.  Fuel-air
premixing, such as used in some surface power/propulsion gas turbines, is precluded because of the very short
autoignition time associated with very high pressure ratio cycles.  While adequate mixing and an extremely high
combustion efficiency is readily achieved for very fuel-lean operation, efficiency could become mixing-limited for
higher equivalence ratios.  Improved mixing is also necessary to minimize undesirable emissions of NOx, CO, and
smoke at higher equivalence ratios.  Further, the increased combustion intensity at any set-point may increase the
likelihood of coupling with acoustic waves, promoting combustor dynamics problems.  Such problems may also be
exacerbated by faster transient responses.

The chemical reactions that determine energy release and pollutant formation occur on the molecular scale.
However, the flow in a combustor is turbulent, and the mixing process must cascade down to the smallest eddy
before molecular processes can become significant.  The minimum turbulent length scale (Kolmogorov) determines
the smallest mixing length scale.  At atmospheric conditions, this scale is approximately 0.4 mm (0.015 in.) and
decreases by three-orders-of-magnitude at 100 atm.  In contrast, the dimension of the flow field structures are of
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the same order as the combustor geometry, which are on the order of 100 mm (4 in.).  Hence, the mixing process
must progress through an enormous dynamic range before molecular reactions can occur in significant amounts.
While a wide range of eddies always exists in the combustor, achieving the stringent standards for efficiency and
emission control requires that this mixing cascade occurs quickly and efficiently.  That is, to achieve worthwhile
improvements in mixing at fixed pressure loss will demand dramatic reduction in the characteristic “integral”
turbulent length-scale associated with combustors.  Radical geometric changes, such as reducing the combustor
characteristic length scale by an order of magnitude, or greatly increasing the number of active shear layers to
promote many length scales, appear to be essential.

3.2  Premixed Surface Power/Propulsion Gas Turbines

Surface power/propulsion gas turbines provide either ground power or propulsion for ships.  Among the
critical requirements for these gas turbines is high power density (power per occupied volume), high durability, and
extremely low emissions.  The latter is distinctively different than for aeroengine gas turbines, with allowed
emission levels more than an order-of-magnitude lower.  While this standard may not be required of all surface gas
turbines (e.g. emission goals for ship propulsion are currently less strict than for ground power gas turbines),
economics should drive manufacturers to develop only one surface gas turbine design.  Since the lowest levels of
emissions are obtained through the flame temperature control achieved with premixed combustion, and ground
power gas turbines must strive for the lowest emissions levels to be competitive, the industry standard for new
surface gas turbines is premixed combustion.  The trend in development of surface gas turbines is toward lower
emissions levels and higher cycle efficiencies.  The former is driven by (real and anticipated) air quality
regulations, while the latter affects operating cost (i.e. “cost of electricity”).  Currently, many ground power gas
turbines guarantee NOx and CO exhaust concentrations limited to 25 ppm @ 15 pct oxygen (i.e. parts per million
at a standard exhaust flow dilution to achieve 15 mole pct oxygen).  Future products will strive for “single digit”
(e.g. 9 ppm) guarantees.  Depending on the application, such emission goals may result in engine cycles other than
the “simple (Brayton) cycle” – cycles which, for example, extract heat of compression (i.e. “intercool”) between
two compressors.

The lowest level of emissions is achieved by employing a premixed combustion strategy.  Generally, a fixed
distribution of effective flow area divides the combustor airflow and delivers the greatest fraction to the set of
premixing fuel nozzles.  The maximum airflow fraction, or leanest fuel-air mixture, is limited by the lean blowout
(LBO) mixture, which is the leanest mixture which will sustain combustion.  If the premixing airflow fraction is
increased (starting from a high fuel-air ratio), then the fuel-air ratio, the flame temperature, and the formation rate
of NOx all decrease.  However, as the fuel-air ratio approaches the LBO level, the flame temperature will not
support sufficiently fast CO oxidation rates and its concentration in the combustor exhaust increases.  That is, CO
acts as a precursor to marginal stability, reflecting either globally reduced oxidation or the presence of sub-LBO
fuel-air pockets which have extinguished.  Hence, as depicted in Figure 2, there is a “window” of fuel-air ratio, and
of corresponding flame temperature, that will simultaneously result in low NOx and CO.  The width of the window
will depend on both the inherent combustor stability characteristics and the level of desired emissions control.  The
figure shows the window width for sub-25 ppm levels; the window is clearly narrower for lower limits.  Generally,
homogeneous (i.e. non-catalytic) combustion systems do not provide a window width covering the full mixture (or
temperature) range experienced from low to baseload gas turbine power.  Hence, to preserve ultra-low emissions
over a wide power range will require shifting the premixing airflow fraction as the overall fuel-air ratio changes to
remain within the desired flame temperature window.  It is also true that as the fuel-air mixture approaches the
LBO limit, thermoacoustic instabilities become more prevalent.  Indeed, premixed combustion with its intense heat
release gradients provides greater opportunities for coupling with the acoustics and fluid mechanics, and remedies
to combustion instabilities are a common development challenge.
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Fig. 2  Flame Temperature Window for Both Low NOx and CO from Premixed Combustion.

4. Classification of Instability Modes and Driving Mechanisms

Because instabilities arise from sources entirely internal to the system, an external observer perceives the result
as the dynamical behavior of a self-excited system capable of exciting and sustaining oscillations over a broad
range of frequencies.  Typically, the oscillations grow out of a re-enforcement between the noise inherent in the
combustion process and the acoustic modes of the feed-system/combustion chamber combination without benefit
of any other external influence.  The prevalence of instabilities in gas turbine engines is primarily due to two
fundamental reasons:

1) combustion chambers are almost entirely closed and the internal processes tending to attenuate unsteady
motions are weak; and

2) the energy required to drive unsteady motions represents an exceedingly small fraction of the heat released by
combustion.

These underlying causes are present in any combustion chamber, but are especially consequential for gas
turbine engines in which the energy intensity is extremely high, typically on the order of 100 MW/m3/bar.  In
typical instances, less than 0.1% of the chemical energy release rate is sufficient to generate pressure oscillations
having peak amplitudes equal to the mean chamber pressure.  This striking result leads to two immediate
conclusions.  First, the possibility of instabilities in an engine must be recognized and anticipated from the
beginning of a development program.  Second, the existence and severity of combustion instability can be sensitive
to very minor changes in the system.  Without enhanced understanding, the occurrence of potential combustion
instability problems must be regarded as part of the price for the development of any new system.  Basic research
into understanding, bypassing, and controlling the mechanisms responsible for the initiation and growth of
combustion instabilities is a crucial step toward minimizing the delays and costs of solving these problems during
the development process.

Current solutions to occurrences of combustion instability in gas turbine engines involve three approaches:  (1)
use of prescribed air/fuel ratio variations among individual elements of injectors, (2) systematic introduction of a
pilot flame, (3) use of acoustic dampers to suppress specific acoustic modes, and/or (4) implementation of active
control techniques.  One or more of these approaches may be introduced, depending on the severity of the
combustion instability problem, and typically empirical engineering approaches must be applied.

Several modes of oscillations have been commonly observed.  They are often classified according to their
spatial structures and driving mechanisms as low, intermediate, and high frequency instabilities.  Low frequency
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instabilities, also known as ‘buzz’, received much attention in many gas-turbine development programs.
Characteristically, this mode corresponds to the vibrations of a Helmholtz resonator, with a frequency range
between a few and several hundred Hz.  Two sources may give rise to its occurrence.  The first is associated with
the interactions between the unsteady combustion in the chamber and a specific portion of the fuel feed system.
The second arises from the coupling between entropy waves and acoustic motions in the chamber.  It is well
established that, fluctuations of the reactant mixture ratio (i.e., fuel/air unmixedness) may lead to entropy waves,
which then interact with the nonuniform mean velocity field in the chamber to generate acoustic waves.

High frequency instabilities, often called ‘screeching’ or ‘screaming,’ are the most common and vexatious, and
are characterized by reinforcing the interactions between acoustic oscillations and combustion processes inside the
combustion chamber.  Depending upon the response of combustion processes to chamber oscillations, energy can
be fed into acoustic waves such that their amplitude grows.  The most destructive result of these large amplitude
pressure excursions is the increased heat transfer to the chamber walls and excessive vibration.  Burn-throughs can
occur in a few seconds or less, causing complete failure of the engine.  This type of instability is usually
characterized by well defined frequencies and mode shapes that correspond closely to the classical acoustic modes
of the chamber.  Fundamental modes of high frequency instabilities are thus categorized as longitudinal and
transverse, according to the spatial character of unsteady motions within the combustion chamber.  Longitudinal
modes propagate along in the axial direction of the chamber, with no variation in the transverse plane and are
usually observed in chambers with large length-to-diameter ratios.  Transverse modes exhibit no axial variation in
oscillatory behavior, but propagate radially and tangentially along planes perpendicular to the chamber axis.  For
contemporary engine designs in which the chamber aspect ratio and nozzle contraction ratio are relatively small,
pure transverse modes of oscillations dominate because of the effective damping of the longitudinal oscillations by
the nozzle and the distribution of the combustion along the chamber.  Combined modes comprised of the
superposition of longitudinal and transverse modes are often observed in annular combustors.

Each transverse mode may exist in three forms: radial, standing tangential, and spinning tangential waves.  The
differences between standing and spinning tangential modes can be visualized by plotting particle trajectories for
these two modes of oscillations.  Particles move back and forth for the standing mode of oscillation, but have an
epicyclic trajectory around the chamber in the tangential direction for the spinning mode of oscillation.  The
standing mode particle trajectory can be explained by the fact that the acoustic velocity varies oppositely in
consecutive cycles with respect to the fixed pressure nodal surface.  The situation is similar for the spinning modes
of oscillation, except now the pressure nodal surfaces rotate with angular frequency corresponding to the model
frequency; therefore, particles move in a net circular fashion as time elapses.  Spinning wave motions seem to be
usually more detrimental because of their effectiveness in agitating gas molecules in transverse directions, thus
enhancing heat transfer to the chamber walls.  However, spinning waves may also be accompanied by an increase
in combustion efficiency, presumably due to accelerated mixing processes.  This phenomenon of increased
efficiency accompanied by decreased stability is a common trade-off in engine designs, and the ability to design for
both efficiency and stability simultaneously represents one potential payoff for instability research.

Several possible mechanisms have been proposed that may be responsible for driving combustion instability.
Of the various intermediate processes occurring during the combustion, atomization, vaporization, droplet
interaction, mixing of the vaporized propellants and chemical kinetics are the most sensitive processes to the
oscillations of velocity and pressure.  For discussion purposes, the non-steady effects considered here can be
divided into two groups: effects associated with atomization and vaporization, and effects related to the mixing
process.

The atomization and jet breakup process, and its relationship to spray formation through pressure, temperature
and velocity perturbations, can affect the energy release characteristics of the gas phase, and thus the stability of the
combustor.  The vaporization process that is directly related to the local pressure, temperature, and velocity, will be
affected by oscillations in these quantities.  Furthermore, there can be mixture ratio gradients in the vapor because
of the stratification of the liquid spray in the injector.  If the transverse acoustic field is imposed on such a spray,
the vapor will be displaced relative to the droplet, causing mixture ratio oscillations in the vicinity of each
vaporizing droplet.  Hence, there will be an oscillation in the burning rate, which can couple with the acoustic field
to produce a spinning mode of combustion instability.

When the vaporization rate becomes extremely high, it is possible that a droplet is heated rapidly through its
critical temperature.  With droplet shattering, clouds of the very fine secondary droplets are rapidly gasified.  In
such cases, the burning rate could be controlled by the rate of gas-phase mixing.  Again, this oscillation of the
burning rate is coupled with the acoustic field to generate flow oscillations.
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5. Stability Analysis

To begin to understand the essential characteristics of combustion instabilities, it is best first to distinguish
linear and nonlinear behavior.  Linear behavior presents only one general problem, linear instability, which
received widespread attention during the 1950s and 1960s; see, e.g., the monograph by Crocco and Cheng71 and the
comprehensive compilation of works edited by Harrje and Reardon,7 and Yang and Anderson.72  Any disturbance
may be synthesized as an infinite series of harmonic motions.  An approximate analysis developed over many years
(see Culick33 and Culick and Yang44) allows one to use classical acoustic modes as the terms in the series and to
compute the perturbations of the complex wave number for each mode due to various contributing processes in a
combustion chamber.  The real part of the wave number gives the frequency shift, and the imaginary part gives the
growth (or decay) constant associated with each mode.  Vanishment of the imaginary part determines the formal
condition for linear stability, whose dependence on the parameters characterizing the system is then known.

Two basic nonlinear problems arise when dealing with combustion instabilities: determining the conditions for
the existence and stability of limit cycles for a linearly unstable system and finding the conditions under which a
linearly stable system may become unstable to a sufficiently large disturbance.  In the language of modern
dynamical systems theory, these two problems are identified as supercritical and subcritical bifurcations,
respectively.  The term bifurcation refers to the characteristic that the character of the steady behavior of the system
suffers a qualitative change abruptly as a parameter of the system is varied continuously.  This may at first seem an
unnecessarily formal description of the phenomenon.  In fact, the framework provided by the approximate analysis
and application of some of the ideas of dynamical systems theory forms a widely useful and convenient basis for
understanding combustion instabilities.

Figure 3 is a schematic diagram suggesting the commonly accepted point of view of combustion instabilities.
A measurement of pressure at a fixed location shows, roughly, a time dependence similar to the for the
displacement of a simple mechanical oscillator.  Hence, it is natural to suppose that the fluctuation of pressure from
its mean
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Fig. 2  Pressure oscillations in a combustion chamber.
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Usually there are no significant external forces acting on the flow in a combustion chamber: it is a good
approximation to neglect fext.  Then the internal force represents those processes not typically accounted for in α
and ω0, notably combustion and, in some formulations, nonlinear behavior.

For the moment, we confine attention to linear behavior exhibited as the exponentially growing amplitude in

Fig. 3.  It is convenient to assume that the terms pdtpd ′ω+′α 2
02  contain all linear processes except those

associated with combustion.  Thus, the internal forcing fint contains the mechanisms tending to excite the instability.
Although a priori determination of fint is not always feasible, the following heuristic form may be assumed as a
physically useful representation:
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With a view to later remarks on active control of combustion instabilities, we interpret the preceding model
with the block diagram drawn in Fig. 4.  The equation of motion, Eq. (1), is abbreviated by the relationship

)( fgp =′  between the input (sum of internal and external forcing) and the output.  The internal forcing (i.e.,
combustion response) depicted in Fig. 3 appears as a feedback path.  Because the system is linear, the Laplace
transform may be applied to present the system in the frequency domain.  The transfer function relating the
pressure to the external force is
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[Note that the force fint is fed back positively to correctly represent the system defined by Eq. (1); hence, the minus
sign, rather than the more familiar plus sign, appears in the denominator of Eq. (3).]  The natural motions, possible
when no external force is acting, are defined by equating the denominator of the transfer function to zero.

Q (s) G (s) - 1 = 0 (4)

For the simple example here, with Eqs. (1) and (2) we find
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Substitution in Eq. (4) gives
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The roots of this equation are

( ) ( ) ( )222
0 ccc is α−α−ω−ω±α−α−= (7)

Hence, as earlier argued, s has a possible positive real part, and the natural motion is unstable is αc > α, assuming
both α and αc to be positive.

The condition α − αc = 0 defines neutral stability; motions neither grow nor decay.  When α − αc is expressed
in terms of the parameters characterizing the system, the locus α − αc = 0 in the space of parameters is called the
stability boundary.  In the literature of combustion instabilities, the stability boundary is normally computed in a
quite different fashion but, as we shall see later, the results are equivalent.

A continuum, such as the gaseous environment inside a combustion chamber, is basically an infinite degree of
freedom system.  For time-harmonic behavior of the (linear) unsteady motions, however, the chamber boundary
conditions allow solutions only at discrete modal frequencies.  Each mode can basically be treated as a one-degree-
of-freedom oscillator, demonstrating the utility of Eq. (1).  It is with frequency.  Therefore, the degree to which
combustion destabilizes a mode depends on the frequency of the mode itself.  If the energy gain due to combustion
response is greater than energy damping, then an instability of the particular mode results.  Mathematically, this
condition is equivalent to having a positive real part of an eigenvalue in Eq. (7).

Although practical situations are profoundly more complex than the simplified system in Fig. 4, the preceding
remarks summarize the basis for treating, and if possible eliminating, combustion instabilities in practice.
Beginning with an unstable mode, there are clearly several ways to achieve the desired result that the modes should
be stable.  First, damping might be increased with the addition of attenuating devices, such as small resonant
cavities or acoustic liners, a common practice in liquid-propellant rocket engines.  This tactic will cause a small
frequency shift, but a second method of stabilization involves changes of geometry to displace the resonant peaks
sufficiently in frequency so that no peak is lower than the driving curve.  That is one consequence of using baffles:
breaking the chamber into effectively smaller compartments introduces new internal boundary conditions, causing
the normal modes to occur at lower frequencies.  On the other side of the energy balance, the strategy consists in
reducing the driving in the vicinity of the unstable resonance.  That is, generally, a more time-consuming and
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Fig. 4  Feedback loop of unsteady motions in a combustion chamber.

expensive procedure but is commonly a necessary approach when it is not possible to introduce sufficient damping
to  stabilize the system.  Work to change injector design or the entry conditions of the injected propellants, in some
sense never thoroughly understood, produces favorable effects on the driving curve.

6. Implementation of Active Combustion Control
The concept of active combustion control has appeared in several forms over the past four decades.  The first

attempt was made by Tsien11 in an effort to apply control theories to suppress the chugging instability in a liquid-
propellant rocket engine.  His analysis was based on a combustion model which considered a pressure-dependent
time lag between the instants of propellant injection and burning.  Stabilization of the combustion conditions was
achieved by modulating the propellant injection rate through a capacitor controlled by a servomechanism with
pressure feedback.  The problem of intrinsic stability was studied using the Nyquist plot to determine the suitable
servo coefficients.  Similar approaches were used by Marble and Cox12 and Lee et al.13 to control the low-
frequency instabilities in bipropellant liquid rocket engines.  However, no experimental results based on this
“servo-stabilization” concept have been published, primarily because of the limitations of instrumentation at that
time.

With recent developments in fast-response sensors and actuators, some interesting studies on the active control
of various problems have been reported.  Ffowcs-Williams14 described the concept of “anti-sound” — the
elimination of unwanted oscillations in an acoustic field by means of acoustic interference.  The basic idea is to
first determine the characteristics of a given acoustic field, and then to use that information to manipulate a
secondary source of sound which serves as an acoustic actuator.  Control is achieved by producing waves out of
phase with the unwanted oscillations.  In principle, this wave-cancellation technique is applicable to combustion
systems; however, implementation to a full-scale combustor is quite unlikely because the energy density of the
oscillatory flow field may well exceed that which can be matched by such acoustic actuators as loudspeakers.
Furthermore, as a result of the intrinsic richness of the thermo-acoustic interactions, implementation of a control
system in a combustion chamber is much more complicated than for normal temperature and pressure
environments.

Practical applications of the active control of combustion instabilities have been demonstrated in several
research experiments.  At Cambridge University, Dine15 showed that the instabilities of a flame burning on a gauze
in a Rijke tube can be eliminated as follows.  First, the light emitted from CH free radicals was monitored as a
measure of the unsteady heat-release rate from the flame.  This information was then processed and fed back to a
loudspeaker placed near one end of the tube to increase the acoustic energy dissipation from the boundary.  The
same problem was studied by Heckl.16,17  However, instead of a photo-multiplier, a microphone was used as the
sensor to excite the loudspeaker.  Results indicated that instabilities can be suppressed over a wide range of phase
difference between unsteady oscillations and actuating pressure waves, provided the control gain is sufficiently
large.  This observation clearly demonstrated that the control of combustion instabilities can not be explained
simply by the principle of anti-sound, which requires that the control excitation be precisely out of phase with
existing oscillations.
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More recently, Bloxsidge et al.18,19 reported the control of low-frequency combustion instabilities in a
laboratory jet-engine afterburner.  The mass flow into the combustion chamber was varied by oscillating a center
body inserted in the choked inlet nozzle, thereby exerting the necessary modifications on the unsteady flow fields.
The system was partially successful in suppressing the instabilities, with the amplitude of the fundamental mode
reduced by fifty percent.

Lang et al.20 and Poinsot et al.21,22 explored the active control of instabilities in a small laboratory burner, using
a loudspeaker as the control actuator.  Both experiments used the same gaseous reactants, but with two different
types of flame holders:  a multiple orifice plate with 80 holes placed in a premixed propane-air stream; and an array
of three rearward-facing steps through which fuel was injected into the air flow.  Acoustic pressure was measured
by a microphone located upstream of the chamber.  The signal was then filtered, phased-shifted, amplified, and sent
to a loudspeaker attached to the burner.  In addition to the demonstration of instability control, their work showed
that the active control technique can be used effectively to study the initial transient behavior of instabilities.

One feature common to the above approaches is that they all used mechanical means, such as loudspeakers or
moving bodies, to suppress instabilities.  For practical systems containing high energy density, implementation of
these means may not be feasible due to the relatively large amount of power required to drive control actuators.  It
appears that the most direct method of control should be based on the manipulation of energy sources of oscillatory
flow fields.  Langhorne et al.23 reported that pressure oscillations in a laboratory afterburner can be reduced
significantly by a controlled secondary supply of fuel which is effective in generating the energy necessary for
instability control.  This method offers a promising solution to problems of low-frequency oscillations in full-scale
combustors.  Sivasegaram et al.,24 Billoud et al.,25 Wilson et al.,26 and Schadow et al.27 have all demonstrated
experimentally the effectiveness of this technique.  The theoretical study of Yang et al.28 and Fung et al.29 and the
numerical simulations of Menon,30 Shyy et al.,31 and Neumeier and Zinn32 have also demonstrated the viability of
controlled fuel injection.  For detailed reviews of active control of combustion instabilities, see Culick,33 Candel,2

McManus et al.,1 and Zinn and Neumeir.68

In addition to its applications for propulsion systems, active control technology has been used to enhance
mixing in incinerator afterburners and to increase the DRE (destruction and removal efficiency) for waste
materials.  Parr et al.9 have conducted a detailed study of the concept of utilizing vortex combustion for
incineration in a small-scale gaseous fuel system and an extension to a more practical system using liquid fuels.
Acoustic excitation was used to stabilize coherent vortices in the air flow, with the fuel modulated and introduced
into the air vortex exactly at the instant of vortex formation.  This concept has demonstrated its effectiveness in
improving waste destruction.  The DRE for liquid benzene exceeded 99.999% for a afterburner/incinerator of 56
kW energy release, even when the waste surrogate constituted 17% of the total fuel content.  The controller also
reduced emissions:  CO dropped from 2900 ppm to as low as 2 ppm and NOx was reduced to 12 ppm.  Parameters
critical to the controller performance were the forcing level of the fuel injection, the fraction of the
circumferentially entrained air, and the phase angle of the fuel injection with respect to the air vortex roll-ups.

The most common sensor used in ACC is the pressure transducer.  For controlling combustion instability this
is a natural choice, as the instability is characterized by the chamber pressure oscillations.  Experimentally,
photomultipliers have also been successfully used, since their signals can give a measure of the unsteady heat
release which is at the root of the instability.  The placement of either type of sensor is important.  For example, the
shapes of the chamber acoustic modes should be sufficiently well-known to avoid placing a pressure sensor at a
pressure node point.  Also, a photomultiplier’s signal could be misleading if the sensor is positioned so that its field
of view does not completely cover the entire range of motion of a spatially varying reaction zone.  Recent advances
in machine vision applied to an array of optical sensors may offer a solution, and also provide the controller with
information regarding the global distribution of unsteady heat release.  Of course, optical access (including
interference by sooty flames) is another problem.  Other optical sensors, such as laser-induced fluorescence for
species measurement and LDV for velocity sensing are probably unfeasible for practical applications, but may be
useful in experimental control systems.  Optical sensors may be key in pattern factor control, since the temperature
distribution throughout the cross section of a chamber is desired.

For combustion instability control, most ACC actuators attack either the acoustics (directly with mechanical
acoustic actuation or indirectly through controlled fuel flow), or the hydrodynamics of a reacting shear layer in a
dump combustor (by fluid dynamic forcing near the origin of the shear layer).  The former approach is sensible in
that chamber acoustics play a defining role in the energy feedback loop which causes high-frequency instabilities.
The latter approach also has intuitive merit since the spatial and temporal unsteadiness of the heat release (source
of energy for the instability) is strongly tied to the turbulent hydrodynamics of the shear layer.  Both actuators have
demonstrated varying degrees of success in closed-loop control, and shear layer actuation has exhibited positive
influence in open-loop mode.  Perhaps tandem acoustic and hydrodynamic actuation could accomplish more than
either one alone.
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7. Controller Design

A variety of feedback-control techniques, summarized in Table I, have been used for suppressing combustion
instabilities.  The most primitive type is the proportional (P)-controller in a single-input and single-output (SISO)
setting, in which stability and performance are achieved only by an operational amplifier between the sensor and
actuator.  The P-controller can be extended to form a proportional-integral-derivative (PID) control system, in
which the I-control is used for achieving zero steady error, since it integrates the error in time, and the D-control
serves to enhance the transient response, since it regulates the tendency of motion.35  Conceptually, there are only
three control parameters in a single PID controller module, so that the controller design is greatly simplified.
However, for high-order plant dynamics, such a low-order controller may not satisfy various performance
requirements.  For linear systems, a PID controller can be extended to accommodate a filter with phase
compensation in the frequency domain, or to form an integral state-feedback controller in the time domain.  If all
states cannot be measured, an observer is needed for output-feedback control.8,28  It is not difficult to design an
observer for a finite-dimensional linear time-invariant (FDLTI) system, but it is much more challenging to design
one for a time-varying or nonlinear system.

In the frequency domain, the open-loop dynamics of an FDLTI system can be conveniently represented by the
Bode plot, through either physics-based modeling or system identification, or a combination of the two.  The
representation of system dynamics in the frequency domain simplifies the filter design, and the stability analysis
can be based on the Nyquist criterion.  The robustness of a controller is traditionally predicted in terms of phase
and gain margins for single-input single-output (SISO) systems.  When uncertainties are simultaneously present in
both phase and gain, the issue of robustness can be expressed by the ∞H -based structured singular value ( µ ) of
the closed-loop system.

Among the various time-domain tools for controller design, the linear quadratic regulator (LQR) controller

appears to be the most robust, with its gain margin in the range of ),2/1[ ∞  and at least o60  phase margin.
However, the LQR controller can be applied only if all the states can be measured without any appreciable noise
contamination.  Otherwise, a state estimator is needed to meet this requirement.  The resulting output-feedback
control system is known as the linear quadratic guassian (LQG) controller, if a Kalman filter is used as the state
estimator.  The scheme may be further extended for nonlinear systems using an energy method in terms of the
Lyapunov function.  The major deficiency of the LQG technique lies in its failure to guarantee any gain and phase
margin.  The ∞H -based structured singular value ( µ ) approach allows for quantification of robust stability and
performance for bounded uncertainties.

Non-model-based controllers, such as least mean square (LMS) and artificial neural network back-propagation
adaptive controllers, employ iterative approaches to update control parameters in real time.  However, those
methods often encounter difficulties of numerical divergence and local optimization, and consequently may not
guarantee stability and performance.  In addition, most adaptive algorithms do not accommodate a physical model
of plant dynamics.  It is often risky to establish general rules for performance improvement and fault diagnostics
based on approximate reasoning, such as fuzzy logic.  Moreover, formulation of fuzzy logic rules requires an
extensive physical understanding and operations experience that is not usually available for combustion dynamics.

While the control schemes summarized in Table I have been employed in various combustion problems with
some success, direct implementation of these techniques on practical propulsion systems may not be feasible, due
to lack of robustness, reliability, and operationability.  Compared with mechanical devices, a combustion chamber
with feedback control of fuel burning exhibits several distinct features:

• distributed actuation arising from the burning of injected fuel;
• time lag associated with the complex chain of fuel injection-atomization-ignition-combustion processes;
• intensive noise due to intrinsic fluid dynamic and combustion unsteadiness;
• time variation of mean flow conditions due to transient operation of the chamber; and
• model uncertainties and parametric errors resulting from physical assumptions and mathematical

approximations employed for simulating system dynamics.

In view of the above, this paper uses the ∞H  theory may provide a reasonable solution for the design of a robust
feedback control scheme for suppression of combustion instabilities.  The controller provides robust stability and
performance relative to specified bounds of model uncertainties, parametric errors and exogenous disturbances
(e.g., chamber perturbations and sensor noise).  The control law can be extended over a wide range of operating
conditions.
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Table I. Survey of Active Combustion Control Techniques
Control
Technique

Application References Remarks

PID design •  Nonlinear generic
combustion instability

•  Fung and Yang [35] 1. easy to adjust control
parameters.

2. may not fulfill various
performance requirements.

Bode-
Nyquist
frequency
domain
design and
Root locus

•  Generic combustion
instability

•  Low frequency
combustion instability

•  Low frequency
combustion instability

•  Coaxial dump
combustor

•  Longitudinal
combustion instability
in premixed
combustor

•  Thermoacoustic
instability in premixed
laminar combustor

•  Liqid-fueled
combustion systems

•  Bloxsidge, et al.
[19]

•  Langhorne, et al.
[23]

•  Fung, et al. [29]

•  Schadow, et al. [27]
•  Gulati and Mani

[69]

•  Annaswamy and
Ghoniem [70]

•  Hantschk, et al. [67]

1. easy to identify systems and
design controller in
frequency domain.

2. fail in time-varying and
nonlinear systems.

3. only for SISO, can be more
general in ∞H  and µ
control.

4. controllability and
observability can not be
predicted.

5. easy for filter design.
6. can serve as the basis of

phase-lead and phase-lag
compensator design.

Observer-
based
design:
Adaptive
observer
and Model-
based
observer

•  Thermoacoustic
instability in rocket
motor

•  Longitudinal
combustion instability

•  Yang, et al. [28]

•  Neumeier and Zinn
[8]

1. nominal model-based
observer can be extended to
optimal LQG regulator.

2. adaptive observer has no
guarantee of convergence; its
algorithm is one branch of
the gradient iterative rules.

LQR and
LQG
control

•  Thermoacoustic
instability in premixed
laminar combustor

•  Annaswamy, et al.
[70]

1. LQR control has optimal and
robust properties of gain and
phase margins, but requires
measurements of all states.

2. LQG control has no robust
property and is used only for
rejection of intensity-known
noise.

LMS
adaptive
and Neural
Network
back
propagation

•  Generic combustion
instability

•  Boiler combustion
systems

•  Dump combustor
•  Large scale solid

rocket motor

•  Billoud, et al. [25]

•  Allen, et al. [72]
•  Kemal and Bowman

[74]
•  Koshigoe, et al. [37]

1. sensitive to initial conditions
and gradient dynamic
parameters.

2. has similar algorithm in
System ID.

3. may be replaced by off-line
ID plus Bode-Nyquist or
observer-based controller.

Fuzzy logic
control

•  Longitudinal
combustion instability

•  Menon and Sun [75] 1. only effective when many
states can be sensored.

2. need experience to set up
logic rules and scales.

3. not used solo.
Lyapunov-
based
design

•  Generic combustion
instability

•  Krstic [28] 1. need more generalized
control algorithms.

2. nonlinear ∞H  control is
based on Lyapunov design,
but with general algorithms.
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Executive Summary

Thermoacoustic instability develops in gas turbine engines when acoustic modes in the combustor couple

with unsteady heat release in a positive feedback loop. The instability causes unacceptably high levels

of pressure oscillations and often leads to catastrophic hardware failure. It develops in lean premix

gas turbines for industrial pow er, military thrust augmentors, and rocket engines. Active control using

fuel modulation is an e�ective w ayto reduce the pressure oscillations. In this lecture w epresent

application of control theory to analyse limits of achievable reduction of the level of pressure oscillations

in combustors.

Abstract

In this lecture we present application of control theory of single-input single output systems to analysis

of control of combustion instability. We examine e�ect of control feedback loops on pressure oscillations.

The modeling framework is linear and nonlinear frequency domain description of controlled combustion

dynamics. In particular, w ein vestigatewhat determines achievable reduction of the level of pressure

oscillation in combustors. We apply analytical methods using experimentally obtained combustion

models. Standard results of linear control theory apply to linear combustion process models with

proportional actuators. Random input describing function analysis allows extension of fundamental

limits studies to nonlinear models of combustion process. The results of analysis are supported b y

results of experiments and model simulations. In particular, w ereproduce in model simulations and

explain analytically the peak-splitting phenomenon observed in combustion experiments.

1 Introduction

Emphasis on reducing the levels of pollutants created by gas turbine combustors has led to the develop-

ment of premixed combustor designs, especially for industrial applications. Premixing large amounts of

air with the fuel prior to its injection into the combustor greatly reduces peak temperatures within the

                                             Paper presented at the RTO AVT Course on “Active Control of Engine Dynamics”,             
                                 held in Brussels, Belgium, 14-18 May 2001, and published in RTO-EN-020.
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combustor and leads to lower NOx emissions. However, premixed combustors are often susceptible to
so-called thermoacoustic combustion instabilities which arise due to the destabilizing feedback coupling
between acoustics and heat release. These instabilities lead to large pressure oscillations in the com-
bustor which cause increased environmental noise and decreased combustor durability [1]. Experiments
show that active control using fuel modulation is an e�ective way of reducing the level of pressure
oscillations in combustors [1] [2] [3] [4] [5] [6] [7] [8] [9]. However, it has been observed that the achieved
reduction of pressure oscillation varied between experiments from 6dB to 20dB. Moreover, in some cases
the attenutation of oscillations at the primary frequency was accompanied by excitation of oscillations
in some other frequencies [2] [3] [4] [6] [9]. This phenomenon was refered to as secondary peaks or peak

splitting. A satisfactory explanation of di�erent attenuation levels and peak-splitting phenomena has
not been presented in the literature. One of the reasons was that most of the studies used nonlinear
limit-cycling models of combustion processes which limited mathematical tools available for analysis.

In this paper we investigate the factors that determine achievable reduction of the level of pressure
oscillation in combustors using fuel control. We apply analytical methods based on experimentally
obtained combustion models. The results of analysis are supported by results of experiments and
model simulations. In particular, we reproduce in models and explain analytically the peak-splitting
phenomenon observed in combustion experiments.

To explain the combustion instability to control engineers not familiar with combustion physics, we
begin with description of a simple physics-based model of combustion process. The model describes
the coupling of the bulk acoustic mode of the combustor cavity with heat release. It has the form of
a feedback interconnection of a lightly damped linear system (modeling acoustic pressure and velocity
in combustor) with a heat release model involving transport delay and a saturating nonlinear function.
Analysis shows that the delay can introduce a destabilizing positive feedback in the thermoacoustic loop.
This can lead to loss of damping in the system up to linear destabilization (where a pair of eigenvalues
crosses over into the right half plane). In the event of destabilization, the saturated nonlinearity in the
heat release model causes the system to settle into a limit-cycle.

Turbulent velocity perturbations can be modeled as a broad-band noise driving the system. Thus,
even if the heat release feedback does not cause instability, low damping and high disturbance level can
result in high pressure oscillation level. This description is only qualitative, as the model has several
unknown parameters. A quantitative analysis is performed in the paper using empirically obtained
models of combustion process.

Next, we present results of combustion experiment in a single nozzle rig operating at high equivalence
ratios (rich fuel) conditions controlled with proportional actuators. We show that data observed at high
equivalence ratio (rich fuel) conditions is well �tted by a stable, noise driven model and nonlinear e�ects
are not apparent. For this condition, we use linear control theory methods to explain the peak-splitting
phenomenon observed in the single nozzle rig experiments. We also study the limits of achievable
performance using standard fundamental limits results.

The linear analysis framework is appropriate for combustion at a high equivalence ratio condition
where the actuator being used for the purposes of control is a proportional unsaturated hence a linear
actuator. However, if either the combustion or the control path is nonlinear, the linear analysis breaks
down and a nonlinear analysis must be carried out to adequately explain the phenomenon.

Even in the case of high equivalence ratio condition where the combustion process can be described
by a linear model, a nonlinear analysis is required if on-o� valves, which are typically cheaper and
more reliable than the proportionalvalves, are used as actuators. A nonlinear analysis is also required
if proportional valve actuators work in a saturated condition.

In the second half of the paper, we employ a nonlinear framework for studying the results from
experiments in a sector rig controlled with three on-o� actuators. Peak splitting is again observed
in the experiments. To provide a model-based explanation we consider a linear model of the plant,
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nonlinear model of the actuators and include e�ects of a strong wide-bandwidth noise disturbance.
Model simulations closely match the experimental results.

We show that in the presence of strong disturbance the standard sinusoidal input describing function
analysis is not satisfactory. Instead, we use a random input describing function analysis and show it
to be an appropriate tool for dealing with oscillatory nonlinear systems with a high noise level. In
particular, the peak splitting phenomenon observed in UTRC sector rig controlled with on-o� valves
[8] and in experiments conducted at Cambridge University [2] [3] [4] is explained. The use of random
input describing functions allows us to analyse nonlinear combustion models in the presence of strong
driving broad-band disturbance. In particular, it is possible to extend the studies of limits of achievable
performance in this context and gain valuable intuition.

We conclude the paper with interpretation of the meaning of the results in the context of combustion
technology.

2 Physics-based model of combustion process

In this section, a low-order physics-based model which describes the coupling between the bulk acoustic
mode in combustor and heat release is presented. The model parameters have not yet been tuned to
match the experimental frequency responses. Therefore, the experimental data interpretation in this
paper will be done using the linear models obtained by �tting the experimentally obtained frequency
responses. However, we present the UTRC combustion model in this section to introduce the physical
variables that are believed to play the most important role in reduced order modeling of the combustion
instability seen in UTRC combustion rigs.

The UTRC model does not pretend to be a universal model of combustion instability. Unsteady
uid dynamics and ame area variations that could inuence the heat release have been neglected. The
reason for this simplifying assumption is that these phenomena were determined to be steady and stable
during combustion experiments at UTRC [10]. The uctuations of the equivalence ratio (normalized
fuel/air ratio) was determined to be the major e�ect responsible for coupling the pressure uctuations
with heat release.

The abstraction of the physical problem is shown in Figure 1. The combustor volume is modeled as

ui ue
p

Figure 1: Schematic For Bulk Model Modeling of Combustion Chamber
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Mi Inlet Mach Number

Me Exit Mach Number

ci Inlet Sound Velocity

ce Exit Sound Velocity

V Combustor Volume

li E�ective Length of Inlet Ori�ce

le E�ective Length of Exit Ori�ce

�i Inlet Gas Density

�e Exit Gas Density

a lumped acoustic capacitance. The thermoacoustic model equation is given as

d

dt
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5 :

(1)

The state variables are the combustor chamber pressure p, the upstream nozzle mass velocity �cui and
the downstream exit mass velocity �cue. The combustion process is controlled by variable w(t) repre-
senting the fuel mass ow. A stochastic input to the system is lumped in the variable ut(t) representing
the turbulent velocity component in the nozzle. This component is assumed to be a broad-band white
noise. The addition of the heat release (expressed as the forcing term H (ui(t� �) + ut(t); w(t� �))
in (1)) results in a feedback system by changing the local density of the uid thereby a�ecting the
acoustic variables. The presence of parameter � (which models the time delay associated with primarily
convective lag together with some chemical and nozzle mixing time lag from the nozzle to the plane of
heat release) turns the dynamics that govern the thermoacoustic system into that of a delay equation.
For additional details on the model and explicit characteristics of the forcing term, see [11].

The parameters in the model equation (1) are described in Table 2. Note that the assumption that the
heat release can be expressed as a function of the formH (ui(t� �) + ut(t); w(t � �)) is just a simplifying
assumption, and an exact formula for the function H(�; �) cannot be easily derived from basic physical
assumptions. However, it is reasonable to assume that in the lean condition fuel/air ratio condition
H(�; �) is decreasing in the �rst argument and increasing in the second argument. Under this assumption
one can easily see that for some values of delay the heat release term will provide a positive feedback that
can lead to reduction of e�ective damping of the system up to destabilization. In most references [12] [13]
[9] [5] pressure oscillations in combustors are attributed to self-excitation of coupled acoustics and heat
release system resulting in a limit-cycling behavior. However, the addition of the broad-band disturbance
term representing the tubulence allows explanation of high level of pressure oscillations using a model of
the combustor as a lightly damped, linearly stable system driven by noise. Note that there are important
di�erences between behavior observed in small laboratory combustion control experiments and full-scale
industrial combustors. Laboratory combustors have typically lower damping than industrial combustors.
At the same time, laboratory combustors may have lower turbulence levels than larger, more complex
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devices. With low damping and low noise levels, it is likely that signi�cant pressure oscillations will
only occur due to self-excited limit-cycle oscillations [9] [5]. Industrial combustors can exhibit noticeable
pressure oscillations in a stable, noise-driven regime. In the present paper we are considering the latter
case. More discussion of the e�ect of noise on pressure oscillations in combustors in linearly stable and
unstable regime can be found in [14] [15] and [16].

An actuation system model (valve and the piping) relating the fuel mass ow to the electrical valve
command input should be included to obtain the control model. After including the actuation e�ects,
a realistic physics-based control oriented model which includes the bulk acoustic mode and actuator
dynamics valid in the range where the valve modulating fuel has some e�ect is a nonlinear 4-th order
model including heat release delay. Nonlinearities represent the heat release function, the area of the
valve and the injection ori�ce. Due to the limited actuator bandwidth and lightly damped acoustic
mode, the model can be simpli�ed for the purposes of actual control design.

In the following sections, system identi�cation techniques are used to identify a second order linear
model with a delay to describe the dynamics from electrical valve input to the combustor pressure.
Such a model, though attractive for control design purposes fails to capture the nonlinearities present in
the real combustor experiment. A more elaborate version of UTRC physics-based model of combustion
described in [16] includes quadratic jet dump losses at the ori�ces [17] [18] which gives a nonlinear
damping mechanism and uses certain nonlinear model to capture nonlinearities present in the combus-
tion process (nonlinear dependence of heat release on equivalence ratio). This results in an additional
nonlinear damping mechanism.

The above discussion captures some of the tensions in modeling and controlling combustion insta-
bilities. If the linear model equation is believed to capture the physics for the purposes of the control -
and this hypothesis is validated by the experiments for certain combustor conditions - then the control
design and analysis is easy and can be carried out within the framework of the linear control theory.
This is done in the �rst part of the paper. However, if the linear model is not validated by the ex-
perimental data or if the control path contains nonlinearities (such as with use of on-o� or saturating
actuators), nonlinear control design and analysis tools have to be applied.

3 UTRC combustion instability experimental setup

The UTRC Combustion Dynamics and Control team investigated the feasibility of attenuating combus-
tion instabilities using active control techniques. A cost-e�ective alternative to the engine (full annular
combustor with many fuel nozzles) testing is to test a sector cut out from the full combustor annulus
containing one or more fuel nozzles. This paper presents experimental results in a full scale single-nozzle
combustor and in a three-nozzle sector combustor using fuel modulation for control.

The experimental setup consists of a 4 MW single-nozzle combustor (see Figure 2) and a three-nozzle
sector combustor, using full-scale engine fuel nozzle at realistic operating conditions (see Figure 3). In
the experiments, between 10% to 17% of the net fuel was modulated for control purposes using linear
proportional or nonlinear on-o� valves. For more details on the experiments in the sector rig see [7] [8].

4 Identi�cation and validation of a linear model from a frequency

response experiment

Models of combustion instability dynamics in UTRC single nozzle and sector (three-nozzle) rigs oper-
ating at various equivalence ratio conditions have been identi�ed by �tting the experimentally obtained
frequency responses from fuel valve command input to the pressure sensor output. In the frequency
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Figure 2: UTRC single-nozzle combustion rig

Figure 3: UTRC three-nozzle sector rig

range around the resonant peak, the responses are well �tted by a stable lighly damped second order

system with (large) delay. This model agrees well with the structure of the physics-based model. In

fact, we anticipate that the parameters of the physics based model can be chosen to match the identi�ed

model, at least for a high equivalence ratio condition, where no strong e�ects of nonlinear phenomena

have been observed in the experimental data. As tuning of the parameters of the physics-based model

to match the experimentally obtained frequency response has not yet been done, we will rely on the

experimentally obtained models to explain phenomena observed in closed-loop experiments.

At the high equivalence ratio condition, the pressure oscillations seen in the UTRC single nozzle

rig are relatively small and the proportional actuator used for control operates in the linear range and

does not saturate. Therefore, a linear plant model and a linear controller model were used to analyze
the behavior of the controlled system. Figure 4 shows the structure of the model. Figure 5 shows an

experimentally obtained frequency response of the pressure to proportional fuel valve command. A

second order system with delay was chosen to �t the experimentally obtained frequency reponse. Delay

� = 4:4 ms was chosen to match the phase response in 300 � 400 Hz frequency range. The phase lag

360ft due to delay has been subtracted from the experimental phase response. The phase response

obtained in this way resembled roughly that of a 2nd order system. A 2nd order stable system was

chosen to �t to the frequency response obtained by factoring out the delay. The identi�ed resonant

frequency of the plant was fr = 233 Hz and the identi�ed damping coeÆcient was �r = 0:0671. In the

actual experiment, pressure time-series data is available from which the power spectral density (PSD)

can be evaluated. In this paper, all pressure PSD plots actually display the square root of PSD (a
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Figure 5: Linear model identi�cation from a frequency response experiment in the single nozzle rig

quantity proportional to the magnitude of the transfer function from noise to pressure if the noise is

white). Since, the noise driving the combustion dynamics is not available, a white noise model is built

at the plant input (see Figure 4) to match the experimentally obtained uncontrolled pressure PSD. The

disturbance noise model does not necessarily represent any particular physical phenomena and it should

be interpreted as an equivalent disturbance input that allows us to match the experimentally obtained

pressure PSD with the results of the model simulations. In the actual combustion experiment, wide

band turbulent air velocity uctuation in the nozzle is one of the sources for the presence of disturbance.

By the nature of the identi�cation, the identi�ed plant includes the actuation dynamics and the

thermoacoustic process (acoustic mode with the heat release feedback coupling). The frequency response

of the actuation system is e�ectively at over a wide band of frequencies around the resonant frequency
representing the combustion process and can be modeled as a complex gain. This explains why no

dynamics are needed in the model (which �ts the experimentally observed response in the frequency

band around the resonant frequency !r) to represent the actuation dynamics.

An observer-based phase-shifting controller has been tested in experiment and in the model. Figure 7

compares the experimentally obtained pressure PSD with the PSD obtained from running the simulation

(using a white noise disturbance input model) with various phase-shifting controllers. (The open-loop

PSD is shown in Figure 6). The fact that these are in close agreement shows that the linear stable

model including a broad band disturbance is capable of reproducing the results of closed-loop control

and it is suitable to use the identi�ed model in interpreting experimental results.
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5 Sensitivity function analysis of peak-splitting phenomenon

Figure 7 shows that the largest attenuation of pressure oscillations at the high equivalence ratio condition

is achieved for control phase shift value of � = �60. However, the attenuation of the pressure oscillations

in a narrow frequency band around the frequency corresponding to the uncontrolled resonant peak is

accompanied by excitation of oscillations in the frequency bands on both sides of the central attenuation

band. In the active control of combustion literature, this phenomenon is referred to as the peak-splitting

phenomenon.

The active combustion control performance objective (reduce the amplitude of the pressure time-
series) can be posed in frequency domain as bounds on the sensitivity function

S(j!) =
1

(1 +G0(j!)Gc(j!))
; (2)

where G0(j!) and Gc(j!) denote the plant and the controller transfer functions respectively (see Figure

4). The closed-loop transfer function from noise to pressure signal is

p(j!)

n(j!)
= G0(j!)S(j!): (3)

Therefore, the sensitivity function gives the di�erence between the open loop (Gc(j!) = 0) pressure

PSD jG0(j!)n(j!)j
2 and the closed loop pressure PSD jG0(j!)S(j!)n(j!)j

2 , in decibels given by

20log(jS(j!)j) = 10log(jG0(j!)S(j!)n(j!)j
2)

� 10log(jG0(j!)n(j!)j
2): (4)

The goal of the control design is to shape the sensitivity function so that the original performance

speci�cation of reducing the amplitude of the pressure time-series is met. As expressed by equation (4),

the magnitude of the sensitivity function determines whether the controller attenuates or magni�es the

e�ect of noise at any given frequency.
A convenient way to visualize the attenuation and excitation frequency bands is the Nyquist diagram,

i.e., the parametric plot of the product G0(j!)Gc(j!) in the complex plain. It is easy to see that the

points of the plot of G0(j!)Gc(j!) outside the unit circle centered at the point (-1,0) correspond to

frequencies at which the pressure oscillations are attenuated (jS(j!)j < 1) with control, whereas the

point inside the circle correspond to points where the pressure oscillations are magni�ed (jS(j!)j > 1).
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Figure 7: E�ect of a phase-shifting controller on pressure PSD in experiment and simulation

Without control, the power spectrum of the pressure oscillations shows a peak centered at the
resonant frequency !r of the lightly damped open-loop plant. Thus, in order to reduce oscillations in
this band, the controller must be designed such that j(1 + G0(j!)Gc(j!))j >> 1 (jS(j!)j << 1) in
this band. An observer-based controller (see [19] [20] [21] for more details) used in UTRC combustion
experiments inis (roughly) a 2nd order, highly damped, band-pass controller with the central frequency
close that of the plant. The e�ect of this controller is to simply rotate the Nyquist diagram so that the
distance of the point G0(j!r)Gc(j!r) from the point (-1,0) is maximized, as is seen in the Figure 8. As
a result, the controller is referred to as a phase-shifting controller. For a 2nd order plant with small
delay, the phase-shifting controller shapes the loop such that G0(j!)Gc(j!) lies almost entirely outside
the unit circle centered at the point (-1,0). Such a controller attenuates oscillations in a wide band of
frequencies centered at the resonant frequency !r of the open-loop plant.

Unfortunately, large delay in the plant makes it much more diÆcult to achieve broad band attenuation
of pressure oscillations. Because of the presence of large delay, the plant phase characteristic changes
rapidly for frequencies between 180Hz to 270Hz where the plant has a considerable gain due to the
resonance. The fast roll-o� in the phase due to the presence of delay results in an "in-phase" feedback
control signal on both sides of an attenuation band centered at !r. On the Nyquist diagram it is
represented by the two branches of the plot of G0(j!)Gc(j!) inside the unit circle. Closing the loops
results in pressure oscillation in these two frequency bands resulting in the "peak-splitting phenomenon":
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pressure PSD with two peaks on both sides of the open-loop pressure PSD, as shown in Figure 9.
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Figure 8: Nyquist diagram for the phase-shifting controller with optimal phase shift.

The peak splitting phenomenon observed in the sector rig motivated us to study the fundamental

limitations assosciated with the use of active control in the linear control of combustion instabilities.

The goal of the study was to better understand the e�ect of delay, limited actuator bandwidth and

authority and unstable open loop poles on the achievable performance.

6 A framework for studying limits on achievable performance

The purpose of this section is to investigate the fundamental limitations imposed upon closed-loop

sensitivity due to the presence of right half plane poles, delay and limitations on actuator bandwidth.

The fundamental limitations yield controller independent upper bounds on the achievable performance.

The utility of studying the fundamental limitations is two-fold. First, they allow one to obtain control

design independent conclusions on the performance limits. Second, they allow the trade-o�s inherent

in any control design to be seen more clearly.

The sensitivity function is used to model the performance objective because its magnitude at any

frequency gives the attenuation or ampli�cation factor for the sinusoidal noise at that frequency. More-

over, if one were to view the action of control as damping augmentation of the open-loop dynamics, the

closed-loop damping ratio � equals the damping ratio of the poles of the sensitivity transfer function.
In frequency domain, the damping ratio � is related to the performance bandwidth �!1 (where jSj < 1)

by

� �
�!1
2!r

(5)

where !r denotes the resonance frequency.

We use the linear second order model with the time-delay identi�ed in section 4 as a model for

the combustion process. The reasons for neglecting the actuator dynamics and the higher order plant

dynamics are :
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1. Any stable minimum phase dynamics are invertible in the controller. In fact, any in�nite band-
width controller always inverts these dyanmics. These dynamics do not a�ect conservation equa-
tions - which determine the performance limits.

2. The higher-order plant dynamics are gain stabilized - on account of robustness considerations - by
rolling-o� the control gain at higher frequencies. Thus, the e�ect of these higher order dynamics
is not important once control bandwidth restrictions are imposed.

Performance (stability) trade-o�s can be carried out using certain conservation laws that govern the
area under the sensitivity (complementary sensitivity) curve. These laws yield bounds on stability and
obtainable performance with any LTI controller, i.e., the approach is controller independent. As an
example, consider the Bode integral formulae for the sensitivity function. It states that if the open-loop
system is a stable rational function with relative degree at least two (or one if there is delay present
in the loop) then, provided the closed-loop system is stable, the sensitivity function must satisfy the
integral constraint [22] Z

1

0

log j S(|!) j d! = 0: (6)

As a result, noise attenuation (j S(|!) j< 1) over a certain frequency band is always accompained by
noise ampli�cation (j S(|!) j> 1) over some other frequency range. The situation is worse if the plant
has unstable poles. The sensitivity integral then is given byZ

1

0

log j S(|!) j d! = 2��r: (7)

where �r is the real part of the resonant unstable pole-pair. Thus, in the presence of unstable poles, a
larger penalty is paid in terms of sensitivity ampli�cation. Figure 10 gives a graphic interpretation of
the area formula - sensitivity reduction is always accompanied by sensitivity ampli�cation.

The frequency domain performance objective for active control of combustion is to shape the sensi-
tivity function so that the it is small at and near !r, i.e.,

jS(j!)j < � (8)
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for ! 2 �!1 where �!1 is a frequency band centered at !r (see Figure 11 for a graphical representation

of this performance speci�cation).

The equalities (6) and (7) show that negative area under the sensitivity curve (jS(j!)j < 1) must be
balanced by positive area (jS(j!)j > 1). Thus, attenuation (jS(j!)j < 1) in one frequency band must be

accompanied by ampli�cation (jS(j!)j > 1) at other frequencies. If the control bandwidth is in�nite, the

positive area may be distributed over a wide frequency range so ampli�cation at any given frequencies

may be designed to be arbitrarily small. However, if the control bandwidth is �nite (so the loop rolls

o� beyond certain low and high frequencies), the positive area would have to be accommadated in a

smaller band (where loop gain is high) and this would necessarily results in peaking of the sensitivity

function.

To model the e�ect due to �nite control bandwidth, we require the open loop gain to satisfy the

inequality

j L(|!) j� Æ(
!c

!
)
1+k

(9)

for high frequencies ! > !c. Here, it is assumed that Æ < 1

2
and k > 0 (relative degree of at least two).

We impose a similar constraint on the loop gain

j L(|!) j� Æ(
!

!b

)
1+k

(10)

for low frequencies ! < !b. We de�ne the frequency band

�!2 = !c � !b (11)
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!
)1+k for frequencies

! > !c. Æ < 1

2
and k > 0 (relative degree of at least two) and j L(|!) j� Æ( !

!b
)1+k for frequencies

! < !b.

as the control band. Figure 12 illustrates the �nite bandwidth performance speci�cation with �!1 as

the performance bandwidth and �!2 as the control bandwidth. The restriction of the loop gain at high

(equation (9)) and low (equation (10)) frequencies imposes additional constraints on the sensitivity

function. Now, in addition to the performance speci�cation - jS(|!)j � � for ! 2 �!1, a control

bandwidth speci�cation - jS(|!)j � � = Æ

1�Æ
for ! > !c and ! < !b must also be met.

7 Area formulae based sensitivity tradeo�s for a second order unsta-

ble system with a delay

In this section, we compute the performance limitations as peaking in the sensitivity function magnitude.

The area formula for 2nd order right-haft plane pole pair with real part �r and a time-delay � is given

by equation (7). If the plant is open-loop stable, �r = 0. It is important to note that the delay � does
not a�ect the area formulae. This is true as long as no restriction on control bandwidth is placed. As we
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shall see momentarily, the delay starts to play an important role as restrictions on control bandwidth
comes in to play.

The in�nite control bandwidth case in the absence of any right half plane zeros is not interesting,
because area formula does not imply a peaking phenomenon, only an area conservation. On the other
hand, waterbed e�ect (which is present in non-minimum phase systems - by using Poisson integral
equation) leads to peaking for the systems with right-half plane zeros - even with in�nite control
bandwidth [22], [23].

We wish to investigate the behavior of sensitivity subject to the loop bandwidth restriction in (9) and
performance requirement at the resonant pole frequency !r; see Figure 12 for the performance chart.
The area formula together with the constraints in Figure 12 and high frequency roll-o� characteristics
can be manipulated (as in [22] [24]) to show that

log k S k1 �
1

�!2 ��!1
(2��r +�!1log

1

�

� (!b)log
1

1� Æ
�

3Æ!c

2k
(1�

1

(1 + �
�!c

)k
)); (12)

where

k S k1= sup
!2[0;1)

jS(j!)j: (13)

For a stable plant (�r = 0), the desired performance bandwidth product �!1log
1
�
directly determines

the the amount of sensitivity peaking. The inequality (12) shows that a large performance bandwidth
product is necessarily accompanied by a large peaking in the sensitivity function.

Using the inequality (12), Figures 13, 14 and 15 plots bounds on sensitivity peaking. Figure 13
depicts the e�ect of varying the performance requirement (�) while Figure 14 compares the sensitivity
bounds for di�erent values of the delay (�). Figure 15 plots the peaking k S k1 as a function of
damping ratio �r of the unstable pole pair. The plots show that as the ratio of the control bandwidth
to the performance bandwidth (�!2

�!1
) decreases, the sensitivity peaking becomes more and more severe.

Further, the peaking is accentuated by increase in the delay (�), increase in the performance requirement
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Figure 16: PSD shows 15dB reduction of pressure oscillations with control in UTRC single-nozzle rig.
An on-o� valve was used. No peak-splitting observed.
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Figure 17: PSD shows 6.5dB reduction of pressure oscillations with control in UTRC sector (three-
nozzle) rig. on-o� valves were used. Peak-splitting limited e�ectiveness of closed-loop control.

(�) or increase in the real part of the unstable pole of the open-loop plant �r. For an open-loop stable
plant the inequality (12) is still valid with �r = 0.

8 Peak splitting phenomenon in sector rig experiments

In early experiments with combustion instability in a UTRC single-nozzle rig at low equivalence ratio
conditions, a phase shifting controller modulating liquid fuel was very e�ective [7]. Pressure oscillations
were reduced by 15dB (6 times), as shown in Figure 16. However, in the sector rig control experiments
[8], the e�ect of phase-shifted control in the sector rig using on-o� valves resulted in peak splitting as
seen in the Figure 17 (with one, two and three nozzles). The identi�cation of the model of the plant
in the form of second order system with delay from frequency reponse using the method described in
Section 4 was performed. The delay value � = 7 ms was obtained. (Note that the delay in the sector
rig was larger as compared to the single nozzle rig.) The identi�ed resonant frequency of the plant was
fr = 208:9 Hz and identi�ed damping coeÆcient was � = 0:0229.

In Section 5 we showed how large delay could lead to larger peaking in the sensitivity function (see
Figure 14) for the linear case. In the sequel we use the describing function framework to explain the
observed phenomenon with the on-o� actuators. The principal diÆculties arise because of the non-
linearity and the presence of the strong driving noise. The feedback block diagram of the controlled
combustion process in the sector rig is shown in Figure 19. A plant model was obtained (as described
in the �rst part of the paper ) by �tting a 2nd order system with delay to an experimentally obtained
transfer function between one valve command input and the pressure signal output (see Figure 18). A
driving disturbance noise model (a broad-band Gaussian noise with the level adjusted to match the
uncontrolled pressure oscillations) was also obtained in the way that has already been described in
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Figure 19: Model of the controlled combustion process with on-o� valves.

the �rst part of the paper . The simulations of the model with on-o� actuators and a phase-shifting
controller (with one to three on-o� valves) were performed and Figure 20 compares the square root
of PSD of pressure in controlled and uncontrolled case from experiment and from model simulation.
Assymetric peak splitting was observed in sector rig experiment when the third valve was turned on.
This was attributed to longer fuel line for the thrid valve than for the �rst two, which resulted in a
larger phase lag and lower authority. To match the asymmetry in the simulation, the relay blok in
Figure 19 was splitted into two and an extra delay was added in series with one of the relays. Note that
the simulation results match well the qualitative and quantitative features of the experimental results.

We claim that the peak splitting e�ect seen in sector rig experiments (see Figures 17 and 20) is caused
by a large delay (larger than in the case of single nozzle rig). A purely linear analysis of peak-splitting
presented in Section 5 has to be modi�ed however, because of the on-o� valves which cause the loop to
be nonlinear. A describing function analysis will be used instead.

9 Sinusoidal input describing function analysis

A �rst order harmonic balance can give a prediction of the magnitude and frequency of possible limit
cycles in the closed-loop systems if the disturbance input is neglected. The equation to be solved is

G0(j!)Gc(j!) = �
1

N(A)
; (14)

where N(A) is the describing function (see [25]) of the relay representing the on-o� valve given as

N(A) =
4b

�A
; (15)

and b denotes the relay output magnitude. Figure 21 illustrates a graphical way of determining existence
of solutions of this equation for a controlled case at which peak splitting can be observed. Intersections
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splitting phenomenon observed in experiment and simulation.

of the plot of the transfer function G0(j!)Gc(j!) with the plot of � 1
N(A) indicates the possibility of two

limit cycles with frequencies 183 Hz and 238 Hz. The predicted value of the pressure magnitude in the

two limit cycles was about 1 psi for three actuated nozzles and a third of that value for one actuated

nozzle. Simulations of the model show that in the closed-loop system without noise, the two limit cycles

- at the frequencies close to the ones predicted by the describing function analysis, i.e., 183 and 238

Hz - coexist. Figure 22 shows time traces, phase-portraits, and PSD corresponding to both attractors.

The phase portraits are obtained from time shifts of the pressure signal by 0, 3, and 7 sample periods
of .5ms. Next, the disturbance model is included in the simulations. Figure 23 shows a comparison of

the pressure PSD with the nominal level of noise and without noise for one to three actuated nozzles.

The two PDS's are vastly di�erent. In particular, the shapes of power spectra, the frequencies of the

peaks, and the values of pressure PSD at the peaks strongly depend on the presence of noise and on

the number of actuated nozzles.
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Figure 23: Model simulation: e�ects of noise and actuator authority on the pressure power spectra
under closed-loop control with on-o� valve.

Here is an interpretation of the observed e�ect of noise in a language of dynamical systems. The
no-noise attractors are relatively small in size. The presence of large levels of noise causes the state
of the system to visit regions in the phase-space far away from the attractors where the dynamics are
not a�ected by saturated control but in fact are similar to the open-loop dynamics. The power spectra
represent an average statistics of the motion of the state of the system. In the case when noise is large
relative to the saturated control, one observes more of the spectral characteristics of the open-loop plant
in the closed-loop spectra.

Another interpretation of the e�ect of the noise (using the language of control theory) is analogous
to the explanation to the e�ective linearization of a relay characteristic by a control dither [26] [27]. The
strong noise propagates through the loop and provides a bias for the periodic signal resulting from a
limit cycle condition driving the on-o� valve. This reduces the e�ective gain of the valve for the periodic
signal. This gain reduction causes the on-o� valve to work e�ectively as a proportional saturated valve
with a low gain.

Our inability to analytically predict the frequencies and levels of pressure PSD peaks using standard
sinusoidal describing function analysis in the presence of noise indicates a need for a new analysis tool
that would explicitly take the noise into account. Such an analysis tool is introduced in the next section.

As we mentioned in the Introduction, the peak-splitting has been previously observed in combustion
control experiments at Cambridge University [2] [3] [4]. In particular, in the experiments described
in [4] on-o� fuel injectors were used. The e�ect of control on the pressure oscillations was analyzed
with sinusoidal-input describing function method, assuming that the closed-loop system dynamics is in
a small magnitude limit cycle. The analysis in [4] faces the limitations described in this section and
hence does not satisfactorily explain the peak-splitting. As we argued above, the driving noise is needed
for model-based explanation of peak-splitting in the case of on-o� actuators in a feedback loop is the
driving noise.
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10 Random input describing functions

In this section, the random input describing function framework as described in [25] is introduced to
analyze the feedback system in the presence of the noise. Assume that a nonlinear static element
described by a function f(:) is driven by a signal

u(t) = B +A sin(!t+ �) + r(t); (16)

where B is a constant, r(t) is a zero-mean Gaussian (normal) random variable with standard deviation
�, and A sin(!t + �) is a sinusoidal signal with a random phase � uniformly distributed over [0; 2�].
Introducing a sinusoid with a random phase allows a uniform treatment of the familiar sinusoidal
input describing function and the random input describing function. In fact, one can show that ([25])
averaging the response of the sinusoidal process with uniformly distributed random phase is equivalent
to averaging of the response due to deterministic sinusoid over one period and the resulting sinusoidal
input describing functions (deterministic and stochastic) are actually identical.

Using a random input describing function analysis, the output of the nonlinear element y(t) = f(u(t))
is approximated by

ya(t) = NBB +NAA sin(!t+ �) +NRr(t); (17)

where the individual gains NB, NA and NR depend on all three quantities B, A, and �. The gains
are chosen to minimize the mean square error between the output of the nonlinear element and its
approximation. The form of the best approximation in the mean square error sense does not have to
be prescribed from the onset. In fact, it is possible to show that an optimal linear �lter approximation
of a static nonlinear element results in the static gains being the best �lters [25].

The optimal gains are given by the following formulas (from [25], p. 371):

NB(B;A; �) =
1

B
E[f(u(0))] =

1

(2�)
3

2 �B

R 2�
0 d�

R
1

�1
drf(B +A sin(�) + r) exp(� r2

2�2
); (18)

NR(B;A; �) =
1
�2
E[f(u(0))r(0)] =

1

(2�)
3

2 �3

R 2�
0 d�

R
1

�1
drf(B +A sin(�) + r)r exp(� r2

2�2
); (19)

NA(B;A; �) =
2
A
E[f(u(0)) sin(�)] =

2

(2�)
3

2 �A

R 2�
0 d�

R
1

�1
drf(B +A sin(�) + r) sin(�) exp(� r2

2�2
): (20)

The gains will be referred to as the describing functions of the nonlinear element. If r(t) = 0 and B = 0,
the last formula reduces to the usual sinusoidal input describing function. Note that the describing
functions can be explicitly calculated for the case where f(:) is a polynomial or a sinusoidal function.

Consider now a feedback interconnection of a linear system and nonlinear static nonlinear function
f(:) driven by a sum of a constant, sinusoidal signal, and a Gaussian process Bi + Ai sin(!t) + ri(t)
as shown in Figure 24. One can attempt to �nd a stationary solution of the feedback system by
replacing the nonlinear element by the collection of the describing functions. It is reasonable to assume
that the component ri(t) of the driving disturbance is Gaussian, however the same can not be said of
the component r(t) because it is a�ected by non-Gaussian process y(t) at the output of the nonlinear
element. of the loop signal x(t) which forms the input to the nonlinear element (see Figure 24). However,
since in the case of combustor the linear transfer function in the loop has poles close to the imaginary
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Figure 25: Distribution of signals in the loop from the simulation.

axis, its output is a convolution of the past non-Gaussian inputs with the slowly decaying impulse

response of the linear plant. Since the convolution averages many identically distributed stationary

input processes, one might expect that r(t) too has approximately Gaussian distribution. We do not

have a precise formulation of a result in this direction. Hence, the crucial assumption about Gaussian

distribution of the random component r(t) at the input to the nonlinear element is only veri�ed by the

simulations (see Figure 25).
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The constant, sinusoidal, and Gaussian component of the solution at every point of the feedback
loop can be calculated using a quasi-linear description. One can then look for forced response either

as a stable driven system or as self-excited oscillations. Assuming that the Gaussian component ri(t)

of the disturbance has Power Spectral Density �ii(j!), the corresponding equations are as follows (� is

variance of the signal r(t)):

1. Stable driven system

B =
G1(0)

1 +NB(B;A; �)G1(0)
Bi (21)

A =
G1(j!)

1 +NA(B;A; �)G1(j!)
Ai (22)

�xx(j!) = j
G1(j!)

1 +NR(B;A; �)G1(j!)
j2�ii(j!) (23)

�2 =
1

2�

Z
1

�1

�xx(j!)d!: (24)

2. Self-excited oscillations with driving noise

B =
G1(0)

1 +NB(B;A; �)G1(0)
Bi (25)

1 +NA(B;A; �)G1(j!) = 0 (26)

�xx(j!) = j
G1(j!)

1 +NR(B;A; �)G1(j!)
j2�ii(j!) (27)

�2 =
1

2�

Z
1

�1

�xx(j!)d!: (28)

11 Random input describing function analysis of the nonlinear sector

rig model

Consider the simpli�ed plant model of controlled combustion process in UTRC sector rig illustrated in

Figure 19. One or three actuated nozzles is considered, represented by the value of valve saturation

equal to 3 and 9, respectively. The plant model (2nd order system with delay) was identi�ed from

a frequency response as described earlier in this paper. In the simulation the system is driven by a

broad band noise with Power Spectral Density �ii(j!). Figure 26 presents the Nyquist plot of G1(j!) -

denoting the product of the plant and controller transfer functions. The graphical sinusoidal describing

function analysis (ignoring Gaussian noise) predicts possibility of two limit cycles with frequencies 187Hz
and 242Hz. The frequencies do not change as the number of actuated nozzles changes. With on-o�

relay actuators, the random input describing function framework allows one to incorporate the e�ects

of Gaussian noise. In the absence of noise, the closed loop system exhibits a limit cycle with amplitude

A0. The presence of Gaussian noise driving the system has the e�ect of supressing the self-excited
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oscillations. In particular, with a relay nonlinearity, the amplitude of the self-excited oscillations is

easily shown to satisfy the equation

A(�) =

Z
+A=�

�A=�

r
1�

�2s2

A2
e�s

2=2ds
A0p
2�

: (29)

One can show that A(�) � A0. Figure 27 plots the numerically computed solution of the integral

equation (29). Thus, the presence of noise (� > 0) leads to a reduction in the amplitude of this limit

cycle and at a critical positive value of � = �0, the limit cycle disappears (A(�0) = 0) and the random

input describing function gain

NR =

r
2

�

b

�
8� > �0: (30)

For the values of � < �0, the gain NR(�) was numerically computed using the relationships (19) and

(20). Figure 28 plots the gains NR(�) and NA(�). NA is a step function with values

N�

A = � 1

G1(j!)
for � < �0;

N+

A = 0 for � > �0 (31)
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and transition at �0, the critical � where the limit cycle ceases to exist. NR monotonically increases

between 0 and �0 and decreases for values of � > �0. We have

NR(0; A(0); 0) =
N�

A

2
;

NR(0; A(�0); �0) = N�

A
;

NR(0; A(�); �) < N�

A
8� 6= �0: (32)

The last inequality ensures that the feedback interconnection of G1(j!) and NR(0; A(�); �) is linearly

stable for all � 6= �0. The second equality in (32) implies that the largest loop gain occurs at the critical

value �0 where the loop is arbitraily close to destabilization (eigenvalues on the imaginary axis). For
values of � away from �0, the eigenvalues move in to the LHP thereby ensuring asymptotic stability for

all � 6= �0. For the critical value, the linear analysis is inconclusive in predicting the stability of the

loop.

Therefore, in the presence of a large Gaussian noise (such that � > �0), limit cycle is absent and the

Gaussian processes balance alone explains the power spectra observed in the simulation. The Gaussian

input describing function for the relay in the absence of constant bias and sinusoidal function is

NR(0; 0; �) =

r
2

�

b

�
: (33)

The equation for the standard deviation � at the input of the relay element (with saturation value b) is

� =

vuut 1

2�

Z
1

�1

j
G1(j!)

1 +
q

2

�

b

�
G1(j!)

j2�ii(j!)d!: (34)

For a given noise characteristics �ii, this equation may be solved for � graphically or by the method of

successive iterations. While in general the latter method is not guaranteed to converge, in our case it

indeed converges for Figures 29 and 30 plots the results of the method for the cases b = 3 (one nozzle

actuated) and b = 9 (three nozzles actuated) respectively. In either case, the computed solutions for �

agree well with the result from the simulation.
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One actuated nozzle, b=3.
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Figure 29: Solution for �

Three actuated nozzles, b=9.
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Figure 31: Pressure PSD from the Random Input Describing Function calculation and from the simu-

lation

12 Limitations of achievable control performance with on-o� actua-

tors

Note that the analysis presented in the previous section shows that, except for a critical � = �0, the

Fourier transform of the Gaussian component of combustor pressure is well approximated by the formula

pg(j!) = G0(j!)S(j!;A; �)ni(j!); (35)

where ni(j!) is the Fourier transform of the driving disturbance and

S(j!;A; �) =
1

1 +G0(j!)NR(0; A; �)Gc(j!)
(36)

is a modi�ed sensitivity function that depends on the magnitude of the limit cycle A and standard

deviation � of the Gaussian component at the input of the relay nonlinear element. In fact, we have

shown that indeed there are values of � and A for which the limit cycle and Gaussian process balance

is achieved in the control loop. We are now in a position to extend the linear analysis presented in

the �rst part of the paper to the case of control with on-o� actuators. The only di�erence is that the

controller transfer function Gc(j!) needs to be replaced by the product NR(0; A; �)Gc(j!). Note that

for any �xed value of � and A all the results of the linear analysis, including interpretation of peak

splitting and analysis of fundamental limits, are applicable.

13 Practical implication for combustion process control

Analysis provided in this paper indicates that the peaking phenomenon de�ned as excitation of oscilla-

tions with closed-loop control is to a large extent inevitable for combustion processes with large delay

controlled with actuators of limited bandwidth. This is reected in the fact that the sensitivity for the

linear actuator case and modi�ed sensitivity function to the on-o� actuator case function will achieve
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Figure 32: Model simulation: e�ects of delay and damping on pressure power spectra under closed-loop

control for a nominal noise level.

values exceeding 1. However, note that the peaking in the sensitivity function does not always imply

the peak splitting in closed-loop PSD of pressure. It is the product G0(j!)S(j!) or G0(j!)S(j!;A; �)

that determines whether or not the peak splitting will be seen. In the high equivalence condition the

damping of the combustion plant is relatively large. This means that the plant transfer function G0(j!)

has a signi�cant gain in the frequency bands where the sensitivity function is peaking. Thus, peak

splitting is likely to occur. On the other hand, in the low equivalence ratio regime the plant damping

is low. In this case the peaking will not occur, as the plant transfer function G0(j!) has a very small

gain in the frequency bands where the sensitivity function is peaking. This explains why there was no

signi�cant peak splitting observed in experiments with control in some low equivalence ratio conditions.

Reducing the plant delay would extend the band of frequencies in which attenuation of the pressure
oscillations is achieved. The excitation bands would occur where the plant has very small gain, and

hence no peak splitting would be observed. Similarly, decreasing the plant damping would have a

bene�cial e�ect on peak splitting due to two e�ects. Firstly, reducing the plant damping would reduce

the frequency band �!1 shown in Figure 11 in which the sensitivity function is small. This would

reduce the peaking implied by formula (12). Secondly, decreasing the plant damping would lower the

plant gain in the excitation frequency bands.

The �gure 32 shows that in both these cases there is relatively smaller performance penalty (in terms

of peak splitting). The results have been computed for large noise standard deviation �.

We are now in a position to explain the di�erence between the experimental results in single-nozzle

rig shown in Figure 16 and sector rig shown in Figure 17. We can attribute the higher uncontrolled

oscillations level in the single nozzle rig to a lower damping of the plant. Moreover, the plant delay
identi�ed from the frequency responses was higher in the sector rig than in the single-nozzle rig. As we

have argued above, a low damping factor and a low delay value would prevent the peak splitting.

Practical implications of this analysis are as follows. Even though peaking in the sensitivity function

is unavoidable in current combustion process control due to large process delay and small actuator

bandwidth, it leads to serious limitation of achievable control performance (peak splitting) only in the

case of large plant delay and large plant damping, like in the case of high equivalence ratio condition.
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In this case the open-loop pressure oscillations are relatively small and control objectives are modest,
so that the required level of pressure oscillations could be met even in the presence of performance
limiting factors described in this paper. In the case when the performance speci�cation cannot be met,
an actuation mechanism that involve smaller value of process delay has to be developed. This could be
achieved by fuel injection closer to the ame area or by an increased mixing rate.

Conclusion

In the �rst part of this paper, we conducted linear analysis of combustion instability in UTRC rigs with
control. It was experimentally determined that linear analysis was applicable for the high equivalence
ratio and large delay in the feedback loop and limited actuator bandwidth are major factors that limits
the e�ectiveness of the active control. An intuitive Nyquist based analysis was used to analyze the
performance characteristics of the simple phase-shifting controller. In order to study the fundamental
limitations imposed upon performance due to the presence of delay, unstable dynamics and limited
controller bandwidth, a more sophisticated controller independent analysis was carried out with in
the framework of linear control theory. In particular, the peak-splitting phenomenon observed in our
experiment and reported by other researchers was explained with the aid of this analysis. In the
second part of this paper it has been shown that random input describing function analysis is an
appropriate tool to study e�ect of the strong driving disturbance in a nonlinear model. The describing
function analysis predicts that for suÆciently large levels of disturbance, the loop e�ectively behaves
linearly with the feedback gain dependent upon the variance of the Gaussian noise. As a result, the
fundamental limitations studied in the the �rst part of this paper can be used to explain the peak
splitting phenomenon even in the nonlinear case.
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Summary
Combustion reactions in a confined system are very difficult to predict as they involve unsteady flow
dynamics, non-equilibrium chemical kinetics, and additional complexity introduced by potential
interaction between them.  Dynamic response of the reactants feed systems, vibration characteristics of
the structure, and the enclosed fluid may also interact with the heat release processes making it difficult to
assess the relative importance of various mechanisms.  In the first part of this lecture, fundamental flow
and combustion processes that determine the behavior of combustion system dynamics will be briefly
discussed.  Also, while experiments on combustion system dynamics and control have been performed for
centuries, the modern-day combustion-control experiments involving a fast-response dynamic feedback
loop have been conducted only in the last 15 years.  Depending on the particular application and design,
several different active control approaches have been utilized.  Different approaches of actively
controlling combustion will be summarized and the essential features as well as the new insight obtained
in those experiments will be discussed.  The second part of this lecture will provide a brief review of
recent experimental studies, categorized by applications.  While earlier studies were motivated mainly by
instability suppression in propulsion applications, recent research and developments on active combustion
control have considered a large variety of applications involving a wide range in scope.  Some of the new
interests have come from power generation and incineration industries as well as more traditional
propulsion industry.  The scope and the hardware considered in these investigations vary widely,
stemming from, for instance, the use of simple Rijke tube for control algorithm development to full-scale
implementation into an industrial gas turbine.

1. Active Control Classification
Active combustion control (ACC) is an emerging art of regulating combustion performance using a

dynamic hardware component that rapidly modifies combustion input.  ACC is an attractive idea because
it relies on proper timing of fuel injection rather than spatial changes of flowfield as required in passive
approaches.  Since timing adjustment is simpler than the potential geometry modifications associated with
passive control, ACC provides flexibility in performance and eliminates costly design changes.  With the
recent advances in electronics, it is becoming a very popular technology in propulsion and power
industries.

The relative performance of active control action can only be defined within the context of the
applications.  Such performance is also closely correlated with the sensors and actuators as well as the
controllers.  Furthermore, there are usually more than one performance parameters that are important, and
the practical problem of active control implementation often takes a form of a constrained optimization of
a coupled system output.  Consequently, the research and development of active combustion control
technology have taken vastly different approaches and forms.1-3  Thus, a lot of work that have been done
until now are rather unique in certain elements, and it is difficult to classify them into standard categories.
Nevertheless, in the following, an attempt is made to create a general classification for much of the
experimental, numerical, and control-oriented analytical works as well as component related research.

Paper presented at the RTO AVT Course on “Active Control of Engine Dynamics”,
held in Brussels, Belgium, 14-18 May 2001, and published in RTO-EN-020.
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1.1 Hierarchy of Active Control
First, much of the experimental research, which has been conducted to date, can be grouped into three

general categories that indicate the degree of system complexity.  Figure 1 shows a schematic of an active
control component diagram.  It shows three essential sub-components of an active control system --
actuator, controller, and sensor.

(a)

(b) (c)

Figure 1.  Schematic of an active control system
(a) Open-loop control, (b) Closed-loop control, and (c) Adaptive control

OPEN-LOOP CONTROL

An open-loop control system consists of only actuator and controller, as shown in Fig. 1a.  Because
the controller output is pre-programmed, there is no need for a sensor.  This is a simplest form of active
control, and it relies on perturbing the input to the combustor enough to obtain the desired output.  In
order to be of practical use, the input action of the actuator may need to be amplified by the flow structure
or coupled with other physical processes.

The useful actuator must be able to alter sufficiently the combustion process or those processes that
closely affect the combustion process, given the proper control action.  Some of the more common
actuators include fuel injectors, acoustic drivers, and mechanical shakers.  Typical control action consists
of generating oscillatory inputs having sufficient amplitude and frequency to obtain the desired outcome.

Due to its inherent simplicity, an open-loop system is very easy to implement.  To determine whether
this approach is adequate for a given system, an open-loop transfer function of the combustor is required.
While such transfer function can be obtained not just by experimental method but also by analytical or
numerical approaches, this step is considered most critical as the optimized performance depends on the
fixed control action.

Some of the examples of open-loop control include not only instability suppression but also
combustion enhancement and emission reduction.  The details of these experiments will be discussed in
the ensuing sections.
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CLOSED-LOOP CONTROL

A closed-loop control adds a sensor element to the open-loop control.  Figure 1b shows the schematic
of a closed-loop control.  The role of the sensor is to monitor the combustor output in real time and
actively modify the control action accordingly.  Since a feedback action is required with the close-loop
control, it is desired that the frequency response of the closed-loop sensor exceed the operating frequency
of the actuator and the controller.

For dynamic feedback consideration, desirable parameters for sensing are pressure fluctuations, heat
release fluctuations, and temperature fluctuations.  In earlier investigations, pressure and lumination
sensors were most commonly used as temperature sensing via a thermocouple yielded rather slow
frequency response.  With proliferation of diode lasers, however, sensing temperature fluctuation and
product species concentration has also become a viable option.  In fact, sensor development has been one
of the key areas that helped the renewed interest in the technology.

Also, employing a closed-loop system placed an added importance to the control algorithms.  The
control algorithm can be as simple as a given phase lag between sensor and actuator to some that may
require extensive control logic.  Some of the more notable control techniques are summarized in Section
1.4.  In a closed-loop control, because of the feedback design, one of the key elements a controller
designer must consider is the stability characteristic of the controller.  Also, the robustness of the
controller to parameter variation needs to be considered.

ADAPTIVE CONTROL

Adaptive control refers to a self-adjusting controller that can modify the controller action depending
on the transient external circumstance.  In a simple closed-loop control as defined in Fig. 1b, the optimum
control action may change over time depending on the other output that are not being sensed.  For
instance, such output may amount to the altitude or the speed of vehicle in a propulsion system, and for a
power generation device, it may amount to the overall power output level.  In any rate, having an extra
layer of control allows one to adjust the closed-loop filter in such a way that the control action is
optimized for all conditions.

Figure 1c shows a schematic of an adaptive controller.  Typically, the parameter that requires a
change in the controller setting varies much more slowly than the closed-loop controller of Fig. 1b.
Consequently, the adaptive filter may not need to operate at the same frequency response as the primary
controller.  In the same token, an open-loop adaptive control filter may also be used if the slow change in
time-averaged parameters is already known.  However, a typical adaptive filter may require an additional
sensor that provides transient response of the short-time averaged output.

A more extended view of an adaptive control system is a control system that provides a "self-
calibration."  In that sense, any of the closed-loop controller which allows an on-line system identification
may be considered an adaptive control system.  Thus, in this expanded definition, most of the closed-loop
controller, except those that require an off-line system identification, would be considered an adaptive
controller.  The real distinction, then, is how fast the system identification and implementation of the
modified control action can be implemented in the controller.  Some of the earlier experiments that
incorporated an adaptive technique used a single sensor and adaptive numerical filters that updated the
controller action at the same sampling rate by averaging the signal over a short time period.4

1.2 Actuators

In any practical application, actuators and sensors are the key components that enable the use of the
active control approach.  In that sense, combustion response to actuators is the single most important
characteristic that determines the potential of the active control approach and sets the boundaries of the
control ability.  This is evident from the fact that an actuator is an essential part in all three control
systems classified in Fig. 1.  The characteristics of actuated combustion performance is what sets active
control approach apart from other passive methods.
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Reactants

Products

sensor

controller

actuator

flame-
holder

Figure 2. Typical active control
demonstration experiments using a

simple tube combustor.

Some of the ACC actuators that have been used to
date include (1) compression drivers that add acoustic
energy at particular frequencies, (2) small flow injectors
that add secondary mass flux at particular timing, (3)
large flow valves that modulate the total mass flux, (4)
mechanical devices that either trip the transient boundary
layers or change the shear layer mixing, (5) fluidic
devices that add momentum to the flow without changing
the mass flux, and (6) special electrodes that initiates
current-stabilized electric discharge5,6.  Also, some of the
recent actuator development work have considered
utilizing various material properties including
piezoelectric and magnetostrictive characteristics as well
as electro-mechanical behavior.  Also, other physical
mechanistic characteristics such as atomization
modulation and electrostatic potential have been explored
for actuator consideration with mixed results.

ACOUSTIC DEVICES

Acoustic devices create pressure waves, which influence the combustion performance in several
different ways.  One way is a direct interaction between acoustics and combustion via Rayleigh criterion,
which changes the amount of acoustic energy gain.  Joos and Vortmeyer7 showed the importance of
combustion-acoustic interaction by recording simultaneously self-sustained oscillations of the acoustic
pressure, acoustic velocity, and combustion via OH- radical emission.  They showed that oscillation
amplitude was suppressed when pressure and energy oscillations became out of phase.

In many earlier experiments involving active combustion control, loud speakers were used to control
pressure oscillation phase.  They were widely used because of the easy availability and good frequency
response characteristics.  Figure 2 shows a schematic of a typical set-up employed in some of these
experiments, which demonstrated suppression of combustion instabilities.8-10  Lang et al.8 employed a 10-
W loudspeaker system to suppress longitudinal instability using a simple, constant-gain, phase-shift
controller with very little energy consumption.  Gleis et al.10 proposed the use of active control system to
study the onset of self-sustained instability in simple premixed laboratory burners.

Another way that acoustics alter the combustion performance is by generating large coherent structure
that affect the large-scale mixing process.  Jets, wake flows, and shear layers are particularly sensitive to
acoustic forcing at certain frequencies, which create large vortices. For instance, such flow features
amplify initial excitation with a relatively small amplitude, thus allowing manipulation of the mixing
between fuel-and-air or reactants-and-products.

Figure 3 shows a premixed combustor at Ecole Centrale Paris, where some of the early active control
experiments were conducted.  Yu et al.11 used a pair of loudspeakers to organize large coherent vortices in
the wake of the V-gutter flameholder.  The volumetric heat release was increased by up to 50% depending
on the frequency.  Figure 4 shows a comparison of flame structures with and without acoustic excitation.
The observed heat release pattern in that experiment closely followed the vortex motion which was
responsible for combustion enhancement.  The increase in volumetric heat release was a function of the
vortical structures with the highest increase observed when the Strouhal number, based on the inlet
velocity and flameholder dimension, was between 0.4 and 1.6.  The flame structures in Fig. 4b and 4c
caused 40% and 30% increase in volumetric heat release respectively compared to that in Fig. 4a.  Phase-
lock-averaged C2 chemiluminescence image in Fig. 4c also shows the nature of periodic heat release
associated with the vortical structure.

Acoustic devices can also be used to change the turbulence intensity directly.  For instance, large-
amplitude excitation can increase the turbulent transport property sufficiently to enhance molecular-level
mixing, which in turn increases the turbulent flame speed.  This approach, however, would require a
substantial amount of acoustic energy to be effective.
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The compression drivers are effective in controlling certain type of combustion devices, particularly
those in which the burner is not pressurized or the initial turbulence intensity is low.  Gulati and Mani9 ran
a similar experiment as that of Lang et al.8 and reported that the control performance deteriorated at
higher output conditions.  While they suggested a need for a better controller, the results also indicated
the deterioration in actuator effectiveness.  If the difference in turbulence intensities between flows with
and without actuation became less significant, the potential performance benefit associated with active
combustion control action would also be reduced.

Another way an acoustic device can be utilized as an actuator is by focusing acoustic energy to a
localized area.  McManus et al12 used acoustic devices to acoustically force the boundary layer just
upstream of the flow separation.  In contrast to setting up a global acoustic field inside a combustor, they
attempted to localize the actuation where the local disturbance can easily be amplified.  Later, such idea
led to the development of "zero-mass-flux" actuator, also know as synthetic jets.  Typically, these
actuators utilize piezoelectric mechanism to obtain very high frequency response.

MASS FLUX MODULATION

Mass flux modulation can be considered an extension of localized acoustic oscillations but with net
flow rate.  Choudhury et al.13 used a series of pulsed jets whose flowrates were controlled by a rotating
valve to affect the flowfield just upstream of the rearward-facing-step flame holder.  Poinsot et al.14

successfully implemented a closed-loop pulsed-fuel-injection strategy in a bluffbody flameholder
combustor and demonstrated about 20 dB reduction in oscillation amplitude.

Gutmark et al.15,16 studied acoustically forced jet flame characteristics using a loudspeaker mounted in
the plenum chamber and found that the stability characteristics were affected if the forcing frequencies
were close to the Kelvin-Helmholtz frequency or preferred mode frequency.  A similar system was later
installed in a fuel line to modulate the fuel flux in a controlled fashion.17,18

Fuel flux modulation, especially that involving liquid fuel, can be obtained via high-frequency-
response fuel injectors and servo valves.  Langhorne et al.19 used an automotive fuel injector to obtain on-
off modulation of fuel flux.  The modulated fuel flux was pre-vaporized before being injected into the
combustor.  Yu et al.20 utilized a swirl atomizer which was close-coupled to an automotive fuel injector to
obtain finely atomized pulsed fuel sprays.  Such sprays were injected directly into the self-sustained
vortex structure in the combustor to minimize the controller fuel consumption.  The same authors later
utilized air-assisted atomization of pulsed fuel sprays to further reduce the controller fuel droplet size.21,22

Exhaust

   Premixed
Propane + Air

driver units

  V-gutter
flameholder

microphones

combustor

inlet duct

Inlet FlowExhaust

quartz window

flameholder

combustor

45 mm
25 mm

flame fronts

Figure 3.  Open-loop active control experiment at Ecole Centrale Paris. [Yu et al 1991]
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Figure 4. Flame structures associated with open-loop combustion
control.  Reynolds No. = 60,000, u'/U~0.1  (a) Baseline case with

Strouhal No., ƒD/U =0, (b) Strouhal No. = 0.8, and (c) Strouhal No. =
0.4.  [Yu et al. 1991]

Typical fuel injectors suffer
from limited frequency response.
This is due to the fact that the
displacement amplitude of
electromechanical  actuation
decreases with frequency.
Consequently, performance of a
typical actuation device, designed
for certain displacement amplitude,
deteriorates at high frequencies.
Neumeier & Zinn23 developed a
high frequency actuator that takes
advantage of a special material
property using magnetostrictive
device.  Under actuation, such a
device produces a small change in
material length but with relatively
large actuation force suitable for
liquid flow modulation.

For actuating large mass flux
such as in air flow modulation,
electro-pneumatic transducers and
electro-hydraulic servo valves can
be employed.  These valves
typically contain a vibrating
mechanical device that restricts the
orifice size within a certain
frequency range, typically reaching
an upper limit of several hundred
Hertz.  Parr et al.24 and Gutmark et

al.25 used such devices to create periodic vortical structures in air flow and actively controlled vortex
combustion effectively reducing an incinerator size.  While one drawback of the large capacity drivers is
their high cost, Wilson et al.26 developed a more affordable actuator using a piezoelectric wafer, that can
be implemented in a similar system.

HEAT FLUX MODULATION

In most cases involving instability suppression, the end goal of actuation is to bring about controlled
modulation in heat release.  While the previously considered actuation approaches utilize either
combustion-acoustic interaction or modulation of reactant flow rate to achieve this, there are other
actuation approaches that try to control heat release directly.  One such approach is to generate electric
plasma.  Afanasiev et al.5 utilized electric arc discharge to add electric energy to the combustion system.
While the arc discharge also produced acoustic emission, the net effect was to produce unsteady heat
addition.  Because the electric resistance of the flowfield was a function of the ionized combustion
products, the amount of electric energy added became a function of transient combustion energy release.

Schadow et al.27 used periodically generated flame kernels as an actuation device.  The transient
flame kernels were generated by igniting a flowrate-matched premixed flow with periodic sparks.
Hermann et al.28 used a pilot burner as an actuator.  The flow rate of pilot gas was modulated with a direct
drive servo valve and the associated heat release modulation from the pilot burner was then used for
actuation of the main burner.  The flow rate for pilot burner ranged between 5 % to 10 % of the main fuel
flux.
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MOVING SURFACES

Unlike acoustic devices which utilize vibrating diaphragm to generate acoustic waves that propagate
at sound speed, moving surface devices oscillate in such a fashion to create local disturbances that
propagate at convection velocity of the flow.  This would be due to either high damping characteristics of
the moving mass or because the oscillation frequency is outside the range that favors acoustic energy
propagation in the ducted system.  As a result, the actuation from a moving surface devices amounts to
the modification in the boundary condition or the change in convective mass flux.

Bloxsidge et al.29,30 utilized an actively controlled moving plug to suppress low frequency instability
typically referred to as reheat buzz phenomenon.  The plug was oscillated using a mechanical shaker
device at relatively low frequencies using a band-pass filtered feedback circuitry.  The instability
frequency was at 88 Hz with substantial cyclic deviation.  According to the authors, the primary
mechanism was the change in acoustic boundary conditions.  A similar shaker device was applied to a V-
gutter flameholder by Trouve et al.31  The flameholder was oscillated in a rocking motion in an effort to
create organized vortices that would affect volumetric heat release.  However, the limited frequency
response of such devices made it difficult to produce significant changes in the reacting flowfield.  The
combustor flowfield, which was actuated at frequencies substantially different from the characteristic
flow frequency and the system acoustic frequency, behaved in a quasi-steady fashion.

Piezoelectric film and shape memory alloy actuators can produce oscillations in high and low
frequency ranges respectively.  These materials are the type of smart structure module, and are being
considered for flow control applications.  Although there has not been any reported use of these materials
in combustion control applications as of yet, these actuators could also be useful if the frequencies of
application interest matches the range of actuators.

1.3 Sensors

Sensors with the proper time-response characteristics are needed in closed-loop feedback control
applications.  While it is important that the ACC sensors provide a timely response of the result due to
actuation, they do not have to directly monitor the particular system property that the control approach is
trying to optimize.  It is sufficient that the sensor provides the information that is a precursor to the
system property that the controller wants to optimize.  Sensors with two different response time-scales
may be considered.  The sensor for direct feedback application requires sufficiently short time response
consistent with the ACC goals.  On the other hand, a slow-response sensor could still be used for the use
with the outer adaptive loop.

The availability of sensors is closely linked to the diagnostic capability as well as the manufacturing
practices.  With the proliferation of compact diode lasers and micromachining technology, new sensors
are being developed at a fast pace.  This in turn will enable better optimization of combustor performance.
Like actuators, sensor characteristics determine the boundary of controllable performance such as
frequency range and instability amplitude.  However, unlike actuators, sensors are not a "show-stopper";
instead, they simply enhance the potential for control-performance optimization.

While the specification required for sensors depends on the particular application and the
environment at which the sensors are to be used, general consideration of the approach demands that the
sensors be rugged, suitable for high temperature, and have good frequency response.

PRESSURE AND HEAT RELEASE

Some of the performance parameters that active control approach often addresses include pressure
oscillations and heat release characteristics.  Therefore, conventional sensors typically include
measurements on dynamic pressure or instantaneous heat release.  For dynamic pressure measurements,
piezoresistive-type or piezoelectric-type transducers are often employed because of their high sensitivities
and high natural frequencies.  Leadless sensors for pressure measurements in hostile environment are also
being considered recently.32  For heat release measurements, optical techniques are often preferred over
conventional thermometry or heat flux transducers, because of the cost consideration as well as the
frequency response.
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Microphones or dynamic pressure transducers have been used to provide rapid response feedback to
actuation output.  Pressure measurements have often been associated with combustion instability
suppression.  In such a case, the sensor signal provides the direct information on the parameter that is
being controlled.  Depending on the type of performance being controlled, pressure measurement may be
made at any location.  However, for longitudinal instability suppression, the pressure sensor should not be
mounted at acoustic node location.14

Photodiodes and photomultipliers have also been widely used in earlier experiments.4,33  Such
luminosity sensors can be combined with a narrow-band intereference filter to provide information on
chemiluminescence.  The most widely used radical species are CH, C2, and OH radicals, as the
chemiluminescence from these radicals appear almost exclusively in the reaction zone.  Depending on the
flame characteristics and flow conditions, radiation intensity within certain wavelengths, corresponding to
the chemiluminescence from those radicals, can be used as an indicator of heat release.  The wavelengths
typically chosen are 431.5 nm, 516.5 nm, and 306.5 nm for CH, C2, and OH radicals, respectively.34

Chemiluminescence is often used in lean premixed flame environments, such as in gas turbines.  The
intensity of chemiluminescence decreases at higher pressure due to the dominant effect of quenching rate,
but the increase in volumetric reaction rate and higher concentration of radical species partly compensate
for the adverse pressure dependence.  As a result, the decline in radical chemiluminescence intensity at
higher pressure is rather gradual and it would still be possible to use chemiluminescence as an indicator of
reaction dynamics.  However, chemiluminescence measurements would not be a good indicator in the
presence of soot or any other blackbody radiation that can interfere with the chemiluminescence intensity
in the selected bandwidths.

CONCENTRATION AND TEMPERATURE

Flue gas analyzers are often used to measure the chemical composition of combustion products, such
as NOx, CO, or unburned hydrocarbons.24,35  Most gas analyzers utilize electrochemical sensors or a
chromatographic system to measure concentration of certain species, but typically a steady sampling of
subject gas is required.  Consequently, the response time, associated with in-situ sampling, is limited,
usually on the order of 10 sec.  Thus, while the output of conventional gas analyzers can be used as a slow
sensor for the adaptive loop in emissions monitoring, it is not appropriate for a fast-response feedback
sensor.

For in-situ monitoring as required in a fast-response, close-loop-control application, optical
techniques are again gaining a popularity.  Also, the optical techniques are no longer limited to emission
spectroscopy, as active laser diagnostic techniques have been made more practical in the last few years.
In particular, the advancement in small, affordable diode lasers has contributed significantly to the sensor
development.  Some of the diode-laser-based sensors have already been field tested with active control
loop using either in-situ or fast extractive sampling approach.  Furlong et al.36,37 demonstrated the use of
diode-laser sensors in more practical environment by successfully implementing the sensor in a compact
waste incinerator35 which was closed-loop controlled.

For active control sensor application, absorption techniques, which provide measurements averaged
over a path, are most widely used.38  For determining vibrational gas temperature and species
concentration, absorption measurements at multiple wavelengths have been used.39  Typical wavelengths,
used for such absorption measurements, have been in the near-infrared or in the infrared ranges.  Hanson
& Baer38 and co-workers at Stanford36,37,40 have developed diode-laser absorption sensors for number of
combustion-related species, including H2O, CO, CO2, NO, NO2, N2O, as well as O2 and various
hydrocarbon species.  Some of the specific wavelengths that have been successfully tested are 1.34 µm
and 1.39 µm for H2O, 1.5 µm and 2.3 µm for CO, and 1.5 µm and 2.0 µm for CO2.

MEMS ACTUATORS AND SENSORS

Some of the interest in MEMS (Micro-Electro-Mechanical-System) devices come from the facts that
the micromachining technology is rapidly emerging and it provides potential reduction in cost.  With
potential reduction in size, it may also be possible to further enhance performance by considering an
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option of a large-scale distributed control system.  Along the same line, it may be possible to extend
active combustion control to miniaturized combustion systems being considered for various applications
such as micro-UAV or micro power generation systems.

While MEMS actuators and sensors are not yet practical enough to be used in hostile combustion
environment, there are still much interest in research and development community for the inherently fast
time response associated with their sizes.  Ho & Tai41 reviewed the MEMS devices suitable for flow
control applications.  There has been much effort on concept demonstration by building micro sensors and
actuators such as micro flap actuators42,43 and micro pressure sensors.44  However, most of these systems
are still too fragile for rugged applications.  More research is needed to make them practical.

1.4 Control Algorithm

While actuator is the component that enables the use of active combustion control approach in a
target system, control algorithm is the part which can make the technique successful.  Thus, the
optimization of performance is closely linked to the characteristics of the control algorithm.  In the same
context, the role of sensor is to extend the capability of control algorithm by providing pertinent system
response data on controller's action.

In the simplest form of ACC, the controller executes a pre-determined control action without the help
of sensors.  An open-loop controller, if it can be implemented effectively, is a preferred choice over a
closed-loop controller which is more complex.  However, the applicability of an open-loop controller is
somewhat restricted because it is generally not possible to determine the transient response of the system
to actuation.  Unless such information is known a priori, it would be difficult to determine a proper course
of control action.  Thus, a use of feedback loop is often employed out of necessity to gain understanding
on system response characteristics.

In actively controlling combustion through the use of a feedback loop, a number of different control
algorithms have been implemented over the years with various results.  However, unless these algorithms
were applied to the same system under the same conditions, it is not fair to draw any conclusions based on
system-specific controller response.  For the same token, one controller may work better under certain
situation than others further complicating their comparison.  In the following, some of the different
control algorithm approaches are described and the corresponding results are examined where applicable.

PROPORTIONAL CONTROL

Proportional control describes the simplest type of closed-loop control algorithms, which has also
been most widely used.  This type of algorithms can be further classified into P-controller (proportional),
PI-controller (proportional-integral), PID-controller (proportional-integral-derivative), and other similar
varieties depending on the second-order correction.45,46  In the simplest form, there are one input from the
sensor and one output to the actuator.  The sensor signal is transformed into a proportional output using
an operational amplifier.  In PI-control, an adjustment can be made to the baseline value by integrating
the errors in time, while the derivative portion in PID-control can resolve the time response more
precisely.

Fung & Yang47 provided a theoretical analysis describing various proportional control approaches
applied to nonlinear combustion instabilities.  They established an optimization procedure for gain
selection.  Most of the control algorithms used in earlier experiments belong to this category.  While the
controller is very flexible in term of control parameter adjustment, it may not be sophisticated enough to
respond to other performance challenges.

NEURAL NETWORK

Neural network describes an adaptive logic system which is modeled after the structure of the brain.
In a simple neural network, various inputs from different sensors are multiplied by respective weighting
function.  A transfer function is used to convert the combined results, which are then used as the input to
the actuators.  Because of the apparent adaptation to different operating conditions, neural network
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belongs to a class of controllers that are termed adaptive control.  A potential problem associated with
neural networks occurs during the training period when the controller is learning the response to various
actuation.  Clearly, this type of control algorithm would be more appropriate in cases where improper
actuation never cause drastic failure.  For added safety, a control algorithm utilizing a neural network can
be pre-trained using simulation data.  This would help setting up safety margins for final training of the
neural network via direct experiments.

Gutmark et al.33 first applied such an algorithm in active combustion control system using multiple
input signals.  The authors used a neural network filter consisting of seven hidden neurons to transform
the two input signals to one output signal.  Flame emulator was trained using the back propagation
method..  Blonbou et al.48 applied two neural networks to suppress instabilities in a Rijke tube.  Liu &
Daley49 used neural networks to develop a mode observer and output model, which was used to drive
acoustic actuation system.  Vaudrey & Saunders50 described the neural network training process which
was used to predict the frequency response of a tube combustor.

FUZZY LOGIC

Fuzzy logic describes a multi-valued logic which allows conventional evaluation of the combustor
response using so called fuzzy sets, that are constructed on the basis of expert knowledge either pre-
programmed or obtained through training.  The controller works in a similar fashion as in neural networks
except the actual sensor nodes in neural networks are replaced by fuzzy functions and fuzzy rules.  By
reducing the infinite number of possibilities into a finite number of combinations, the control response for
a given situation can be simplified.  If the response for many of the combination states can be formulated
by expert knowledge, fuzzy logic can effectively reduce the training requirement.  Furthermore, because
of the simplified logic, controller response can be enhanced.  Fuzzy logic can be a powerful tool if
extensive physical understanding and operational experience are available.  It is especially useful if the
control process is very complex and is difficult to model.  However, depending on the resolution of the
fuzzy subsets, the controlled state may not be fully optimized.

The use of fuzzy logic in active combustion control is rather limited.  Menon & Sun51 applied fuzzy
logic rules to suppress longitudinal mode instability in a numerical experiment.  Also, recently, a fuzzy
logic controller was successfully tested in a liquid-fueled dump combustor experiment at Naval Air
Warfare Center in China Lake.

MODEL-BASED CONTROL

Model-based control describes a wide variety of adaptive control approaches in which physically
based models were used.  Some of the physical processes that can be modeled include not only system
acoustics, flow dynamics, reaction dynamics, actuators and sensors, but also prevalent coupling between
these processes.

In some of the control-oriented investigations, the system dynamics were represented in the frequency
domain using the Bode plot.46,52  This made it convenient to design the control filter for stability
consideration, based on the Nyquist criterion.  While this approach can serve as the basis for determining
the proper phase delay, it may not work with nonlinear systems or in an unsteady, transient operation.53

Annaswamy et al.54 conducted a model-based control design using the linear quadratic Gaussian
(LQG) method, and showed that the LQG controller performed better than proportional controllers in a
bench-top combustor similar to those from earlier experiments (Fig. 2).  The LQG design is similar to
linear quadratic regulator (LQR) controller, but uses a Kalman filter to estimate the states.  While the
LQG controller is robust in gain and phase, it does not guarantee the gain and phase margins when
uncertainties in the states are present.55  Robustness of such control could be an issue.

OTHER ADAPTIVE CONTROL

There are many adaptive algorithms that are not based on physical models.  Some of them have
employed an adaptive filter and a least mean squared (LMS) algorithm to update control coefficients.4,55-57

However, the convergence of coefficients may be sensitive to initial conditions.  If all states are not



3-11

known, an observer-based approach can be considered to provide a real-time identification of the unstable
modes.58,59  Although a model-based observer can be extended to the LQG controller, designing an
observer with a wide robustness range for a nonlinear system can be a challenge.53

2. Combustion Oscillations and Control Mechanisms
Combustion instabilities in propulsion systems occur as some disturbances in pressure or velocity are

amplified by combustion heat release and generate acoustic energy in a periodic manner.  The acoustic
energy reinforces the disturbances continually, making the cycles self-sustained.  As the increased level of
thermal and mechanical loads from combustion instabilities can present serious problems to the
performance and structures of the systems, some types of combustion controls may be needed.  Passive
approaches of changing the system design, such as fitting baffles, resonators, or acoustic liners into the
combustors, usually require costly modification and often prove to be impractical because of narrow
range of frequencies that can be controlled.  In comparison, active control is a very attractive solution.
Culick60 provided theoretical review of combustion instabilities and discussed the pertinent issues
associated with actively controlling nonlinear acoustics in combustion chambers.

In suppressing combustion instabilities, one can damp the oscillation amplitude with an out-of-phase
combustion-acoustic coupling.  This is done by introducing secondary heat release oscillations at a proper
phase with respect to the pressure oscillations, which are monitored.  By maintaining a proper phase
difference, a negative coupling which lowers acoustic energy density is sought.  Since this mechanism is
governed by Rayleigh's criterion61, the approach may be described as a Rayleigh suppression method.

Another possible approach of active control is to directly remove the sources of heat release
oscillations.  When the sources of heat release oscillations which sustain the instabilities are known, the
sources may be broken up directly.  If the source is related to the large-scale coherent vortical structures
in the shear layers, a direct shear layer control may be attempted to disrupt the coherency in the shear
layers.

2.1  Rayleigh suppression
Combustion-acoustic interactions may become either a source or a sink of acoustic energy depending

on their phase difference.  Mathematically, the equation for the acoustic energy balance can be derived
from the standard governing equations (Appendix) and can be expressed as the following:

∆ε
γ
γ

τ≈
− ′ ′+∫

1 p q

p
dt

t T  
 + smaller terms

where ∆ε is the change in acoustic energy density after one cycle, p' the acoustic pressure, p the mean
pressure, q' the fluctuating component of energy release, and T the oscillation period.  This relation,
commonly known as  Rayleigh's criterion in literature, shows that acoustic energy density may increase or
decrease in time depending on the phase of q' with respect to that of p'.  Chu and Kovasznay62 discussed
higher order source terms stemming from linear disturbances, while Culick60,63,64 established the
foundation for approximate analysis of nonlinear acoustics using Galerkin’s approach.

Thus, given a proper phase difference, oscillations in combustion heat release can effectively damp
the instabilities.  In many active control studies, total fuel flow into the combustors is modulated in order
to induce heat release oscillations at a desired phase.  Poinsot et al.14 used loudspeakers as the actuator in
imposing acoustic modulations to the upstream flow.  As the heat release modulations followed the fuel
flow modulations, the instability amplitude would either grow or decay depending on the phase relation
with the pressure.  Thus, a feedback system was used to maintain a proper phase difference between the
pressure signal and the actuator signal.  Langhorne, Dowling, and Hooper19 sought a more practical
approach by using solenoid valves instead of loudspeakers.  The valves directly regulated the amount of
secondary fuel injection into the combustor.  Gutmark et al.18 also used loudspeakers to generate fuel flow
modulation.  Using a phase-lock controller, they were able to lock into the instability frequency and shift
the actuator phase accordingly.  The combustor pressure or chemiluminescence signal was used as the
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reference signal in this study.  In all three experiments, significant reductions in sound pressure level were
observed with the control.

The success of fuel flow modulation techniques depend on their ability to induce heat release
modulation in a timely fashion.  For example, heat release modulation follows fuel mass modulation with
a certain delay time, which is associated with atomization, fluid mixing, and/or chemical reaction
processes.  Unless this delay time is orders of magnitude smaller than the instability period, it must be
taken into account to correctly determine the proper phase of modulation.  In many cases, experimental
measurements are the only sure way of obtaining the correct values of time delay as it depends on many
parameters and specific operating conditions.  As the phase information on heat release is a posteriori, the
implementation of fuel modulation techniques usually requires experimental testing procedures.

2.2  Direct shear layer control
As the combustion instabilities are sustained by acoustically coupled heat release oscillations which

amplify acoustic energy, de-coupling of combustion process can also lead to suppression of combustion
instabilities.  Unlike the previous approach in which acoustic energy is damped by out-of-phase
combustion-acoustic coupling, the direct shear layer control is an approach to remove the source of heat
release oscillations by suppressing the development of large-scale coherent structures in the shear layer.

A number of recent studies, using combustors with either rearward facing steps34,65-67 or bluff body
flame holders68, revealed that coherent structures in shear layers play the dominant role in modulating the
heat release.  Schadow et al.69 identified these structures as drivers of combustion instabilities in their
dump combustor.  By comparing phase-resolved spatial chemiluminescence pictures with vortex structure
visualizations, Yu, Trouve, and Candel11 showed that heat release oscillations closely follow the vortex
trajectories.  Since the oscillations in heat release rate is responsible for sustaining the instabilities,
controlling the shear layers may be the key to combustion instability control.

The physical mechanisms of the combustion instabilities that are in consideration are illustrated in Fig.
5.  The instability cycles consist of a series of linked events that are coupled by combustion-acoustic
interactions34: acoustic oscillations at the flame-holder sheds vortical structures, burning of these structures
provides heat release modulations, and more acoustic energy is generated from combustion-acoustic
coupling interactions balancing the intrinsic losses.  The link between acoustic oscillations and heat release
may be broken up not only by inducing out-of-phase coupling interactions but also by disrupting the
coherency in shear layers.

p' and u'
pressure and velocity

oscillations

q'
heat release
oscillations

1.  Rayleigh Suppression:
suppresses the acoustic energy 
generation by introducing q' at 
out-of-phase with respect to p' 

2. Direct Shear Layer Control:
removes the source of  heat 
release oscillations by 
disrupting the coherency

RAYLEIGH'S CRITERION

acoustic energy generation by
positively coupled p' and q'

UNCONTROLLED
SHEAR LAYERS

shedding and burning of
coherent vortices

Figure 5. Self-sustained combustion instability cycles and possible controlling mechanisms.  The
combustion instability in consideration is driven by large-scale coherent structures in the shear layers.
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Some encouraging results were shown in earlier experiments.  In passive control experiments, using
nonstandard inlet duct cross sections, Schadow and Gutmark70 showed that changing the initial shear flow
conditions can be very effective.  Taking more active approaches, McManus, Vandsburger, and
Bowman12 were able to change combustor performances by directly exciting the shear layer using a
loudspeaker-driven cavity.  Yu, Trouve, and Candel11 obtained similar results by acoustically forcing the
upstream inlet flow.

3. Suppression of Combustion Instability
Combustion instability refers to the occurrence of unwanted pressure oscillations with a large

amplitude.  Any ducted system featuring a source of heat release is susceptible to combustion instabilities.
Combustion instabilities may cause significant practical problems by producing excess vibrational or
thermal loads to a subjected system.  Over the years, excessive amplitude pressure oscillations have been
found responsible for causing structural failure, performance degradation, and equipment damage in
propulsion systems.71  Many different approaches have been adopted to study physical mechanisms for
such phenomena.72  Recent interest from the industrial gas turbine industry stems from the desire to
operate the gas turbines at very lean fuel-air ratios for NOx reduction consideration.  However, it is well
known that a lean premixed combustion system is especially susceptible to combustion instabilities.

Combustion instability suppression has been a subject of focused research efforts in recent years and
has been the dominant driving force for ACC studies.  As a result, the bulk of ACC literature is related to
instability suppression.  In the following, some of the more recent efforts for actively suppressing
combustion instabilities are surveyed.

3.1 Aeroengines
Since the genesis of closed-loop active combustion control work was for instability suppression in

aeroengines in the late 1980’s, much effort has been focused in this area.  While a lot of progress has been
made, there are still a lot of work left to be done.  One such challenge is to use liquid fuel for control and
minimize the fuel amount by directly pulsing it into the combustion chamber.  Because of the combustion
delays associated with liquid-fuel atomization, droplet heating, vaporization and burning processes, it has
been difficult to perform fast-response in-situ control using liquid fuel.  Such a challenge is currently
being addressed by a coordinated research effort in U.S., which seeks to increase the operational
capability of future advanced air-breathing propulsion systems using actively controlled JP-10 fuel
management.73

RAMJET DUMP COMBUSTOR

Low frequency instabilities associated with longitudinal mode were the subject of numerous earlier
investigations.  Many experimental34,67,68,74-76 and computational studies77,78 have shown the critical role of
large coherent vortical structures in driving these instabilities and the importance of combustion-acoustic
interaction.  The initial attempt to suppress these instabilities used the passive approaches.70  However,
with the emergence of ACC demonstration experiments14,17,33, much attention has shifted to more flexible
ACC technology.  Computational efforts for actively controlled ramjet soon followed.79,80

The earlier investigation on ACC for ramjet used gaseous fuel which is not practical for application.
The renewed research effort in this area stems from the desire to extend ACC to liquid-fueled combustors
and explore the use of ACC approach in practical liquid-fueled ramjets.  Recent progress in liquid-fuel
actuator technology and enhanced understanding of the combustor dynamics provided an ideal
background to further advance ACC technology to liquid-fueled ramjets.  The typical strategy is to inject
a small amount of secondary fuel flux in a periodic fashion and actively adjust its timing with respect to
the combustor processes.20,81,82

In this type of approach, the timing of fuel injection follows the similar consideration as that stated by
Rayleigh's criterion.61,83   However, one must utilize an additional strategy to effectively supply a two-
phase flow into a desired location.  The interaction of small droplets with large flow features is sensitive
to flow Strouhal number.  Recent experiments84-86 and computations87-89 suggested that only those
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droplets with Stokes number on the order of unity are affected by fluid motion and yet have enough
momentum to be dispersed further outside the carrier fluid path.

Yu et al.20 showed that vortex-droplet interaction mechanism could be utilized to control the fuel
droplet dispersion inside an axisymmetric ramjet combustor, shown in Fig. 6.  Figure 7 shows the spatial
and temporal distribution of fuel droplets in the combustor as a function of pulsed injection timing.  The
vortex shedding process was used as a reference for fuel injection timing.  Subsequent experiments
revealed that instability was suppressed when the controller fuel was injected in advance of the vortex
shedding or synchronized with the vortex shedding event.  Adjusting the fuel injection timing to follow
the vortex shedding, on the other hand, resulted in higher amplitude oscillations.

BPFAMPphase-lock
& delay

Vs

T

No. 1
No. 2

Premixed
Gas

CombustorInlet

N
o.

 2

N
o.

 1

Controller

Sensor

Actuators

Power
Supply

Controller
Fuel

Figure 6. A model ramjet dump combustor for liquid-fueled ACC study at NAWC, China Lake.

Figure 7. Spatial dispersion of controller fuel droplets with respect to the vortex location in a ramjet dump
combustor.  The location of fuel droplets was obtained by phase-lock averaging Mie-scattering flow

visualization images.  (a) vortex shedding cycle associated with the instability, (b) closed-loop controlled fuel
injection at timing t = τvortex, (c) t = τvortex + T/4, (d) t = τvortex + T/2, (e) t = τvortex + 3T/4 [Yu & Scahdow 1999]
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Figure 9. Illustration of liquid-fueled active instability
suppression in a ramjet dump combustor using timing-

controlled secondary fuel injection.

While the precise timing for proper fuel
injection must be rig-dependent, the above
experiments shed new light on the physical
mechanism.  As was shown in Fig. 4, heat
release oscillation in a premixed combustor goes
through the low cycle in the leading part of the
vortex and the high cycle in the trailing part of
the vortex.  This is caused by the entrainment of
the fresh reactants by vortex action, which
initially lowers the temperature in the leading
part of the vortex.  As the entrained reactants
mix with the high temperature products in the
trailing part of the vortex, the local heat release
cycle goes up.  Then, the strategy for active fuel
injection is to deliver additional fuel in the
leading part of the vortex, where the heat release
oscillation tends to be in the low cycle without
the additional supply.  This would reduce the
amplitude of heat release fluctuation, thus
leading to potential instability suppression.

Figure 8 shows the onset of liquid-fueled
active instability suppression, which was
obtained by shifting the fuel injection timing
from a quarter cycle after the vortex shedding
(corresponding to Fig. 7c) to the synchronized
fuel injection phase (Fig. 7b).  The oscillation amplitude attained with the vortex-synchronized fuel
injection is much lower.  The sketch in Fig. 9 illustrates the desired spatial distribution of secondary
(controller) fuel droplets with respect to the vortex.

AEROENGINE GAS TURBINES

Use of liquid fuel is also an important consideration in typical gas turbines for aircraft or marine
applications.  While the presence of swirl may introduce additional complexity in gas turbine flow field,
the overall ACC approach is quite similar to that of dump combustor.  Cohen et al.90 demonstrated active
instability suppression using a full-scale engine nozzle at realistic operating conditions.  The instability
was a result of operating the gas turbine at lean premixed conditions for low NOx purpose.  Since there is
a tradeoff between low thermal NOx and increased CO emission at very lean conditions, the desirable
operating band for a lean premixed
combustor is very narrow and often falls
within the unstable combustor regime.  By
incorporating a simple fuel actuator and
ACC strategy into a full-scale engine fuel
nozzle, the authors were able to
demonstrate a substantial reduction in
in s t ab i l i t y  amp l i t ude  w i thou t
compromising NOx and CO emission
levels.  McManus et al.91 implemented a
pulse-width-modulation technique in an
evaluation study geared toward liquid-
fueled gas turbines.  Przybylko92 discusses
some of the challenges associated with
active combustion control in gas turbines
including pattern-factor control and high-
cycle fatigue as well as emission control.
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AFTERBURNERS

Afterburner geometry is somewhat similar to a Rijke tube, with a straight duct and a heat release
source.  The instabilities are often of two types - relatively high frequency "screech" associated with
transverse mode oscillations and a low frequency "rumble" related to longitudinal-mode oscillations.
While the transverse instabilities can be attenuated with passive devices such as acoustic liner or
flameholder geometry, the longitudinal mode is difficult to alleviate.  Langhorne et al.19 used a secondary
fuel injection scheme to suppress low frequncy instabilities in a model afterburner.  This technique has
become a standard model for practical active control approach.

3.2 Industrial Gas Turbines
Because of the increasing concern on pollutant emissions such as NOx and CO, much of the recent

interest in ACC technology has come from power generation industry.  Because the thermal mechanism is
responsible for the bulk of the NOx formation, the standard approach is to lower the combustion
temperature by lean premixed operation.  As reviewed previously, combustion instability is a concern for
lean premixed combustion systems, because the premixing reduces the margin of combustor stability and
thus system operability.

RESEARCH AND DEVELOPMENT

The earlier attempt on closed-loop feedback control utilized a slow adjustment of the average flow
rate.  Brouwer et al.93 used a closed-loop modulation of the swirl airflow to modify the fuel injection
characteristics in a can-type model combustor.  The characteristic time response appeared to be on the
order of a second.  This approach, which may not be considered a dynamic control under the current
definition, was used to optimize the combustion performance.  Jackson and Agrawal94 also applied a slow
control using a cost-minimization approach to optimize the combustion temperature and NOx.  Richards
et al.95 utilized an open-loop cyclic fuel injection to change the transient equivalence ratio outside the
instability band thereby achieving suppression of oscillations.  The success of such an approach, however,
would be tied closely with the dynamics of the combustor and pollutant generation mechanism.

Fast-response, dynamic actuation of secondary fuel injection is now being widely used in gas turbine
burners.  The physical mechanism and the extent at which controlled oscillations lead to a better emission
performance were investigated by Poppe, Sivasegaram, and Whitelaw96 using a sector of gas turbine.
Their results suggested that the effect of oscillations on the degree of premixedness may play an
important role in NOx reduction mechanism.  Jones et al.97 applied a closed-loop controlled secondary
fuel injection at subharmonic frequencies to suppress longitudinal mode instability.  Also, much progress
has been made on model-based control approaches.  Annaswamy et al.98 investigated the performance of
optimal control designs including LQG-LTR and H∞ methods in a 1 kW tube combustor.

PRACTICAL IMPLEMENTATION

One distinguishing feature of gas turbine flowfield is the presence of swirling flow.  Depending on
the flameholder design, the presence of swirl can change the instability characteristics.  Sivasegaram &
Whitelaw99 reported a reduction in oscillation amplitude with swirl for a disk-stabilized flame and an
increase for a sudden-expansion dump.  Paschereit et al.100 studied both the axisymmetric mode and the
helical mode oscillations in a swirl-stabilized burner, and applied a closed-loop control to suppress the
instabilities.

Seume et al.101 developed a fast-response feedback active control system as an insurance measure for
unpredictable occurrence of combustion instability in practical gas turbines.  Sattinger et al.102 describes
the successful implementation of an observer-based control algorithm in a sub-scale combustor.  Hermann
et al.103 described the implementation of fast-response closed-loop ACC system in the Siemens type
V94.3A stationary gas turbine.  The ACC system was implemented in a 260 MW Siemens gas turbine
along with other passive measures to maximize the performance and to suppress any unwanted self-
excited oscillations that may occur in the annular combustion chamber under certain operating conditions.
Figure 10 shows the schematic of the Siemens ACC set-up.
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3.3 Rockets
Combustion instabilities are major concerns in solid-propellant rockets as well as liquid rockets.

Analytical approach addressing the problems of rocket combustion instabilitiess goes back many decades.
Sirignano and Crocco104 used the method of characteristics to study the longitudinal mode combustion
and flow oscillations.  Also, the oscillations in transverse modes were theoretically examined by Zinn105

for liquid-propellant rockets.  Zinn and Powell106 applied Galerkin’s method to describe liquid rocket
instabilities.  In solid-rocket problems, Culick60,63,64 established the approximate analysis also using
Galerkin’s approach.

Experimentally, passive control requiring geometry modification is very expensive and time
consuming in rockets.  Thus, ACC has received an increasing amount of attention, particularly for larger
motors where the instability frequency is low.  For such a case, modulated injection of mono-propellant
could be considered.  However, partly due to the hostile motor environments in which traditional
actuators do not function properly, experimental work in this area has been rather limited.  Some of the
recent approaches have considered the use of CO2 lasers for actuation.

Recent modeling work for ACC has been expanded to include rocket applications.  Mohanraj et al.107

developed a heuristic combustor model which was applied to a gas rocket for instability suppression.
Some of the control strategies being discussed for rockets include not only the heat flux modulation effect
but also mass injection approach.  Mettenleiter et al.108 described the recent development in the numerical
simulation of ACC applied to solid rocket motors.  The primary effect considered was the modulation in
mass loading.

4. Increase in Volumetric Heat Release
For limited-volume applications such as in propulsion systems or ship-board equipment, increasing

the volumetric heat release is an important consideration.  A fast open-loop control was shown to be an
effective tool in increasing the combustion performance.  Typically, acoustic forcing or periodic fuel
injection approaches are utilized to organize coherent structures or large vortices, which are then
manipulated to obtain desired mixing characteristics.  For diffusion flames, the mixing between fuel and
oxidizer can be controlled in an active manner, while for premixed flames, the mixing between the
reactants and the products are targeted.

Control
System

flame

Compressor

Burner

Turbine

Ring Combustion
Chamber

Piezo Pressure
Transducer

Direct Drive
Valve

Pilot Gas
Main System

Volume

Figure 10. Schematic representation of ACC setup for the Siemens Model Vx4.3A heavy duty gas turbine.
[Hermann et al. 2000]
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4.1 Generation of Coherent Structure
The interest in coherent structure generation stems from the potential of controlling combustor

performance.  In a typical combustion system, reacting shear layers and their dynamic features are
sensitive to flow excitation.  Small amount of excitation, typically less than a few percent of the mean
flow velocity, can dramatically alter the flow field increasing the entrained volume significantly.109  The
change is produced by organized vortical structures which become highly dispersive under certain
wavelength conditions.  The most interesting conditions occur when forcing is applied at a Strouhal
frequency, which is based on the jet diameter, ranging between 0.24 and 0.64.110

Acoustic forcing of combustor inlet flow has been used to control shear layer mixing through vortex
dynamics and optimize combustion performances.  The key to such a control approach is to modify
turbulent mixing between fuel and air or between the reactants and the products by exciting the large
coherent vortices.  McManus et al.111 excited the vortical structures in a dump combustor through periodic
forcing of the boundary layer that led up to the mixing layer.  This affected the flow separation behavior
and drastically altered combustion characteristics, with the data suggesting up to 15% increase in
volumetric heat release.  The results appeared to be related to the increase in turbulent transport property
due to large coherent structures that were generated.

Yu et al.11 showed that acoustic forcing in the proper frequency range, accelerated the small-vortex
growth in the initial shear layers, creating large-scale vortical structures.  The early entrainment by faster
growing vortices broadens the reaction zone, and the continued entrainment by propagating large-scale
vortical structures improves the mixing between fresh reactant and hot gases in the reaction zone.  They
further showed that the optimum frequency for enhancing the volumetric heat release was related to the
hydrodynamic features in the reaction zone.  The increase in volumetric heat release, deduced from time-
averaged C2 emission measurements, was nearly 50 %.

4.2 Control of Vortex Dynamics
Since turbulent jets are highly responsive to acoustic forcing which organizes coherent vortex

structures in the shear layers, the dynamics of organized vortices can be further modified by controlling
the timing between various vortex generation mechanisms.  Yu et al.112 injected secondary periodic jets
directly into the shear layers that were excited with acoustic forcing.  This allowed a complex interaction
between the vortices, which could be controlled by changing the timing and duration of the vortex
shedding.
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Figure 11. 50 kW diffusion flame burner at NAWC, China Lake.
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Figure 13. Chemiluminescence and incandescence
from the diffusion flames of Fig. 12. (430±5 nm)

(a) inefficiently controlled, long flames with high
soot production corresponding to Fig. 12a,

(b) efficiently controlled, short flames that are free
of soot, corresponding to Fig. 12b, and

(c) uncontrolled flames with a moderate amount of
soot production

The vortex dynamics and growth behavior
can be optimized by the use of closed-loop
control.  Figure 11 shows the 50 kW diffusion
flame burner used in the experiments by Yu et
al.113  Figure 12 shows the sequence of phase-
lock averaged Mie-scattering images showing
the concentration of fuel injected in a periodic
fashion.  The timing of fuel injection was
closed-loop controlled with respect to the air
vortex shedding.  Figure 12a shows a condition
in which the pulsed fuel jet was started prior to
the air vortex shedding.  A pair of counter-
rotating vortices (labeled 2 and 3 in the
illustration) associated with fuel jet starting
was observed to be pulled into the low-pressure
central region between the air vortices.  The
main part of the fuel was, however, injected
into the core of the subsequently shed air
vortex, 1, forming a concentrated lump of fuel.
The fuel lump stayed in the core and
propagated with the air vortex, preventing
further mixing.  On the other hand, fuel jet,
which was injected just after the air vortex
shedding, evolved differently, as shown in Fig.
12b.  First, the fuel flow was observed to be
strained by the high-velocity air flow following
the air vortex, 1.  The starting fuel vortex 2,
then, interacted with the air vortex 1,
intensifying the surrounding flow entrainment.
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Figure 12. Phase-lock averaged fuel flow visualization and illustration of vortex dynamics.  The timing of
pulsed fuel injection was such that (a) fuel injection led the air vortex shedding by /2, and (b) fuel

injection trailed the air vortex shedding by /2.
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Figure 13 shows the time-averaged flame structures associated with each condition corresponding to
Figure 12 conditions.  They revealed that the latter condition corresponding to Fig. 12b resulted in much
more efficient flames with most of the heat release occurring close to the vortex path.  The condition of
Fig. 12a, as well as the uncontrolled fuel injection, produced inefficient burning with much longer flame
lengths.  Their results indicated that the flame length could be shortened by an order-of-magnitude by
applying a proper closed-loop control.

5. Reduction of Hazardous Emissions
With increasing concerns on environmental issues, there is a growing urgency for industry to address

reduction of hazardous emission.  ACC has an enormous potential as an enabling technology in the area
of pollutant reduction.  Because the chemical processes that lead to the formation of pollutants are
sensitive to the rate coefficients and the concentration of other intermediate species, temporal control of
quasi-equilibrium concentration or local temperature will have a significant impact on the overall reaction
products.  The difficulty is that many of the chemical processes have the characteristic time scales that are
well below the characteristic actuator response time.

Consequently, one often tries to convert the problem into another one that may be more practical to
handle.  For instance, the present interest in lean premixed combustion comes from the fact that it
generates very low levels of NOx emission, compared to more widely used diffusion flame processes.
While this reduces the combustor operating margin by introducing the problem of combustion
instabilities, ACC may be used to suppress instabilities and extend the operating margins.  Typically, the
most problematic instabilities have a time scale that is comparable to available actuator response.

5.1 NOx Reduction
Some of the standard approaches for reducing the level of NOx in gas turbines include lean premixed

combustion, steam injection, staged combustion, and rich-quench-lean-type combustion.114  Lean
premixed combustion, as stated before, is susceptible to combustion instabilities that may be suppressed
by ACC approaches that were reviewed in Section 3.2.  In non-premixed combustion or premixed
combustion at high temperature, NOx formation can be discouraged by minimizing the time the flow is
exposed to high temperature.  This also favors the notion of active flow control processes such as vortex-
stabilized combustion which can provide large variation in flow temperature.  Also, active injection of
coolant to quench the products of vortex combustion can be considered for NOx reduction purpose.  Haile
et al.115 conducted open-loop control experiments on a 25 kW domestic boilers and on a 850 kW furnace
obtaining substantial reduction in NOx levels.

5.2 Soot Reduction

Many power generation and propulsion systems use hydrocarbon fuels that have high propensity to
soot.  Excessive emission of soot is undesirable not only for environmental consideration but it also
contributes to plume signature and reduces combustion efficiency.  Soot control technologies are
somewhat similar to those for NOx consideration as sooting process is readily affected by the mixing
process.  An example of soot reduction using vortex dynamic control can be seen in Fig. 13.  The
conditions of Fig. 13b not only produced more concentrated flames but the flames became blue and free
of soot.  This can be contrasted with the uncontrolled flames of Fig. 13c that resulted in substantial
production of soot.

One additional mechanism that may be considered for ACC of soot is the hydrodynamic path of the
reactant streams.  Lin & Faeth116,117 showed that soot production was suppressed if the flow conditions
were made such that the flow streamlines crossed the flame sheets from the fuel side to the oxidizer side.
This encouraged the oxidation of soot and prevented soot particle growth from nucleation.  While it may
be possible to actively control the flow velocities and direction to take advantage of this effect, it may be
difficult to control the streamlines in highly turbulent flows.
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5.3 Incinerator
One example of successful transition of laboratory results to practical implementation can be found in

compact waste incinerator being developed by NAWC scientists.  Parr et al.24 conducted a systematic
scale-up of their vortex-stabilized emission reduction concept and applied to an afterburner of a ship-
board compact waste incinerator.  In a typical incinerator, the combustion products from a primary kiln
where the waste is first incinerated still contain a substantial amount of incompletely burnt pollutants and
must be treated further.  While an afterburner can be used to reduce the emission of harmful pollutants
into the stack, existing afterburners require a relatively large volume to ensure complete reaction at
relatively low combustion temperature for thermal NOx consideration.  To reduce the size of an
afterburner per given capacity, one may consider a dynamic control of the secondary pyrolysis processes.
Parr et al.24 used an open-loop control to actively stabilize coherent vortices inside the afterburner and
properly timed injections of additional fuel, surrogate waste, and air flow to control the local mixture ratio
and the residence time.  The physical understanding was acquired in a 5 KW laboratory burner using
simultaneous PLIF images of air, fuel, and intermediate species corresponding to various destruction and
removal efficiencies of a waste surrogate.  The initial experiment was then scaled up to 50 kW and
eventually to 1.2 MW conditions.35

6. Other Potential Benefits
The advantages of ACC techniques in combustion instability suppression have been well

documented.  There are also clear evidences of improved performance regarding volumetric heat release
and pollutant reduction.  While potential benefits of ACC processes are inherently huge, the practically
attainable limits have not been properly quantified in most cases.  Since it is possible to modify the
mixing characteristics in the initial shear layer of the flameholding zone using flow excitation, active
control techniques can be used to change the flammability characteristics.  Extension of flammability
limits is one area which has been demonstrated by other experiments.

Gutmark et al.118 showed that the jet flames could be stabilized better if the excitation frequency was
close to the most amplified frequency given by the linear stability theory.  This range of frequencies can
be defined by Strouhal number, fθ/U, based on the jet momentum thickness, θ.  Their results showed that,
in the range of Strouhal number between 0.01 and 0.04, the maximum jet velocity at the blow-off limit
could be increased by up to a factor of three, depending on the equivalence ratio and the excitation
frequency.  A dump combustor experiment by McManus et al.12 also showed that lean blowout limit
could be extended from φ (equivalence ratio) of 0.48 to φ of 0.45 by directly exciting the shear layer.  In
liquid-fueled combustor experiments, Yu et al.119 showed that controlled injection of secondary fuel at the
dump extended the blowoff limit substantially by providing effective pilot flames.  The lean limit was
extended to φ of less than 0.2.

7. Outlook for Future Implementation
Active control has an enormous potential as an enabling technology in applications involving

chemical reaction.  In recent years, as the demand for power and the environmental awareness increased
rapidly, there has been a considerable amount of attention given to ACC.  The interest in ACC technology
also stems from the general trend of future combustors requiring higher pressure and temperature
operation for improved efficiency.  Future challenges, which include the need for increased portability,
reduced emission, and more autonomous operation, could be addressed by implementing ACC
technology in practical systems.

Already, there has been a successful example of ACC implementation in an actual system, in Siemens
Model V94.3A land-based gas turbine.103  This ACC system uses a closed-loop actuation of pilot gas
injection.  While it is uncertain that any performance increase from the first generation ACC system
would result in a better profit margin for the users, it is nearly certain that future regulation will soon
require some means of obtaining a better performance.  One lesson, that the Siemens example has shown,
is that ACC approach is certainly a viable option even at full scale.  The other lesson is that a thorough
understanding of the fundamental physical processes has played the key role in the successful system
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implementation.  As many other examples in this report have shown, fluid dynamics and combustion play
a critical role in ACC processes.  Understanding of these processes is an important prerequisite for any
successful system implementation.

The progress in actuator and sensor technologies and the increased understanding of the flow and
control processes are creating an opportunity to revolutionize the combustion control systems.  ACC
techniques are based on precise scheduling of temporal events, and do not require unnecessary geometry
changes.  This switch in emphasis from spatial to temporal precision will allow more flexibility into the
combustor development, encouraging modular design approaches in the future.  The use of an open-
architecture system design, separating the various components such as actuator, sensor, and controller will
make the future system upgrade more practical and convenient.  To fully realize the potential benefits of
ACC, however, it is important to understand various physical processes.  Thus, a lot more research and
development are still needed especially for the propulsion applications, in which more constraints are
placed on the types of hardware and acceptable fuels.
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Appendix.  Rayleigh's criterion
The Rayleigh's criterion is derived in this section.  For simplicity, we consider inviscid nonconducting

flow in one-dimensional situation.  The basic equations governing the flow are

continuity
D
Dt

ρ = – ρ
∂u
∂x (A 1)

momentum
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equation of state po = ρo R T o (A 4)

where the Lagrangian derivative operator D/Dt [ ] ≡ ∂/∂t [ ] + u ∂/∂x [ ] and the usual notations of the
variables are used.  In the energy equation, q is the rate of volumetric heat release added to the fluid.

If we further assume perfect gas with constant volume process, (A 1) through (A 4) can be reduced to
the following:

ρ
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u = –
∂p
∂x (A 5)
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(A 5) is often called Euler's equation while (A 6) is the energy equation written in the form of pressure
change with the help of the continuity and the equation of state.

Now, we expand each of the variables into the sum of a mean value and a small fluctuating
component and put p = p  + p', q = q  + q', ρ = ρ  + ρ' and u = u  + u' into the equations.  Since the mean
values must also satisfy (A 5) and (A 6), the resulting equations can be simplified.  After neglecting
smaller terms, we obtain
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Multiplying (A 7) by u' and (A 8) by p'/(γp ), and adding the two equations, they can be written in the
following form:
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The terms on the left hand side of (A 9) are similar to the Lagrangian derivative of the acoustic energy
density ε while those on the right hand side represent the acoustic sources.  Since we are considering only
those cases in which the heat release becomes the dominating source of acoustic energy generation, (A 9)
can be reduced to:

D

Dt

p q

p
ε

γ
γ

[ ] ≈ − ′ ′1
 +  higher order terms (A.10)

Then, the acoustic energy of the fluid traveling at the mean flow speed can be approximated by
integrating (A 10), and the change in acoustic energy density after one cycle is

∆ε
γ
γ

τ≈
− ′ ′+∫

1 p q

p
dt

t T (A.11)

The equation (A 11) is the mathematical expression of the Rayleigh's criterion.
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FRPEXVWLRQ FKDPEHUV DUH LQWHQGHG WR RSHUDWH XQGHU FRQGLWLRQV WKDW DUH VWHDG\ RU YDU\ VORZO\� 7KH FHQWUDO
TXHVWLRQV DGGUHVVHG LQ WKHVH OHFWXUHV FRQFHUQ WKH VWDELOLW\ DQG EHKDYLRU VXEVHTXHQW WR LQVWDELOLW\ RI VWHDG\ VWDWHV
LQ FRPEXVWRUV� ,I D VWDWH LV XQVWDEOH WR VPDOO GLVWXUEDQFHV� WKHQ DQ RVFLOODWRU\ PRWLRQ XVXDOO\ HQVXHV� 6XFK
FRPEXVWLRQ LQVWDELOLWLHV FRPPRQO\ H[KLELW ZHOO�GHnQHG IUHTXHQFLHV UDQJLQJ IURP �� K] RU OHVV WR PDQ\ NLORKHUW]�
(YHQ DW WKH KLJKHVW DPSOLWXGHV REVHUYHG LQ SUDFWLFH� WKH LQVWDELOLWLHV FRQVXPH RQO\ D VPDOO IUDFWLRQ RI WKH DYDLODEOH
FKHPLFDO HQHUJ\� 7KXV� H[FHSW LQ H[WUHPHO\ VHYHUH LQVWDQFHV� WKH RVFLOODWLRQV GR QRW QRUPDOO\ DmHFW WKH PHDQ
WKUXVW RU VWHDG\ SRZHU SURGXFHG E\ WKH V\VWHPV� 6HULRXV SUREOHPV PD\ QHYHUWKHOHVV DULVH GXH WR VWUXFWXUDO
YLEUDWLRQV JHQHUDWHG E\ RVFLOODWRU\ SUHVVXUHV ZLWKLQ WKH FKDPEHU� RU E\ oXFWXDWLRQV RI WKH WKUXVW� ,Q H[WUHPH
FDVHV� LQWHUQDO VXUIDFH KHDW WUDQVIHU UDWHV PD\ EH DPSOLnHG WHQ�IROG RU PRUH� FDXVLQJ H[FHVVLYH HURVLRQ RI WKH
FKDPEHU ZDOOV�

$Q REVHUYHU SHUFHLYHV DQ XQVWDEOH PRWLRQ LQ D FRPEXVWLRQ FKDPEHU DV ?VHOI�H[FLWHG�� D FRQVHTXHQFH RI WKH
LQWHUQDO FRXSOLQJ EHWZHHQ FRPEXVWLRQ SURFHVVHV DQG XQVWHDG\ PRWLRQ� ([FHSW LQ FDVHV RI ODUJH GLVWXUEDQFHV
�H�J� GXH WR SDVVDJH RI D nQLWH PDVV RI VROLG PDWHULDO WKURXJK WKH QR]]OH�� WKH DPSOLWXGH RI WKH PRWLRQ QRUPDOO\
VHHPV WR JURZ RXW RI WKH QRLVH ZLWKRXW WKH LQWUXVLRQ RI DQ H[WHUQDO LQoXHQFH� 7ZR IXQGDPHQWDO UHDVRQV H[SODLQ
WKH SUHYDOHQFH RI LQVWDELOLWLHV LQ FRPEXVWLRQ V\VWHPV�

�L� DQ H[FHHGLQJO\ VPDOO SDUW RI WKH DYDLODEOH HQHUJ\ LV VXpFLHQW WR SURGXFH XQDFFHSWDEO\ ODUJH
XQVWHDG\ PRWLRQV�

�LL� WKH SURFHVVHV WHQGLQJ WR DWWHQXDWH XQVWHDG\ PRWLRQV DUH ZHDN� FKLHo\ EHFDXVH FRPEXVWLRQ
FKDPEHUV DUH QHDUO\ FORVHG�

7KHVH WZR FKDUDFWHULVWLFV DUH FRPPRQ WR DOO FRPEXVWLRQ FKDPEHUV DQG LPSO\ WKDW WKH SRVVLELOLW\ RI LQVWDELOLWLHV
RFFXUULQJ GXULQJ GHYHORSPHQW RI D QHZ GHYLFH PXVW DOZD\V EH UHFRJQL]HG DQG DQWLFLSDWHG� 7UHDWLQJ FRPEXVWLRQ
LQVWDELOLWLHV LV SDUW RI WKH SULFH WR EH SDLG IRU KLJK�SHUIRUPDQFH FKHPLFDO SURSXOVLRQ V\VWHPV� ,W LV D FRUROODU\
RI WKDW FRQGLWLRQ WKDW WKH SUREOHP ZLOO QHYHU EH WRWDOO\ HOLPLQDWHG� $GYDQFHV LQ UHVHDUFK ZLOO VWUHQJWKHQ WKH
PHWKRGV IRU VROXWLRQ LQ SUDFWLFDO DSSOLFDWLRQV� DQG ZLOO SURYLGH JXLGHOLQHV WR KHOS LQ WKH GHVLJQ SURFHVV�

7KH IDFW WKDW RQO\ D VPDOO SDUW RI WKH WRWDO SRZHU SURGXFHG LQ D FRPEXVWRU LV LQYROYHG LQ FRPEXVWLRQ LQVWDELO�
LWLHV VXJJHVWV WKDW WKHLU H[LVWHQFH DQG VHYHULW\ PD\ EH VHQVLWLYH WR DSSDUHQWO\ PLQRU FKDQJHV LQ WKH V\VWHP� 7KDW
FRQFOXVLRQ LV FRQnUPHG E\ H[SHULHQFH� 0RUHRYHU� WKH FRPSOLFDWHG FKHPLFDO DQG oRZ SURFHVVHV EORFN FRQVWUXFWLRQ
RI D FRPSOHWH WKHRU\ IURP nUVW SULQFLSOHV� ,W LV WKHUHIRUH HVVHQWLDO WKDW WKHRUHWLFDO ZRUN DOZD\V EH FORVHO\ DOOLHG
ZLWK H[SHULPHQWDO UHVXOWV� DQG YLFH YHUVD� 1R VLQJOH DQDO\VLV ZLOO HQFRPSDVV DOO SRVVLEOH LQVWDELOLWLHV LQ WKH YDULRXV
SUDFWLFDO V\VWHPV� 7KHUH DUH QHYHUWKHOHVV PDQ\ IHDWXUHV FRPPRQ WR DOO FRPEXVWLRQ FKDPEHUV� ,QGHHG� LW LV RQH
WKHPH RI WKHVH OHFWXUHV WKDW WKH FKDUDFWHULVWLFV VKDUHG E\ SURSXOVLRQ V\VWHPV LQ PDQ\ UHVSHFWV GRPLQDWH WKH
GLmHUHQFHV� :KLOH LW LV QRW SRVVLEOH WR SUHGLFW DFFXUDWHO\ WKH RFFXUUHQFH RU GHWDLOV RI LQVWDELOLWLHV� D IUDPHZRUN
GRHV H[LVW IRU XQGHUVWDQGLQJ WKHLU JHQHUDO EHKDYLRU� DQG IRU IRUPXODWLQJ VWDWHPHQWV VXPPDUL]LQJ WKHLU FKLHI FKDU�
DFWHULVWLFV� )RU SUDFWLFDO SXUSRVHV� WKH WKHRU\ RIWHQ VHUYHV PRVW VXFFHVVIXOO\ ZKHQ XVHG WR DQDO\]H� XQGHUVWDQG�
DQG SUHGLFW WUHQGV RI EHKDYLRU� WKHUHE\ DOVR SURYLGLQJ WKH EDVLV IRU GHVLUDEOH FKDQJHV LQ GHVLJQ� ([SHULPHQWDO
GDWD DUH DOZD\V UHTXLUHG WR SURGXFH TXDQWLWDWLYH UHVXOWV DQG WKHLU DFFXUDF\ LQ WXUQ LV OLPLWHG E\ XQFHUWDLQWLHV LQ
WKH GDWD�

,Q WKH 8�6�� DQG SRVVLEO\ LQ RWKHU FRXQWULHV� QRWDEO\ *HUPDQ\ DQG 5XVVLD EHIRUH DQG GXULQJ :RUOG :DU ,,�
FRPEXVWLRQ LQVWDELOLWLHV ZHUH nUVW REVHUYHG LQ OLTXLG URFNHW HQJLQHV� 6XEVHTXHQW WR WKH ZDU� FRQVLGHUDEOH HmRUW
ZDV H[SDQGHG LQ 5XVVLD DQG LQ WKH 8�6� WR VROYH WKH SUREOHP� SDUWLFXODUO\ LQ ODUJH HQJLQHV� 3UREDEO\ WKH PRVW
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H[SHQVLYH SURJUDP ZDV FDUULHG RXW GXULQJ GHYHORSPHQW RI WKH )�� HQJLQH IRU WKH $SROOR YHKLFOH �2IHOHLQ DQG <DQJ�
������

/LTXLG�IXHOHG� DLU�EUHDWKLQJ SURSXOVLRQ V\VWHPV FRPPRQO\ VXmHU FRPEXVWLRQ LQVWDELOLWLHV� $[LDO RVFLOODWLRQV
LQ UDPMHW HQJLQHV DUH WURXEOHVRPH EHFDXVH WKHLU LQoXHQFH RQ WKH VKRFN V\VWHP LQ WKH LQOHW GLmXVHU FDQ UHGXFH
WKH LQOHW VWDELOLW\ PDUJLQ� 2ZLQJ WR WKHLU KLJK SRZHU GHQVLWLHV DQG OLJKW FRQVWUXFWLRQ� WKUXVW DXJPHQWHUV RU
DIWHUEXUQHUV DUH SDUWLFXODUO\ VXVFHSWLEOH WR VWUXFWXUDO IDLOXUHV�

)RU DQ\ DIWHUEXUQHU� FRQGLWLRQV FDQ EH IRXQG XQGHU ZKLFK VWHDG\ RSHUDWLRQ LV QRW SRVVLEOH� $V D UHVXOW�
WKH RSHUDWLQJ HQYHORSH LV UHVWULFWHG E\ WKH UHTXLUHPHQW WKDW FRPEXVWLRQ LQVWDELOLWLHV FDQQRW EH WROHUDWHG� 'XH WR
VWUXFWXUDO FRQVWUDLQWV SODFHG RQ WKH KDUGZDUH� FRPEXVWLRQ LQVWDELOLWLHV LQ DIWHUEXUQHUV DUH SDUWLFXODUO\ XQGHVLUDEOH
DQG DUH WKHUHIRUH H[SHQVLYH WR WUHDW�

,Q UHFHQW \HDUV FRPEXVWLRQ LQVWDELOLWLHV LQ WKH PDLQ FRPEXVWRU RI JDV WXUELQHV KDYH EHFRPH LQFUHDVLQJO\
WURXEOHVRPH� 7KH FKLHI UHDVRQ LV XOWLPDWHO\ GXH WR UHTXLUHPHQWV WKDW HPLVVLRQ RI SROOXWDQWV� QRWDEO\ R[LGHV RI
QLWURJHQ� EH UHGXFHG� $ QHFHVVDU\ VWUDWHJ\� SDUWLFXODUO\ IRU DSSOLFDWLRQV WR oLJKW� LV UHGXFWLRQ RI WKH DYHUDJH
WHPSHUDWXUH DW ZKLFK FRPEXVWLRQ WDNHV SODFH� *HQHUDWLRQ RI 12 E\ WKH WKHUPDO RU C=HO
GRYLFK
 PHFKDQLVP LV
WKHQ UHGXFHG� /RZHU FRPEXVWLRQ WHPSHUDWXUH PD\ EH DFKLHYHG E\ RSHUDWLQJ XQGHU OHDQ FRQGLWLRQV� ZKHQ WKH
oDPH VWDELOL]DWLRQ SURFHVVHV WHQG WR EH XQVWDEOH� )OXFWXDWLRQV RI WKH oDPH FDXVH oXFWXDWLRQV RI HQHUJ\ UHOHDVH�
ZKLFK LQ WXUQ PD\ SURGXFH oXFWXDWLRQV RI SUHVVXUH� H[FLWLQJ DFRXVWLFDO PRWLRQV LQ WKH FKDPEHU�

)LQDOO\� DOPRVW DOO VROLG URFNHWV H[KLELW LQVWDELOLWLHV� DW OHDVW GXULQJ GHYHORSPHQW� DQG RFFDVLRQDOO\ PRWRUV DUH
DSSURYHG HYHQ ZLWK ORZ OHYHOV RI RVFLOODWLRQV� $FWXDO IDLOXUH RI D PRWRU LWVHOI LV UDUH LQ RSHUDWLRQ� EXW YLEUDWLRQV
RI WKH VXSSRUWLQJ VWUXFWXUH DQG RI WKH SD\ORDG PXVW DOZD\V EH FRQVLGHUHG� 7R DFFHSW WKH SUHVHQFH RI ZHDN
LQVWDELOLWLHV LQ DQ RSHUDWLRQDO V\VWHP RQH PXVW KDYH VXpFLHQW XQGHUVWDQGLQJ DQG FRQnGHQFH WKDW WKH DPSOLWXGHV
ZLOO QRW XQH[SHFWHGO\ JURZ WR XQDFFHSWDEOH OHYHOV� 2QH SXUSRVH RI WKHVH OHFWXUHV LV WR SURYLGH WKH IRXQGDWLRQ IRU
JDLQLQJ WKH QHFHVVDU\ XQGHUVWDQGLQJ�

,Q WKH PRVW JHQHUDO VHQVH� D FRPEXVWLRQ LQVWDELOLW\ PD\ EH UHJDUGHG DV DQ XQVWHDG\ PRWLRQ RI D G\QDPLFDO
V\VWHP FDSDEOH RI VXVWDLQLQJ RVFLOODWLRQV RYHU D EURDG UDQJH RI IUHTXHQFLHV� 7KH VRXUFH RI HQHUJ\ DVVRFLDWHG
ZLWK WKH PRWLRQV LV XOWLPDWHO\ UHODWHG WR WKH FRPEXVWLRQ SURFHVVHV� EXW WKH WHUP CFRPEXVWLRQ LQVWDELOLW\�
 ZKLOH
GHVFULSWLYH� LV PLVOHDGLQJ� ,Q PRVW LQVWDQFHV� DQG DOZD\V IRU WKH SUDFWLFDO SUREOHPV ZH GLVFXVV KHUH� WKH FRPEXVWLRQ
SURFHVVHV WKHPVHOYHV DUH VWDEOH� XQFRQWUROOHG H[SORVLRQV DQG RWKHU LQWULQVLF FKHPLFDO LQVWDELOLWLHV DUH QRW DQ LVVXH�
2EVHUYDWLRQV RI WKH JDV SUHVVXUH RU RI DFFHOHUDWLRQV RI WKH HQFORVXUH HVWDEOLVK WKH SUHVHQFH RI DQ LQVWDELOLW\ LQ
D FRPEXVWLRQ FKDPEHU� ([FLWDWLRQ DQG VXVWHQDQFH RI RVFLOODWLRQV RFFXU EHFDXVH FRXSOLQJ H[LVWV EHWZHHQ WKH
FRPEXVWLRQ SURFHVVHV DQG WKH JDVG\QDPLFDO PRWLRQV� ERWK RI ZKLFK PD\ EH VWDEOH� :KDW LV XQVWDEOH LV WKH HQWLUH
V\VWHP FRPSULVLQJ WKH SURSHOODQWV� WKH SURSHOODQW VXSSO\ V\VWHP� WKH FRPEXVWLRQ SURGXFWV WKDW IRUP WKH PHGLXP
VXSSRUWLQJ WKH XQVWHDG\ PRWLRQV� DQG WKH FRQWDLQLQJ VWUXFWXUH�

,I WKH DPSOLWXGH RI WKH PRWLRQV LV VPDOO� WKH YLEUDWLRQV ZLWKLQ WKH FKDPEHU DUH XVXDOO\ UHODWHG WR FODVVLFDO
DFRXVWLF EHKDYLRU SRVVLEOH LQ WKH DEVHQFH RI FRPEXVWLRQ DQG PHDQ oRZ� 7KH JHRPHWU\ RI WKH FKDPEHU LV WKHUHIRUH
D GRPLQDQW LQoXHQFH� &RUUHVSRQGLQJ WR FODVVLFDO UHVXOWV� WUDYHOLQJ DQG VWDQGLQJ ZDYHV DUH IRXQG DW IUHTXHQFLHV
DSSUR[LPDWHG TXLWH ZHOO E\ IDPLOLDU IRUPXODV GHSHQGLQJ RQO\ RQ WKH VSHHG RI VRXQG DQG WKH GLPHQVLRQV RI WKH
FKDPEHU� ,I ZH LJQRUH DQ\ SDUWLFXODU LQoXHQFHV RI JHRPHWU\� ZH PD\ GHVFULEH WKH VLWXDWLRQ JHQHUDOO\ LQ WKH
IROORZLQJ ZD\� D YLHZ YDOLG IRU DQ\ FRPEXVWLRQ LQVWDELOLW\ LUUHVSHFWLYH RI WKH JHRPHWU\ RU WKH W\SH RI UHDFWDQWV�

&RPEXVWLRQ SURFHVVHV DUH VHQVLWLYH WR oXFWXDWLRQV RI SUHVVXUH� GHQVLW\� DQG WHPSHUDWXUH RI WKH HQYLURQPHQW�
$ oXFWXDWLRQ RI EXUQLQJ SURGXFHV ORFDO FKDQJHV LQ WKH SURSHUWLHV RI WKH oRZ� 7KRVH oXFWXDWLRQV SURSDJDWH LQ WKH
PHGLXP DQG MRLQ ZLWK WKH JOREDO XQVWHDG\ nHOG LQ WKH FKDPEHU� 8QGHU IDYRUDEOH FRQGLWLRQV� WKH nHOG GHYHORSV WR
D VWDWH REVHUYDEOH DV D FRPEXVWLRQ LQVWDELOLW\� $V LOOXVWUDWHG VFKHPDWLFDOO\ LQ )LJXUH ���� ZH PD\ YLHZ WKH SURFHVV
DEVWUDFWO\ LQ DQDORJ\ WR D IHHGEDFN DPSOLnHU LQ ZKLFK DGGLWLRQ RI IHHGEDFN WR D VWDEOH RVFLOODWRU FDQ SURGXFH
RVFLOODWLRQV� +HUH WKH RVFLOODWRU LV WKH FRPEXVWLRQ FKDPEHU� RU� PRUH SUHFLVHO\� WKH PHGLXP ZLWKLQ WKH FKDPEHU
WKDW VXSSRUWV WKH XQVWHDG\ ZDYH PRWLRQV� )HHGEDFN LV DVVRFLDWHG ZLWK WKH LQoXHQFHV RI WKH XQVWHDG\ PRWLRQV RQ
WKH FRPEXVWLRQ SURFHVVHV RU RQ WKH VXSSO\ V\VWHP� ZKLFK LQ WXUQ JHQHUDWH oXFWXDWLRQV RI WKH nHOG YDULDEOHV� 7KH
G\QDPLFDO UHVSRQVH RI WKH PHGLXP FRQYHUWV WKH ORFDO oXFWXDWLRQV WR JOREDO EHKDYLRU� ,Q WKH ODQJXDJH RI FRQWURO
WKHRU\� WKH nHOG LQ WKH FKDPEHU LV WKH CSODQW�
 GHVFULEHG E\ WKH JHQHUDO HTXDWLRQV RI PRWLRQ�
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)LJXUH ���� 6FKHPDWLF 'LDJUDP RI D &RPEXVWLRQ 6\VWHP DV D )HHGEDFN $PSOLnHU

7KH GLDJUDP LQ )LJXUH ��� LOOXVWUDWHV WKH PDLQ HPSKDVHV RI WKHVH OHFWXUHV� %URDGO\� WKH VXEMHFWV FRYHUHG GLYLGH
LQWR WZR FDWHJRULHV� WKRVH DVVRFLDWHG ZLWK WKH SODQW� WKH oXLG PHFKDQLFV DQG RWKHU SK\VLFDO SURFHVVHV FRPSULVLQJ
WKH FRPEXVWRU G\QDPLFV� DQG WKRVH FRQQHFWHG SULPDULO\ ZLWK WKH IHHGEDFN SDWK� FKLHo\ FRPEXVWLRQ SURFHVVHV
DQG WKHLU VHQVLWLYLW\ WR WLPH�GHSHQGHQW FKDQJHV LQ WKH HQYLURQPHQW� WKH FRPEXVWLRQ G\QDPLFV� 7KH WKHRU\ ZH
ZLOO GHVFULEH HQFRPSDVVHV DOO W\SHV RI FRPEXVWLRQ LQVWDELOLWLHV LQ D JHQHUDO IUDPHZRUN KDYLQJ WKH RUJDQL]DWLRQ
VXJJHVWHG E\ WKH VNHWFK� ([WHUQDO IRUFLQJ IXQFWLRQV DUH DFFRPPRGDWHG DV VKRZQ LQ WKH VNHWFK� EXW WKH FDXVHV
DVVRFLDWHG ZLWK WKH IHHGEDFN SDWK DUH IDU PRUH VLJQLnFDQW LQ SUDFWLFH�

)LJXUH ��� LV PRWLYDWHG E\ PRUH WKDQ D FRQYHQLHQW DQDORJ\� )RU SUDFWLFDO SXUSRVHV LQ FRPEXVWLRQ V\VWHPV� ZH
JHQHUDOO\ ZLVK WR HOLPLQDWH LQVWDELOLWLHV� 7UDGLWLRQDOO\ WKDW KDV PHDQW GHVLJQLQJ V\VWHPV VR WKDW VPDOO GLVWXUEDQFHV
DUH VWDEOH� RU DGGLQJ VRPH IRUP RI HQHUJ\ GLVVLSDWLRQ WR FRPSHQVDWH WKH HQHUJ\ JDLQHG IURP WKH FRPEXVWLRQ
SURFHVVHV� WKDW LV� SDVVLYH FRQWURO� +RZHYHU� LQ WKH SDVW IHZ \HDUV LQWHUHVW KDV JURZQ LQ WKH SRVVLELOLW\ RI DFWLYH
FRQWURO RI LQVWDELOLWLHV� ,I WKDW LGHD LV WR EH UHDOL]HG VXFFHVVIXOO\� LW ZLOO EH QHFHVVDU\ WR FRPELQH PRGHUQ FRQWURO
WKHRU\ ZLWK WKH WKHRU\ GHVFULEHG KHUH LQ 6HFWLRQV �^�� ,W LV DGYDQWDJHRXV WR WKLQN IURP WKH EHJLQQLQJ LQ WHUPV
WKDW HQFRXUDJH WKLV PHUJHU RI WUDGLWLRQDOO\ GLVWLQFW GLVFLSOLQHV� WKH VXEMHFW RI 6HFWLRQ ��

:H ZLOO ODWHU KDYH PRUH WR VD\ DERXW FRQWURO� ERWK DFWLYH DQG SDVVLYH� $Q\ PHWKRG RI FRQWURO LV UHQGHUHG
PRUH HmHFWLYH WKH PRUH nUPO\ LW UHVWV RQ XQGHUVWDQGLQJ WKH SUREOHP WR EH VROYHG� 8QGHUVWDQGLQJ D SUREOHP RI
FRPEXVWLRQ LQVWDELOLWLHV DOZD\V UHTXLUHV D FRPELQDWLRQ RI H[SHULPHQW DQG WKHRU\� )RU PDQ\ UHDVRQV� LQFOXGLQJ
LQWULQVLF FRPSOH[LWLHV DQG LQHYLWDEOH XQFHUWDLQWLHV LQ EDVLF LQIRUPDWLRQ �H�J�� PDWHULDO SURSHUWLHV� FKHPLFDO G\�
QDPLFV� WXUEXOHQW EHKDYLRU RI WKH oRZ nHOG� � � � �� LW LV LPSRVVLEOH WR SUHGLFW DFFXUDWHO\ IURP nUVW SULQFLSOHV WKH
VWDELOLW\ DQG QRQOLQHDU EHKDYLRU RI FRPEXVWLRQ V\VWHPV� +HQFH WKH SXUSRVH RI WKHRU\ LV WR SURYLGH D IUDPHZRUN
IRU LQWHUSUHWLQJ REVHUYDWLRQV� ERWK LQ WKH ODERUDWRU\ DQG IXOO�VFDOH GHYLFHV� WR VXJJHVW H[SHULPHQWV WR SURGXFH
UHTXLUHG DQFLOODU\ GDWD RU WR LPSURYH WKH HPSLULFDO EDVH IRU XQGHUVWDQGLQJ� WR IRUPXODWH JXLGHOLQHV IRU GHVLJQLQJ
IXOO�VFDOH V\VWHPV� DQG JOREDOO\ WR VHUYH� OLNH DQ\ JRRG WKHRU\� DV WKH YHKLFOH IRU XQGHUVWDQGLQJ WKH IXQGDPHQWDO
SULQFLSOHV JRYHUQLQJ WKH SK\VLFDO EHKDYLRU� WKHUHE\ KDYLQJ SUHGLFWLYH YDOXH DV ZHOO�

$OO WKHRUHWLFDO ZRUN LQ WKLV nHOG KDV EHHQ FDUULHG RXW LQ UHVSRQVH WR REVHUYDWLRQDO DQG H[SHULPHQWDO UHVXOWV�
:H WKHUHIRUH VSHQG PXFK RI WKH UHPDLQGHU RI WKLV LQWURGXFWRU\ VHFWLRQ RQ D VXUYH\ RI WKH FKDUDFWHULVWLFV RI
FRPEXVWLRQ LQVWDELOLWLHV REVHUYHG� DQG RFFDVLRQDOO\ LGHDOL]HG� LQ WKH V\VWHPV WR EH H[DPLQHG ODWHU� 7KH JHQHUDO
SRLQW RI YLHZ WDNHQ WKURXJKRXW ZLOO WKHQ EH IRUPXODWHG LQ KHXULVWLF IDVKLRQ� EDVHG RQ H[SHULPHQWDO UHVXOWV�

6RPH RI WKH FRQVHTXHQFHV DQG V\PSWRPV RI FRPEXVWLRQ LQVWDELOLWLHV ZHUH nUVW REVHUYHG LQ WKH ODWH ����V DQG
HDUO\ ����V� URXJKO\ DW WKH VDPH WLPH IRU OLTXLG DQG VROLG SURSHOODQW URFNHWV� DQG DSSDUHQWO\ VRPHZKDW HDUOLHU
LQ WKH 6RYLHW 8QLRQ WKDQ LQ WKH 8�6� :LWK WKH ODWHU GHYHORSPHQW RI WXUERMHW HQJLQHV� KLJK�IUHTXHQF\ LQVWDELOLWLHV
ZHUH IRXQG LQ WKUXVW DXJPHQWHUV RU DIWHUEXUQHUV LQ WKH ODWH ����V DQG HDUO\ ����V� $OWKRXJK WKH SUREOHP KDG
EHHQ HQFRXQWHUHG LQ UDPMHW HQJLQHV LQ WKH ����V� LW EHFDPH D PDWWHU RI JUHDWHU FRQFHUQ LQ WKH ODWH ����V DQG
����V� 7KH LQWURGXFWLRQ RI FRPSDFW GXPS FRPEXVWRUV OHG WR WKH DSSHDUDQFH RI ORQJLWXGLQDO RU D[LDO RVFLOODWLRQV
WKDW LQWHUIHUHG ZLWK WKH LQOHW VKRFN V\VWHP� FDXVLQJ ORVV RI SUHVVXUH PDUJLQ DQG 
XQVWDUW
 LQ WKH PRVW VHYHUH
FDVHV� 2ZLQJ WR DYDLODELOLW\� DOPRVW DOO RI WKH GDWD FLWHG KHUH DV H[DPSOHV ZLOO EH GHULYHG IURP OLTXLG URFNHWV�
VROLG URFNHWV DQG ODERUDWRU\ GHYLFHV� )LJXUH ��� LV D TXDOLWDWLYH UHSUHVHQWDWLRQ RI WKH FKURQRORJ\ RI FRPEXVWLRQ
LQVWDELOLWLHV� 'XH WR WKH DFFHVVLELOLW\ RI GRFXPHQWDWLRQ DQG WKH H[SHULHQFHV RI WKH DXWKRU� SDUWLFXODU FDVHV FLWHG
DUH PDLQO\ WKRVH UHSRUWHG LQ WKH 8�6�

7KH VLWXDWLRQ ZDV PRUH GLpFXOW ZLWK VROLG URFNHWV EHFDXVH RI WKH SUDFWLFDO GLpFXOWLHV RI LQVWDOOLQJ DQG
FRROLQJ SUHVVXUH WUDQVGXFHUV� 3UREDEO\ WKH H[SHULHQFH ZLWK FRROLQJ FKDPEHU DQG QR]]OH ZDOOV KHOSV H[SODLQ ZK\
TXDQWLWDWLYH UHVXOWV ZHUH REWDLQHG IRU LQVWDELOLWLHV LQ OLTXLG URFNHWV HDUOLHU WKDQ IRU VROLG URFNHWV �(� :� 3ULFH�
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)LJXUH ���� $ &KURQRORJ\ RI &RPEXVWLRQ ,QVWDELOLWLHV

SULYDWH FRPPXQLFDWLRQ�� 3ULRU WR WKH DSSHDUDQFH RI KLJK�IUHTXHQF\ LQVWUXPHQWDWLRQ� WKH H[LVWHQFH RI RVFLOODWLRQV
ZDV LQIHUUHG IURP VXFK DYHUDJHG V\PSWRPV DV H[FHVVLYH HURVLRQ RI LQHUW VXUIDFHV RU SURSHOODQW JUDLQV GXH WR
LQFUHDVHG KHDW WUDQVIHU UDWHV� HUUDWLF EXUQLQJ DSSHDULQJ DV XQH[SHFWHG VKLIWV LQ WKH PHDQ SUHVVXUH� VWUXFWXUDO
YLEUDWLRQV� YLVLEOH oXFWXDWLRQV LQ WKH H[KDXVW SOXPH� DQG� RQ VRPH RFFDVLRQV� DXGLEOH FKDQJHV LQ WKH QRLVH
SURGXFHG GXULQJ D nULQJ�

([SHULPHQWDO ZRUN SURJUHVVHG IRU VHYHUDO \HDUV EHIRUH YDULRXV XQH[SODLQHG DQRPDOLHV LQ WHVW nULQJV ZHUH
XQDPELJXRXVO\ DVVRFLDWHG ZLWK RVFLOODWLRQV� %\ WKH ODWH ����V� WKHUH ZDV DSSDUHQWO\ JHQHUDO DJUHHPHQW DPRQJ
UHVHDUFKHUV LQ WKH 8�6� DQG (XURSH WKDW FRPEXVWLRQ LQVWDELOLWLHV ZHUH FRPPRQO\ SUHVHQW LQ URFNHW PRWRUV DQG
WKDW WKH\ ZHUH VRPHKRZ UHODWHG WR ZDYHV LQ WKH JDVHRXV FRPEXVWLRQ SURGXFWV� ,Q DGGLWLRQ WR PHDVXUHPHQWV ZLWK
DFFHOHURPHWHUV� VWUDLQ JDXJHV� DQG SUHVVXUH WUDQVGXFHUV� PHWKRGV IRU oRZ YLVXDOL]DWLRQ VRRQ GHPRQVWUDWHG WKHLU
YDOXH� PDLQO\ IRU VWXGLHV RI OLTXLG SURSHOODQW URFNHWV �$OWVHLPHU ����� %HUPDQ DQG /RJDQ ����� DQG %HUPDQ DQG
6FKDUUHV ������ &KDUDFWHULVWLFV RI WKH LQVWDELOLWLHV DV DFRXVWLF YLEUDWLRQV� RU ZHDN VKRFN ZDYHV� ZHUH UHYHDOHG�

+LJK�IUHTXHQF\ RU CVFUHHFK
 RVFLOODWLRQV ZHUH DOVR nUVW HQFRXQWHUHG LQ DIWHUEXUQHUV LQ WKH ODWH ����V� DV D
UHVXOW RI WKH H[SHULHQFH ZLWK URFNHWV DQG WKH DYDLODELOLW\ RI VXLWDEOH LQVWUXPHQWDWLRQ� WKH YLEUDWLRQV ZHUH TXLFNO\
LGHQWLnHG DV FRPEXVWLRQ LQVWDELOLWLHV� 7KH VWDm RI WKH /HZLV /DERUDWRU\ ������ FRPSLOHG PRVW RI WKH H[LVWLQJ
GDWD DQG SHUIRUPHG WHVWV WR SURYLGH D EDVLV IRU JXLGHOLQHV IRU GHVLJQ�

7KXV E\ WKH HDUO\ ����V PRVW RI WKH EDVLF FKDUDFWHULVWLFV RI FRPEXVWLRQ LQVWDELOLWLHV KDG EHHQ GLVFRYHUHG LQ
ERWK OLTXLG�IXHOHG DQG VROLG�IXHOHG V\VWHPV� 0DQ\ RI WKH FRQQHFWLRQV ZLWK DFRXVWLFDO SURSHUWLHV RI WKH V\VWHPV�
LQFOXGLQJ SRVVLEOH JHQHUDWLRQ RI VKRFN ZDYHV� ZHUH UHFRJQL]HG TXDOLWDWLYHO\� $OWKRXJK WKH IUHTXHQFLHV RI RVFLOODWLRQV
IRXQG LQ WHVWV FRXOG VRPHWLPHV EH HVWLPDWHG IDLUO\ FORVHO\ ZLWK UHVXOWV RI FODVVLFDO DFRXVWLFV� QR UHDO WKHRU\ KDYLQJ
XVHIXO SUHGLFWLYH YDOXH H[LVWHG� 'XULQJ WKH ����V DQG WKH ����V WKH XVH RI VXE�VFDOH DQG ODERUDWRU\ WHVWV JUHZ
DQG EHFDPH LQFUHDVLQJO\ LPSRUWDQW DV DQ DLG WR VROYLQJ SUREOHPV RI FRPEXVWLRQ LQVWDELOLWLHV RFFXUULQJ LQ WKH
GHYHORSPHQW RI QHZ FRPEXVWLRQ V\VWHPV�

7KH VLWXDWLRQ LQ UHVSHFW WR LQVWDELOLWLHV LQ DIWHUEXUQHUV VHHPV WR KDYH FKDQJHG OLWWOH LQ IXQGDPHQWDO UHVSHFWV
LQ PRUH WKDQ �� \HDUV� (DUO\ ZRUN VKRZHG WKDW KLJK�IUHTXHQF\ RVFLOODWLRQV �CVFUHHFK
� FRXOG EH WUHDWHG RYHU IDLUO\
EURDG RSHUDWLQJ FRQGLWLRQV E\ LQVWDOOLQJ SDVVLYH VXSSUHVVLRQ GHYLFHV _ XVXDOO\ DFRXVWLF OLQHUV _ DQG E\ DGMXVWLQJ
WKH GLVWULEXWLRQ DQG VFKHGXOLQJ RI WKH LQMHFWHG IXHO� 3UREOHPV LQFUHDVHG DV KLJK�E\SDVV HQJLQHV ZHUH GHYHORSHG
EHFDXVH WKH ODUJH DQQXODU oRZ SDVVDJHV DOORZHG ZDYHV WR SURSDJDWH XSVWUHDP WR WKH FRPSUHVVRU� $V D UHVXOW�
LQVWDELOLWLHV RFFXUUHG ZLWK ORQJHU ZDYHOHQJWKV DQG KHQFH ORZHU IUHTXHQFLHV �%RQQHOO HW DO� ����� .HQZRUWK\ HW

DO� ����� (UQVW ����� 8QGHUZRRG HW DO� ����� 5XVVHOO HW DO� ������ /RZ IUHTXHQFLHV DUH QRW HDVLO\ DWWHQXDWHG�
VR PRGLnFDWLRQV LQ WKH VXSSO\ V\VWHP DQG DSSURSULDWH VFKHGXOLQJ RI WKH IXHO LQMHFWLRQ DUH WKH PDLQ VWUDWHJ\ IRU
WUHDWLQJ WKHVH PRGHV� ,Q DQ\ FDVH� LW DSSHDUV WKDW DOO DIWHUEXUQHUV DUH VXEMHFW WR RSHUDWLRQDO FRQVWUDLQWV VHW E\ WKH
QHHG WR DYRLG FRPEXVWLRQ LQVWDELOLWLHV� %RWK EHFDXVH RI WKH RSHUDWLRQDO FRQVWUDLQWV DQG EHFDXVH RI WKH KLJK FRVWV
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LQFXUUHG GXULQJ GHYHORSPHQW WR JLYH FXUUHQW RSHUDWLQJ HQYHORSHV� FRPEXVWLRQ LQVWDELOLW\ LQ DIWHUEXUQHUV UHPDLQV
DQ DWWUDFWLYH VXEMHFW RI UHVHDUFK�

,QVWDELOLWLHV LQ OLTXLG�IXHOHG UDPMHW HQJLQHV DUH VLPLODU LQ PDQ\ UHVSHFWV WR WKRVH LQ DIWHUEXUQHUV� DQ H[DPSOH
RI WKH JHQHUDO SURSHUW\ WKDW WKH FKDUDFWHU RI WKH RVFLOODWLRQV LV GHWHUPLQHG ODUJHO\ E\ WKH W\SHV RI SURSHOODQWV XVHG
DQG WKH JHRPHWU\ RI WKH FKDPEHU� ,Q ERWK V\VWHPV� WKH VWHDG\ FRPEXVWLRQ SURFHVVHV DUH VWDELOL]HG EHKLQG EOXm
oDPHKROGHUV� +HQFH ZLWK VXLWDEOH LQWHUSUHWDWLRQ� PDQ\ UHVXOWV RI UHVHDUFK DUH DSSOLFDEOH WR ERWK W\SHV RI V\VWHPV�
,Q WKH ODWH ����V DQG ����V� UHVHDUFK SURJUDPV RQ FRPEXVWLRQ LQVWDELOLWLHV LQ UDPMHW HQJLQHV ZHUH LQLWLDWHG E\
VHYHUDO ZHVWHUQ FRXQWULHV �VHH� IRU H[DPSOH� +DOO ����� &XOLFN ����� &XOLFN DQG 5RJHUV ����� 6LYDVHJDUDP DQG
:KLWHODZ ����� =HWWHUVWURP DQG 6M�REORP ����� %LURQ HW DO� ������ &XOLFN ������ KDV JLYHQ DQ H[WHQVLYH UHYLHZ
RI FRPEXVWLRQ LQVWDELOLWLHV LQ DOO W\SHV RI OLTXLG�IXHOHG SURSXOVLRQ V\VWHPV�

3RVVLEO\ WKH PRVW LQWHUHVWLQJ DQG IXQGDPHQWDO UHVXOW RI ZRUN GXULQJ WKH ����
V ZDV GHPRQVWUDWLRQ RI WKH
LPSRUWDQFH RI FRXSOLQJ EHWZHHQ DFRXVWLFDO PRWLRQV DQG ODUJH FRKHUHQW YRUWH[ VWUXFWXUHV VKHG E\ D UHDUZDUG IDFLQJ
VWHS RU D oDPHKROGHU� nUVW HPSKDVL]HG E\ %\UQH ������ ������ 7KDW SKHQRPHQRQ� ZLWK RU ZLWKRXW FRPEXVWLRQ
SURFHVVHV� DULVHV LQ PDQ\ VLWXDWLRQV DQG ZLOO OLNHO\ ORQJ FRQWLQXH WR EH WKH VXEMHFW RI UHVHDUFK� 3UREOHPV DVVRFLDWHG
ZLWK JHQHUDWLRQ RI XQVWHDG\ YRUWLFLW\ DQG YRUWH[ VKHGGLQJ DULVH LQ DOO W\SHV RI FRPEXVWRUV�

$ W\SLFDO H[DPSOH LV WKDW LQYHVWLJDWHG WKRURXJKO\ LQ WKH GXPS FRPEXVWRU DW &DOWHFK �6PLWK DQG =XNRVNL�
����� 6WHUOLQJ DQG =XNRVNL� ����� =DN� ������ )LJXUH ��� LV D VNHWFK RI WKH FRQnJXUDWLRQ� LQ ZKLFK WKH oRZ LV
VXEVRQLF WKURXJKRXW� ZLWK SUHPL[HG JDVHRXV UHDFWDQWV LQWURGXFHG IURP D SOHQXP FKDPEHU DQG H[KDXVWLQJ WR
WKH DWPRVSKHUH� (YHQ IRU OLTXLG�IXHOHG UDPMHWV� YDSRUL]DWLRQ RI WKH IXHO RIWHQ RFFXUV VR UDSLGO\ WKDW FRPEXVWLRQ
GRZQVWUHDP RI WKH GXPS SODQH RFFXUV LQ D JDVHRXV PL[WXUH� 7KH JHQHUDO FKDUDFWHU RI WKH VWDELOLW\ GLDJUDP IRU
WKLV JHRPHWU\ KDV EHHQ IRXQG LQ RWKHU H[SHULPHQWDO SURJUDPV DV ZHOO� IRU D JLYHQ oRZ UDWH� WKH PRVW LQWHQVH
RVFLOODWLRQV RFFXU LQ WKH YLFLQLW\ RI VWRLFKLRPHWULF SURSRUWLRQV RI WKH IXHO R[LGL]HU�

)LJXUH ���� 7KH &DOWHFK 'XPS &RPEXVWRU

7KH ZDYHIRUP DQG VSHFWUXP IRU WKH OLPLWLQJ EHKDYLRU RI DQ XQVWDEOH RVFLOODWLRQ DUH VKRZQ LQ )LJXUH ����
(YLGHQWO\ WKH VSHFWUXP FRQVLVWV RI D VPDOO QXPEHU RI SHDNV LPEHGGHG LQ D EDFNJURXQG RI CQRLVH
 VSUHDG RYHU
WKH HQWLUH IUHTXHQF\ UDQJH FRYHUHG� ,Q WKLV UHVSHFW WKH PRWLRQ VHHPV WR EH GRPLQDWHG E\ WZR RVFLOODWLRQV DQG
VXEKDUPRQLFV� (VWLPDWHV EDVHG RQ WKH DVVXPSWLRQ RI D[LDO DFRXVWLF PRWLRQV KDYH VKRZQ �6WHUOLQJ ����� =DN �����
WKDW WKH WZR RVFLOODWLRQV DUH QRUPDO PRGHV RI WKH V\VWHP� ([SODQDWLRQ RI WKH QRQOLQHDU PHFKDQLVP UHVSRQVLEOH
IRU WKH VXE�KDUPRQLFV KDV QRW EHHQ JLYHQ�

,W LV LQWHUHVWLQJ DQG VLJQLnFDQW WKDW WKH CQRLVH
 H[KLELWHG LQ WKH VSHFWUXP VHHPV WR DSSHDU DV D NLQG RI UDQGRP
PRGXODWLRQ RI WKH DPSOLWXGH RI WKH ZDYHIRUP UHSURGXFHG LQ )LJXUH ����D�� 7KDW LQWHUSUHWDWLRQ LV VXSSRUWHG E\
WKH DSSUR[LPDWH DQDO\VLV RI QRQOLQHDU DFRXVWLFV DQG QRLVH FRYHUHG ODWHU� 6RPH UHFHQW ODERUDWRU\ UHVXOWV KDYH
VKRZQ WKDW WKH OHYHO RI QRLVH GHSHQGV RQ WKH SUHVHQFH DQG DPSOLWXGHV RI FRPEXVWLRQ LQVWDELOLWLHV� EXW WKH FDXVH
LV XQNQRZQ� DQG QR VXFK REVHUYDWLRQV H[LVW IRU IXOO�VFDOH FRPEXVWRUV�
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$OWKRXJK WKLV H[DPSOH LV VSHFLDO� LW GRHV LOOXVWUDWH WKH FKLHI IHDWXUHV RI FRPEXVWLRQ LQVWDELOLWLHV JHQHUDOO\�
ZHOO�GHnQHG RUJDQL]HG RVFLOODWLRQV ZLWKLQ DQ DSSDUHQWO\ UDQGRP nHOG� QRUPDOO\ FDOOHG QRLVH� ,W LV TXLWH FRPPRQ
WKDW WKHUH DUH PRUH SHDNV LQ WKH VSHFWUD WKDQ DSSHDU LQ )LJXUH ����E�� DQG WKDW WKH IUHTXHQFLHV WHQG WR EH FORVH
WR WKRVH RI WKH QRUPDO DFRXVWLFV PRGHV RI WKH FKDPEHU LQ TXHVWLRQ� 7KH TXDQWLWDWLYH DVSHFWV YDU\ ZLGHO\� EXW WKH
SK\VLFDO EHKDYLRU VXJJHVWHG E\ WKHVH UHVXOWV EURDGO\ GHnQHV WKH JHQHUDO SUREOHP WR EH DGGUHVVHG E\ WKH WKHRU\�

�D�

�E�

)LJXUH ���� :DYHIRUP DQG 6SHFWUXP IRU DQ ,QVWDELOLW\ LQ WKH &DOWHFK 'XPS &RPEXVWRU

���� 0HFKDQLVPV RI &RPEXVWLRQ ,QVWDELOLWLHV� -XVW DV IRU VWHDG\ RSHUDWLRQ� WKH FKLHI GLVWLQFWLRQV DPRQJ
FRPEXVWLRQ LQVWDELOLWLHV LQ GLmHUHQW FRPEXVWRUV PXVW XOWLPDWHO\ EH WUDFHDEOH WR GLmHUHQFHV LQ JHRPHWU\ DQG WKH
VWDWHV RI WKH UHDFWDQWV� 7KH URRW FDXVHV� RU CPHFKDQLVPV
� RI LQVWDELOLWLHV DUH LPEHGGHG LQ WKDW FRQWH[W DQG DUH
RIWHQ YHU\ GLpFXOW WR LGHQWLI\ ZLWK FHUWDLQW\� 3RVVLEO\ WKH PRVW GLpFXOW SUREOHP LQ WKLV VXEMHFW LV WR TXDQWLI\
WKH PHFKDQLVP� 6ROYLQJ WKDW SUREOHP UHTXLUHV nQGLQJ DQ DFFXUDWH UHSUHVHQWDWLRQ RI WKH UHOHYDQW G\QDPLFV�

7KH VLPSOHVW DQG PRVW FRQYHQLHQW FKDUDFWHUL]DWLRQ RI DQ XQVWDEOH RVFLOODWLRQ LV H[SUHVVHG LQ WHUPV RI WKH
PHFKDQLFDO HQHUJ\ RI WKH PRWLRQ� /LQHDU WKHRU\ SURGXFHV WKH UHVXOW WKDW WKH UDWH RI JURZWK RI WKH DPSOLWXGH
LV SURSRUWLRQDO WR WKH IUDFWLRQDO UDWH RI FKDQJH RI HQHUJ\� WKH VXP RI NLQHWLF DQG SRWHQWLDO HQHUJLHV� 7KH LGHD
LV GLVFXVVHG IXUWKHU LQ WKH IROORZLQJ VHFWLRQ� :KDW PDWWHUV DW WKLV SRLQW LV WKDW WKH WHUP CPHFKDQLVP
 UHIHUV
WR D SURFHVV WKDW FDXVHV WUDQVIHU RI HQHUJ\ WR WKH XQVWHDG\ PRWLRQ IURP VRPH RWKHU VRXUFH� 7KXV� PHFKDQLVPV
IRUP WKH VXEVWDQFH RI WKH IHHGEDFN SDWK LQ )LJXUH ���� *HQHUDOO\ WKHUH DUH RQO\ WKUHH VRUWV RI HQHUJ\ VRXUFHV IRU
XQVWHDG\ PRWLRQV LQ D FRPEXVWRU� WKH FRPEXVWLRQ SURFHVVHV� WKH PHDQ oRZ� ZKLFK RI FRXUVH LWVHOI LV FDXVHG E\
FRPEXVWLRQ� DQG D FRPELQDWLRQ RI FRPEXVWLRQ DQG PHDQ oRZ VLPXOWDQHRXVO\ DFWLQJ� 7KH GLVWLQFWLRQ LV LPSRUWDQW
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EHFDXVH WKH SK\VLFDO H[SODQDWLRQV RI WKH HQHUJ\ WUDQVIHU DUH YHU\ GLmHUHQW LQ WKH WKUHH FDVHV� ,I WKH EDVLF SK\VLFDO
SURFHVVHV GLmHU� VR DOVR PXVW WKH PHDQV RI WUHDWLQJ LQVWDELOLWLHV�

&RPEXVWLRQ SURFHVVHV DUH VHQVLWLYH WR WKH PDFURVFRSLF oRZ YDULDEOHV� SDUWLFXODUO\ SUHVVXUH� WHPSHUDWXUH DQG
YHORFLW\� (YHQ VORZ FKDQJHV RI WKRVH TXDQWLWLHV DmHFW WKH HQHUJ\ UHOHDVHG DFFRUGLQJ WR UXOHV WKDW FDQ EH GHGXFHG
IURP WKH EHKDYLRU IRU VWHDG\ FRPEXVWLRQ� ,Q JHQHUDO� KRZHYHU� UHSUHVHQWDWLRQV RI WKDW VRUW� EDVHG RQ DVVXPLQJ
TXDVL�VWHDG\ EHKDYLRU� DUH LQDGHTXDWH� &RPEXVWLRQ LQVWDELOLWLHV QRUPDOO\ RFFXU LQ IUHTXHQF\ UDQJHV VXFK WKDW
WUXH G\QDPLFDO EHKDYLRU LV VLJQLnFDQW� 7KDW LV� WKH WUDQVLHQW FKDQJHV RI HQHUJ\ UHOHDVH GR QRW IROORZ SUHFLVHO\ LQ
SKDVH ZLWK LPSRVHG FKDQJHV RI D oRZ YDULDEOH VXFK DV SUHVVXUH�

7KH QH[W VLPSOHVW DVVXPSWLRQ LV WKDW WKH FRPEXVWLRQ SURFHVVHV EHKDYH DV D nUVW RUGHU G\QDPLFDO V\VWHP
FKDUDFWHUL]HG E\ D VLQJOH WLPH GHOD\ RU UHOD[DWLRQ WLPH� 7KDW LGHD ZDV DSSDUHQWO\ nUVW VXJJHVWHG E\ .DUPDQ
DV D EDVLV IRU LQWHUSUHWLQJ LQVWDELOLWLHV GLVFRYHUHG LQ HDUO\ H[SHULPHQWV ZLWK OLTXLG SURSHOODQW URFNHWV DW &DOWHFK
�6XPPHUnHOG� ������ 7KDW UHSUHVHQWDWLRQ� ZKLFK FDPH WR EH FDOOHG WKH CQ b ~ PRGHO
 ZDV GHYHORSHG PRVW
H[WHQVLYHO\ E\ &URFFR DQG KLV VWXGHQWV DW 3ULQFHWRQ GXULQJ WKH ����V DQG ����V� 7LPH GHOD\V PD\ EH GXH�
IRU H[DPSOH� WR SURFHVVHV DVVRFLDWHG ZLWK LJQLWLRQ RI UHDFWDQWV� 6XEVHTXHQW WR LQMHFWLRQ DV WKH UHDFWDQWV oRZ
GRZQVWUHDP� nQLWH WLPHV PD\ EH UHTXLUHG IRU YDSRUL]DWLRQ� PL[LQJ� DQG IRU WKH NLQHWLFV PHFKDQLVP WR UHDFK
FRPSOHWLRQ� 7KRVH HmHFWV PD\ EH LQWHUSUHWHG LQ WHUPV RI D FRQYHFWLYH WLPH GHOD\� 8QGHU XQVWHDG\ FRQGLWLRQV� WKH
LQLWLDO VWDWH RI WKH UHDFWDQWV� WKHLU FRQFHQWUDWLRQV� SUHVVXUH� DQG YHORFLW\� DOVR oXFWXDWH� FDXVLQJ WKH GHOD\ WLPH
WR EH ERWK QRQXQLIRUP LQ VSDFH DQG LQ WLPH� $V D UHVXOW� WKH UDWH RI HQHUJ\ UHOHDVH GRZQVWUHDP LQ WKH FKDPEHU
LV DOVR VSDFH� DQG WLPH�GHSHQGHQW� DQG DFWV DV D VRXUFH RI ZDYHV LQ WKH FRPEXVWRU�

,Q WKH FDVH RI OLTXLG�IXHOHG V\VWHPV� LQWHUDFWLRQV RI WKH LQMHFWHG VWUHDPV� IRUPDWLRQ RI VKHHWV DQG EUHDN�XS LQWR
GURSV DUH SURFHVVHV VHQVLWLYH WR SUHVVXUH DQG SDUWLFXODUO\ YHORFLW\ oXFWXDWLRQV� 7KRVH DUH SXUHO\ oXLG�PHFKDQLFDO
SURFHVVHV LPSRVVLEOH WR WUHDW DQDO\WLFDOO\ DQG SRVH H[WUHPHO\ GLpFXOW SUREOHPV IRU QXPHULFDO VLPXODWLRQV� 1R
FRPSOHWH QXPHULFDO DQDO\VHV H[LVW DQG RQO\ PXFK VLPSOLnHG PRGHOV KDYH EHHQ XVHG LQ QXPHULFDO VLPXODWLRQV RI
FRPEXVWLRQ LQVWDELOLWLHV� 7KH WUXH G\QDPLFV LV QRW OLNHO\ WR EH ZHOO�UHSUHVHQWHG E\ DQ Qb ~ PRGHO�

3XUHO\ JDVHRXV�IXHOHG V\VWHPV SUHVHQW D SRVVLELOLW\ IRU D GLmHUHQW SK\VLFDO PRGHO WKDW DOVR OHDGV WR nUVW�RUGHU
EHKDYLRU� ,W LV DQ ROG LGHD WKDW HYHQ LQ FRPSOLFDWHG JHRPHWULHV� FRPEXVWLRQ LQ D QRQ�SUHPL[HG V\VWHP PXVW RFFXU
DW OHDVW SDUWO\ LQ HOHPHQWV RI GLmXVLRQ oDPHV� ,I WKH JDVHRXV UHDFWDQWV DUH SUH�PL[HG� WKHQ VLPSOH FRQnJXUDWLRQV
VXFK DV WXEHV� RU GXPS FRPEXVWRUV� FRPEXVWLRQ PD\ RFFXU LQ ODUJH VWDEOH oDPH VKHHWV RI WKH oRZ LV ODPLQDU� RU
LQ IUDJPHQWV RI SUH�PL[HG CoDPHOHWV
 ZKHQ WKH oRZ LV WXUEXOHQW� ,Q DOO RI WKHVH FDVHV LW LV UHDVRQDEOH WR DQWLFLSDWH
WKDW DW DQ\ JLYHQ WLPH WKH UDWH RI HQHUJ\ UHOHDVH LV URXJKO\ SURSRUWLRQDO WR WKH DUHD RI WKH oDPH VKHHWV� 7KHQ
oXFWXDWLRQV RI WKH YHORFLW\ RU SURFHVVHV UHVSRQVLEOH IRU LJQLWLRQ DQG H[WLQFWLRQ� ZLOO FDXVH oXFWXDWLRQV RI WKH
HQHUJ\ UHOHDVH UDWH� 0RGHOV RI WKLV SURFHVV OHDG WR DQ HTXDWLRQ UHSUHVHQWLQJ nUVW RUGHU EHKDYLRU �'RZOLQJ �����
&DQGHO ����� $QQDVZDQ\ HW DO� ����� 3RLQVRW ����� IRU H[DPSOH��

7KH DSSUR[LPDWLRQ RI nUVW RUGHU EHKDYLRU IDLOV HQWLUHO\ IRU WKH G\QDPLFV RI EXUQLQJ VROLG SURSHOODQWV �&XOLFN
������ $OWKRXJK LQ JRRG nUVW DSSUR[LPDWLRQ GRPLQDWHG E\ XQVWHDG\ KHDW WUDQVIHU LQ WKH FRQGHQVHG SKDVH� D
GLmXVLYH SURFHVV� WKH FRPEXVWLRQ G\QDPLFV LQ WKLV FDVH H[KLELWV EHKDYLRU FORVHU WR WKDW RI D VHFRQG RUGHU V\VWHP�
7KH IUHTXHQF\ UHVSRQVH RI WKDW EXUQLQJ UDWH WHQGV QRUPDOO\ WR KDYH D ODUJH EURDG SHDN FHQWHUHG DW D IUHTXHQF\
IDOOLQJ ZHOO ZLWKLQ WKH UDQJH RI WKH IUHTXHQFLHV FKDUDFWHULVWLF RI WKH FKDPEHU G\QDPLFV� +HQFH WKHUH LV D FOHDU
SRVVLELOLW\ IRU D UHVRQDQFH DQG LQVWDELOLW\ VXJJHVWHG E\ WKH GLDJUDP LQ )LJXUH ����

*HQHUDWLRQ RI RVFLOODWLRQV E\ WKH DYHUDJH oRZ LV GXH WR FDXVHV URXJKO\ OLNH WKRVH DFWLYH LQ ZLQG PXVLFDO
LQVWUXPHQWV� ,Q DOO VXFK FDVHV� oRZ VHSDUDWLRQ LV LQYROYHG� IROORZHG E\ LQVWDELOLW\ RI D VKHDU OD\HU DQG IRUPDWLRQ
RI YRUWLFHV� 'LUHFW FRXSOLQJ EHWZHHQ WKH YRUWLFHV DQG D ORFDO YHORFLW\ oXFWXDWLRQ DVVRFLDWHG ZLWK DQ DFRXVWLF nHOG
LV UHODWLYHO\ ZHDN� WKDW LV� WKH UDWH RI HQHUJ\ H[FKDQJH LV LQ VRPH VHQVH VPDOO� +RZHYHU� WKH LQWHUDFWLRQ EHWZHHQ
WKH YHORFLW\ �RU SUHVVXUH� oXFWXDWLRQ DQG WKH LQLWLDO SRUWLRQ RI WKH VKHDU OD\HU LV QRUPDOO\ D EDVLF UHDVRQ WKDW
IHHGEDFN H[LVWV EHWZHHQ WKH XQVWHDG\ nHOG LQ WKH YROXPH RI WKH FRPEXVWRU DQG YRUWH[ VKHGGLQJ�

,W KDV ORQJ EHHQ NQRZQ H[SHULPHQWDOO\ WKDW YRUWLFHV VKHG LQ D FKDPEHU PRUH HmHFWLYHO\ JHQHUDWH DFRXVWLF
ZDYHV LI WKH\ LPSLQJH LQ DQ REVWDFOH GRZQVWUHDP RI WKHLU RULJLQ �)ODQGUR DQG -DFREV� ����� 0DJLDZDOD DQG &XOLFN�
����� )ODQGUR� ������ 7KH nUVW H[DPSOH RI WKLV SKHQRPHQRQ ZDV WKH VROLG URFNHW ERRVWHU IRU WKH 6KXWWOH ODXQFK
V\VWHP LQ WKH ����V� ,W ZDV WKDW SUREOHP WKDW PRWLYDWHG WKH ZRUNV MXVW FLWHG� EXW VLQFH WKHQ YRUWH[ VKHGGLQJ KDV
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EHHQ UHFRJQL]HG DV D PHFKDQLVP IRU JHQHUDWLQJ DFRXVWLF RVFLOODWLRQV LQ RWKHU V\VWHPV DV ZHOO� QRWDEO\ WKH ERRVWHU
PRWRUV RQ WKH 6SDFH 6KXWWOH DQG RQ WKH $ULDQH ��

%\UQH ������ VHHPV WR KDYH EHHQ nUVW WR VXJJHVW WKDW YRUWH[ VKHGGLQJ FRXOG EH UHVSRQVLEOH IRU LQVWDELOLWLHV
REVHUYHG LQ GXPS FRPEXVWRUV� 7KH LGHD ZDV GHYHORSHG YHU\ DFWLYHO\ LQ WKH ����V� ERWK LQ V\VWHPV RSHUDWLQJ DW
URRP WHPSHUDWXUH ZLWKRXW FRPEXVWLRQ �6FKDGRZ HW DO�� ����� ����� ����� ����� DQG LQ FRPEXVWRUV �6FKDGRZ HW

DO�� ����� ����D� ����E�

&RPEXVWLRQ G\QDPLFV DQG WKH PHDQ oRZ FUHDWHG ZLWK YRUWH[ VKHGGLQJ FRPELQH WR JLYH D PHFKDQLVP GLmHUHQW
IURP WKH WZR NLQGV MXVW GHVFULEHG� 8QVWHDG\ FRPEXVWLRQ LQ YRUWLFHV ZDV RQH RI WKH HDUO\ PHFKDQLVPV SURSRVHG
DV D FDXVH RI FRPEXVWLRQ LQVWDELOLWLHV LQ FRPEXVWRUV XVLQJ EOXm ERG\ oDPHKROGHUV �0DUEOH DQG 5RJHUV ������
,W ZDV HVVHQWLDOO\ UH�GLVFRYHUHG LQ WKH ����
V GXULQJ WHVWV RI GXPS FRPEXVWRUV �6PLWK DQG =XNRVNL ����� 'DLO\
DQG 2SSHQKHLP ����� 6WLUOLQJ DQG =XNRVNL ����� IRU H[DPSOH�� 6HYHUDO DWWHPSWV KDYH EHHQ PDGH WR TXDQWLI\ WKH
PHFKDQLVP ZLWK DQDO\VLV �1RUWRQ ����� .DUDJR]LDQ DQG 0DUEOH ����� DQG ZLWK QXPHULFDO VLPXODWLRQV �/DYHUGDQW
DQG &DQGHO ����� 6DPDQLHJR DQG 0DQWHO ������ ,QVXpFLHQW SURJUHVV KDV EHHQ PDGH WR FRQVWUXFW D PRGHO
VXLWDEOH IRU JHQHUDO DQDO\VLV RI FRPEXVWLRQ LQVWDELOLWLHV� 7KXV WKHUH LV FXUUHQWO\ QR EDVLV IRU SUHGLFWLRQV RI
FRPEXVWRU G\QDPLFV H[FLWHG E\ WKLV PHFKDQLVP� 6SHFLDO FDVHV KDYH EHHQ GLVFXVVHG LQ FRQQHFWLRQ ZLWK SDUWLFXODU
H[SHULPHQWDO UHVXOWV� VHH� IRU H[DPSOH� 6WLUOLQJ �����

&RPEXVWLRQ LQVWDELOLWLHV KDYH QRW KLVWRULFDOO\ EHHQ D VHULRXV SUREOHP LQ JDV WXUELQH PDLQ FRPEXVWRUV� $O�
WKRXJK LQVWDELOLWLHV KDYH FHUWDLQO\ EHHQ REVHUYHG IRU PDQ\ \HDUV� WKH\ KDYH QRW EHHQ SHUVLVWHQWO\ WURXEOHVRPH�
'XH WR SURSULHWDU\ FRQVLGHUDWLRQV DOPRVW QR GHWDLOHG UHVXOWV IRU IXOO�VFDOH PDFKLQHV KDYH EHHQ PDGH SXEOLF� D
VLWXDWLRQ WKDW LV XQOLNHO\ WR FKDQJH VRRQ� ,Q WKH SDVW IHZ \HDUV FRPEXVWLRQ LQVWDELOLWLHV KDYH EHFRPH D VHULRXV
SUREOHP LQ JDV WXUELQHV EHFDXVH RI WKH QHHG WR RSHUDWH FORVH WR WKH OHDQ EORZRXW OLPLW DV SDUW RI WKH VWUDWHJ\ WR
UHGXFH JHQHUDWLRQ RI SROOXWDQWV� QRWDEO\ 12[�

$V WKH RSHUDWLQJ FRQGLWLRQ DSSURDFKHV WKH OHDQ EORZRXW OLPLW� FRPEXVWLRQ SURFHVVHV �
oDPH G\QDPLFV
��
LQFOXGLQJ oDPH VWDELOL]DWLRQ� DUH PRUH VHQVLWLYH WR oXFWXDWLRQV WKDQ XQGHU RSHUDWLRQ DW KLJKHU PL[WXUH �) 2�
UDWLRV� 7KH VHQVLWLYLW\ H[WHQGV WR oDPH IURQWV DQG ]RQHV DV ZHOO DV WKH VWDELOL]DWLRQ SURFHVVHV� VKHDU OD\HUV DQG
UHFLUFXODWLRQ ]RQHV� 7KH ODWWHU� DVVRFLDWHG ZLWK LQMHFWLRQ DQG VWDELOL]DWLRQ PD\ SRVVHVV PXOWLSOH G\QDPLFDO VWDWHV�
L�H� VSHFLDO ELIXUFDWLRQV DQG K\VWHUHVLV�

7KH G\QDPLFDO EHKDYLRU RI WKH SUHPL[HU DQG LQMHFWLRQ GHYLFHV PD\ FRQWULEXWH WR LQVWDELOLWLHV LQ YDULRXV
ZD\V� ,QWHUQDO UHVRQDQFHV� IRU H[DPSOH� PD\ EH H[FLWHG E\ RVFLOODWLRQV LQ WKH FKDPEHU� FDXVLQJ SHUWXUEDWLRQV
RI WKH HQHUJ\ UHOHDVHG LQ WKH FRPEXVWLRQ SURFHVVHV GRZQVWUHDP RI WKH LQMHFWRU� 7KHUH PD\ DOVR EH XQGHVLUDEOH
FRXSOLQJ EHWZHHQ HOHPHQWV RI DQ DUUD\ RI SUHPL[HUV DQG LQMHFWRUV� 6XFK G\QDPLFDO EHKDYLRU PD\ DOVR EH WXUQHG
WR DGYDQWDJH WR H[WHQG WKH RSHUDWLQJ UDQJH RI VWDEOH RSHUDWLRQ� 7KDW VWUDWHJ\ ZDV VXFFHVVIXOO\ SXUVXHG RQ VHYHUDO
RFFDVLRQV LQ WKH 5XVVLDQ OLTXLG URFNHW FRPPXQLW\�

,W LV OLNHO\ WKDW oXFWXDWLRQV RI WKH PL[WXUH UDWLR �) 2� SOD\ DQ LPSRUWDQW UROH LQ WKH G\QDPLFV RI JDV WXUELQH
FRPEXVWRUV� ,I WKH ) 2 UDWLR RI WKH UHDFWDQWV LV DW DOO VHQVLWLYH WR FRQGLWLRQV LQ WKH FRPEXVWLRQ FKDPEHU� WKHUH
LV DQ REYLRXV IHHGEDFN SDWK FRQQHFWLQJ WKH FRPEXVWRU DQG FRPEXVWLRQ G\QDPLFV� 7KH SRVVLELOLW\ KDV DULVHQ
SUHYLRXVO\ LQ RWKHU FRPEXVWLRQ V\VWHPV� EXW DW OHDVW DQHFGRWDO HYLGHQFH KDV VXJJHVWHG WKDW VHULRXV DWWHQWLRQ
PXVW EH SDLG WR oXFWXDWLRQV RI PL[WXUH UDWLR DV D IXQGDPHQWDO PHFKDQLVP IRU LQVWDELOLWLHV LQ JDV WXUELQHV�

���� (OHPHQWDU\ ,QWHUSUHWDWLRQ RI &RPEXVWLRQ ,QVWDELOLWLHV� 2ZLQJ WR WKH GLpFXOW\ RI PDNLQJ GLUHFW
PHDVXUHPHQWV RI WKH oRZ nHOG ZLWKLQ D FRPEXVWLRQ FKDPEHU� YLUWXDOO\ DOO WKDW LV NQRZQ DERXW FRPEXVWLRQ
LQVWDELOLWLHV UHVWV RQ FORVH FRRUGLQDWLRQ RI H[SHULPHQW DQG WKHRU\� 7KH VXEMHFW LV LQWULQVLFDOO\ VHPL�HPSLULFDO�
WKHRUHWLFDO ZRUN EHLQJ IRXQGHG RQ REVHUYDWLRQDO GDWD ERWK IURP IXOO�VFDOH PDFKLQHV DQG ODERUDWRU\ GHYLFHV�
&RQYHUVHO\� WKH WKHRUHWLFDO DQG DQDO\WLFDO IUDPHZRUN RFFXSLHV D FHQWUDO SRVLWLRQ DV WKH YHKLFOH IRU SODQQLQJ
H[SHULPHQWDO ZRUN DQG IRU LQWHUSUHWLQJ WKH UHVXOWV� 7KH FKLHI SXUSRVHV RI WKLV VHFWLRQ DUH WR VXPPDUL]H EULHo\ WKH
PRVW LPSRUWDQW EDVLF FKDUDFWHULVWLFV RI REVHUYHG LQVWDELOLWLHV� DQG WR LQWURGXFH WKH ZD\ LQ ZKLFK WKRVH REVHUYDWLRQV
PRWLYDWH WKH IRUPXODWLRQ RI WKH WKHRUHWLFDO IUDPHZRUN�

,Q WHVWV RI IXOO�VFDOH SURSXOVLRQ V\VWHPV� RQO\ WKUHH W\SHV RI GDWD DUH QRUPDOO\ DYDLODEOH� REWDLQHG IURP SUHVVXUH
WUDQVGXFHUV� DFFHOHURPHWHUV� DQG VWUDLQ JDXJHV� 0HDVXUHPHQWV RI SUHVVXUH DUH PRVW GLUHFW EXW DUH DOZD\V OLPLWHG�
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DQG RIWHQ QRW SRVVLEOH ZKHQ WKH QHFHVVDU\ SHQHWUDWLRQ RI WKH HQFORVXUH WR LQVWDOO LQVWUXPHQWV LV QRW DOORZHG� +HQFH
WKH XQVWHDG\ LQWHUQDO SUHVVXUH nHOG LV RIWHQ LQIHUUHG IURP GDWD WDNHQ ZLWK DFFHOHURPHWHUV DQG VWUDLQ JDXJHV� ,Q
DQ\ FDVH� EHFDXVH LW LV WKH IXQGDPHQWDO YDULDEOH RI WKH PRWLRQV� WKH SUHVVXUH ZLOO VHUYH KHUH DV WKH IRFXV RI RXU
GLVFXVVLRQ�

$ FRPEXVWLRQ FKDPEHU FRQWDLQV D QRQ�XQLIRUP oRZ RI FKHPLFDOO\ UHDFWLQJ VSHFLHV� RIWHQ SUHVHQW LQ FRQGHQVHG
DV ZHOO DV JDVHRXV SKDVHV� H[KDXVWLQJ WKURXJK D QR]]OH WKDW LV FKRNHG LQ URFNHWV� UDPMHWV� DQG DIWHUEXUQHUV�
0RUHRYHU� WKH oRZ LV QRUPDOO\ WXUEXOHQW DQG PD\ LQFOXGH UHJLRQV RI VHSDUDWLRQ� <HW HVWLPDWHV RI WKH IUHTXHQFLHV
RI RVFLOODWLRQV FRPSXWHG ZLWK DFRXVWLFV IRUPXODV IRU WKH QDWXUDO PRGHV RI D FORVHG FKDPEHU FRQWDLQLQJ D XQLIRUP
JDV DW UHVW FRPPRQO\ OLH ZLWKLQ ��^�� SHUFHQW RU OHVV RI WKH IUHTXHQFLHV REVHUYHG IRU FRPEXVWLRQ LQVWDELOLWLHV� LI
WKH VSHHG RI VRXQG LV FRUUHFWO\ FKRVHQ�

7KHUH DUH WKUHH PDLQ UHDVRQV WKDW WKH FODVVLFDO YLHZ RI DFRXVWLFV LV D JRRG nUVW DSSUR[LPDWLRQ WR ZDYH
SURSDJDWLRQ LQ FRPEXVWLRQ FKDPEHU� ��� WKH 0DFK QXPEHU RI WKH DYHUDJH oRZ LV FRPPRQO\ VPDOO� VR FRQYHFWLYH
DQG UHIUDFWLYH HmHFWV DUH VPDOO� ��� LI WKH H[KDXVW QR]]OH LV FKRNHG� LQFLGHQW ZDYHV DUH HpFLHQWO\ UHoHFWHG� VR IRU
VPDOO 0DFK QXPEHUV WKH H[LW SODQH DSSHDUV WR EH QHDUO\ D ULJLG VXUIDFH� DQG ��� LQ WKH OLPLW RI VPDOO DPSOLWXGH
GLVWXUEDQFHV� LW LV D IXQGDPHQWDO UHVXOW IRU FRPSUHVVLEOH oRZV WKDW DQ\ XQVWHDG\ PRWLRQ FDQ EH GHFRPSRVHG LQWR
WKUHH LQGHSHQGHQW PRGHV RI SURSDJDWLRQ� RI ZKLFK RQH LV DFRXVWLF �&KX DQG .RYD]VQD\ ������ 7KH RWKHU WZR
PRGHV RI PRWLRQ DUH YRUWLFDO GLVWXUEDQFHV� WKH GRPLQDQW FRPSRQHQW RI WXUEXOHQFH� DQG HQWURS\ �RU WHPSHUDWXUH�
ZDYHV� +HQFH HYHQ LQ WKH KLJKO\ WXUEXOHQW QRQ�XQLIRUP oRZ XVXDOO\ SUHVHQW LQ D FRPEXVWLRQ FKDPEHU� DFRXVWLF
ZDYHV EHKDYH LQ JRRG nUVW DSSUR[LPDWLRQ DFFRUGLQJ WR WKHLU RZQ VLPSOH FODVVLFDO ODZV�

2I FRXUVH� LW LV SUHFLVHO\ WKH GHSDUWXUHV IURP FODVVLFDO DFRXVWLFV WKDW GHnQH WKH FODVV RI SUREOHPV ZH FDOO
FRPEXVWLRQ LQVWDELOLWLHV� ,Q WKDW VHQVH� WKHVH OHFWXUHV DUH FRQFHUQHG FKLHo\ ZLWK SHUWXUEDWLRQV RI D YHU\ ROG
SUREOHP� VWDQGLQJ ZDYHV LQ DQ HQFORVXUH� 7KDW SRLQW RI YLHZ KDV VLJQLnFDQW FRQVHTXHQFHV� SHUKDSV WKH PRVW
LPSRUWDQW LV WKDW PDQ\ RI WKH SK\VLFDO FKDUDFWHULVWLFV RI FRPEXVWLRQ LQVWDELOLWLHV FDQ EH GHVFULEHG DQG XQGHUVWRRG
TXLWH ZHOO LQ D IDPLOLDU FRQWH[W� 7KH UHPDLQGHU RI WKLV VHFWLRQ LV DQ HODERUDWLRQ RI WKDW FRQFOXVLRQ�

7KH PRVW REYLRXV HYLGHQFH WKDW FRPEXVWLRQ LQVWDELOLWLHV DUH UHODWHG WR FODVVLFDO DFRXVWLF UHVRQDQFHV LV WKH
FRPPRQ REVHUYDWLRQ WKDW IUHTXHQFLHV PHDVXUHG LQ WHVWV DJUHH IDLUO\ ZHOO ZLWK WKRVH FRPSXWHG ZLWK FODVVLFDO
IRUPXODV� *HQHUDOO\� WKH IUHTXHQF\ I RI D ZDYH HTXDOV LWV VSHHG RI SURSDJDWLRQ� D� GLYLGHG E\ WKH ZDYHOHQJWK� w�
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2Q GLPHQVLRQDO JURXQGV� RU E\ UHFDOOLQJ FODVVLFDO UHVXOWV� ZH NQRZ WKDW WKH ZDYHOHQJWK RI D UHVRQDQFH RU QRUPDO
PRGH RI D FKDPEHU LV SURSRUWLRQDO WR D OHQJWK� WKH XQREVWUXFWHG GLVWDQFH FKDUDFWHUL]LQJ WKH SDUWLFXODU PRGH LQ
TXHVWLRQ� 7KXV WKH ZDYHOHQJWKV RI WKH RUJDQ�SLSH PRGHV DUH SURSRUWLRQDO WR WKH OHQJWK� /� RI WKH SLSH� WKRVH RI
PRGHV RI PRWLRQ LQ WUDQVYHUVH SODQHV RI D FLUFXODU F\OLQGULFDO FKDPEHU DUH SURSRUWLRQDO WR WKH GLDPHWHU� '� DQG
VR IRUWK� +HQFH ����� LPSOLHV

I z D

/
ORQJLWXGLQDO PRGHV

I z D

'
WUDQVYHUVH PRGHV

����� D� E

7KHUH DUH WZR EDVLF LPSOLFDWLRQV RI WKH FRQFOXVLRQ WKDW WKH IRUPXODV ����� D� E� ZLWK VXLWDEOH PXOWLSO\LQJ
FRQVWDQWV� VHHP WR SUHGLFW REVHUYHG IUHTXHQFLHV IDLUO\ ZHOO� HYLGHQWO\ WKH JHRPHWU\ LV D GRPLQDQW LQoXHQFH RQ
WKH VSDWLDO VWUXFWXUH RI WKH LQVWDELOLWLHV� DQG ZH FDQ UHDVRQDEO\ GHnQH VRPH VRUW RI DYHUDJH VSHHG RI VRXQG LQ
WKH FKDPEHU� EDVHG RQ DQ DSSUR[LPDWLRQ WR WKH WHPSHUDWXUH GLVWULEXWLRQ� ,Q SUDFWLFH� HVWLPDWHV XVH WKH FODVVLFDO
IRUPXOD D  

S
o57 ZLWK 7 WKH DGLDEDWLF oDPH WHPSHUDWXUH IRU WKH FKHPLFDO V\VWHP LQ TXHVWLRQ� DQG ZLWK WKH

SURSHUWLHV o DQG 5 FDOFXODWHG DFFRUGLQJ WR WKH FRPSRVLWLRQ RI WKH PL[WXUH LQ WKH FKDPEHU� 8VXDOO\� PDVV�DYHUDJHG
YDOXHV� DFFRXQWLQJ IRU FRQGHQVHG VSHFLHV� VHHP WR EH FORVH WR WKH WUXWK� ,I ODUJH GLmHUHQFHV RI WHPSHUDWXUH H[LVW
LQ WKH FKDPEHU� DV LQ D oRZ FRQWDLQLQJ oDPH IURQWV� QRQXQLIRUPLWLHV LQ WKH VSHHG RI VRXQG PXVW EH DFFRXQWHG IRU
WR REWDLQ FORVH HVWLPDWHV RI WKH IUHTXHQFLHV�

(YHQ IRU PRUH FRPSOLFDWHG JHRPHWULHV� QRWDEO\ WKRVH RIWHQ XVHG LQ VROLG URFNHWV� ZKHQ WKH VLPSOH IRUPXODV
����� D� E DUH QRW GLUHFWO\ DSSOLFDEOH� QXPHULFDO FDOFXODWLRQV RI WKH FODVVLFDO DFRXVWLF PRWLRQV QRUPDOO\ JLYH JRRG
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DSSUR[LPDWLRQV WR WKH QDWXUDO IUHTXHQFLHV DQG SUHVVXUH GLVWULEXWLRQV� 7KXV TXLWH JHQHUDOO\ ZH FDQ DGRSW WKH
SRLQW RI YLHZ WKDW FRPEXVWLRQ LQVWDELOLWLHV DUH DFRXVWLFDO PRWLRQV H[FLWHG DQG VXVWDLQHG LQ WKH nUVW LQVWDQFH E\
LQWHUDFWLRQV ZLWK FRPEXVWLRQ SURFHVVHV� 7KDW WKH FODVVLFDO WKHRU\ ZRUNV VR ZHOO IRU HVWLPDWLQJ IUHTXHQFLHV DQG
GLVWULEXWLRQV RI WKH XQVWHDG\ PRWLRQV PHDQV WKDW FRPSXWDWLRQ RI WKRVH TXDQWLWLHV LV QRW D VHULRXV WHVW RI D PRUH
FRPSUHKHQVLYH WKHRU\� :KDW LV UHTXLUHG nUVW RI D WKHRU\ RI FRPEXVWLRQ LQVWDELOLWLHV LV D EDVLV IRU XQGHUVWDQGLQJ
KRZ DQG ZK\ FRPEXVWLRQ LQVWDELOLWLHV GLmHU IURP FODVVLFDO DFRXVWLFV�

,Q SDUWLFXODU� WZR JOREDO DVSHFWV RI PLQRU LPSRUWDQFH LQ PRVW RI FODVVLFDO DFRXVWLFV� DUH IXQGDPHQWDO WR
XQGHUVWDQGLQJ FRPEXVWLRQ LQVWDELOLWLHV� WUDQVLHQW FKDUDFWHULVWLFV DQG QRQOLQHDU EHKDYLRU� %RWK DUH DVVRFLDWHG
ZLWK WKH SURSHUW\ WKDW ZLWK UHVSHFW WR FRPEXVWLRQ LQVWDELOLWLHV� D FRPEXVWLRQ FKDPEHU DSSHDUV WR DQ REVHUYHU
WR EH D VHOI�H[FLWHG V\VWHP� WKH RVFLOODWLRQV DSSHDU ZLWKRXW WKH DFWLRQ RI H[WHUQDOO\ LPSRVHG IRUFHV� &RPEXVWLRQ
SURFHVVHV DUH WKH VRXUFHV RI HQHUJ\ ZKLFK XOWLPDWHO\ DSSHDU DV WKH WKHUPDO DQG PHFKDQLFDO HQHUJ\ RI WKH oXLG
PRWLRQV� ,I WKH SURFHVVHV WHQGLQJ WR GLVVLSDWH WKH HQHUJ\ RI D oXFWXDWLRQ LQ WKH oRZ DUH ZHDNHU WKDQ WKRVH DGGLQJ
HQHUJ\� WKHQ WKH GLVWXUEDQFH LV XQVWDEOH�

���� /LQHDU %HKDYLRU� :KHQ WKH DPSOLWXGH RI D GLVWXUEDQFH LV VPDOO� WKH UDWHV RI HQHUJ\ JDLQV DQG ORVVHV
DUH XVXDOO\ SURSRUWLRQDO WR WKH HQHUJ\ LWVHOI ZKLFK LQ WXUQ LV SURSRUWLRQDO WR WKH VTXDUH RI WKH DPSOLWXGH RI WKH
GLVWXUEDQFH� WKH UHVSRQVLEOH SURFHVVHV DUH VDLG WR EH OLQHDU EHFDXVH WKH JRYHUQLQJ HTXDWLRQV DUH OLQHDU LQ WKH oRZ
YDULDEOHV� $Q XQVWDEOH GLVWXUEDQFH WKHQ JURZV H[SRQHQWLDOO\ LQ WLPH� ZLWKRXW OLPLW LI DOO SURFHVVHV UHPDLQ OLQHDU�
([SRQHQWLDO JURZWK RI WKH IRUP $�H

mW� ZKHUH $� LV WKH DPSOLWXGH RI WKH LQLWLDO VPDOO GLVWXUEDQFH� LV FKDUDFWHULVWLF
RI WKH LQLWLDO VWDJH RI DQ LQVWDELOLW\ LQ D VHOI�H[FLWHG V\VWHP� VNHWFKHG LQ )LJXUH ����D�� ,Q FRQWUDVW� WKH LQLWLDO
WUDQVLHQW LQ D OLQHDU V\VWHP IRUFHG E\ DQ LQYDULDQW H[WHUQDO DJHQW JURZV DFFRUGLQJ WR WKH IRUP �b HbnW� VKRZQ LQ
)LJXUH ����E�� 7KH FXUYH HmW LV FRQFDYH XSZDUG DQG HYROYHV LQWR D FRQVWDQW OLPLWLQJ YDOXH IRU D SK\VLFDO V\VWHP
RQO\ LI QRQOLQHDU SURFHVVHV DUH DFWLYH� +RZHYHU� WKH SORW RI � b HbnW LV FRQFDYH GRZQZDUG DQG DSSURDFKHV D
OLPLWLQJ YDOXH IRU D OLQHDU V\VWHP EHFDXVH WKH GULYLQJ DJHQW VXSSOLHV RQO\ nQLWH SRZHU�

�D� �E�

)LJXUH ���� 7UDQVLHQW EHKDYLRU RI �D� 6HOI ([FLWHG /LQHDUO\ 8QVWDEOH 0RWLRQV� �E� )RUFHG 0RWLRQV

([WHQVLYH GDWD OHDYH QR GRXEW WKDW WKH XQVWDEOH PRWLRQV LQ FRPEXVWLRQ FKDPEHUV DUH VHOI�H[FLWHG� KDYLQJ WKH
FKDUDFWHULVWLFV VKRZQ LQ )LJXUH ����D�� 7KH SK\VLFDO RULJLQ RI WKLV EHKDYLRU LV WKH GHSHQGHQFH RI WKH HQHUJ\ JDLQV
DQG ORVVHV RQ WKH PRWLRQV WKHPVHOYHV� )RU FRPEXVWLRQ LQVWDELOLWLHV� WKH CV\VWHP
 LV WKH G\QDPLFDO V\VWHP ZKRVH
EHKDYLRU LV PHDVXUHG E\ WKH LQVWUXPHQW VHQVLQJ WKH SUHVVXUH RVFLOODWLRQV� 7KXV� LQ YLHZ RI HDUOLHU UHPDUNV� WKH
G\QDPLFDO V\VWHP LV LQ VRPH VHQVH WKH V\VWHP RI DFRXVWLFDO PRWLRQV LQ WKH FKDPEHU FRXSOHG WR WKH PHDQ oRZ DQG
FRPEXVWLRQ SURFHVVHV �UHFDOO )LJXUH �����

,W LV D IXQGDPHQWDO DQG H[WUHPHO\ LPSRUWDQW FRQFOXVLRQ WKDW E\ IDU PRVW FRPEXVWLRQ LQVWDELOLWLHV DUH PRWLRQV
RI VHOI�H[FLWHG G\QDPLFDO V\VWHPV� 3UREDEO\ WKH PRVW VLJQLnFDQW LPSOLFDWLRQ LV WKDW LQ RUGHU WR XQGHUVWDQG IXOO\
WKH REVHUYHG EHKDYLRU� DQG KRZ WR DmHFW LW DQG FRQWURO LW� RQH PXVW XQGHUVWDQG WKH EHKDYLRU RI D QRQOLQHDU V\VWHP�
:KHQ WKH PRWLRQ LQ D FRPEXVWLRQ FKDPEHU LV XQVWDEOH� H[FHSW LQ XQXVXDO FDVHV RI JURZWK WR GHVWUXFWLRQ� WKH
DPSOLWXGH W\SLFDOO\ VHWWOHV GRZQ WR D nQLWH YDOXH� WKH V\VWHP WKHQ H[HFXWHV D OLPLWLQJ PRWLRQ� XVXDOO\ D SHULRGLF
OLPLW F\FOH� )RU SUDFWLFDO DSSOLFDWLRQV� LW LV GHVLUDEOH WR NQRZ KRZ WKH DPSOLWXGH RI WKH OLPLW F\FOH GHSHQGV RQ WKH
SDUDPHWHUV FKDUDFWHUL]LQJ WKH V\VWHP� 7KDW LQIRUPDWLRQ PD\ VHUYH DV WKH EDVLV IRU FKDQJLQJ WKH FKDUDFWHULVWLFV
WR UHGXFH WKH DPSOLWXGH� WKH JRDO LQ SUDFWLFH EHLQJ ]HUR� ,Q DQ\ FDVH� JRRG XQGHUVWDQGLQJ RI WKH SURSHUWLHV RI WKH
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OLPLW F\FOH ZLOO DOVR SURYLGH VRPH DSSUHFLDWLRQ IRU WKRVH YDULDEOHV ZKLFK GRPLQDWH WKH EHKDYLRU DQG WR ZKLFK WKH
PRWLRQV PD\ EH PRVW VHQVLWLYH� D SUDFWLFDO PDWWHU LQGHHG�

2XU JOREDO YLHZ� WKHQ� LV WKDW D FRPEXVWLRQ LQVWDELOLW\ LV DQ RVFLOODWRU\ PRWLRQ RI WKH JDVHV LQ WKH FKDPEHU�
ZKLFK FDQ LQ nUVW DSSUR[LPDWLRQ EH V\QWKHVL]HG RI RQH RU PRUH PRGHV UHODWHG WR FODVVLFDO DFRXVWLF PRGHV� 7KH
PRGH KDYLQJ ORZHVW IUHTXHQF\ LV D CEXON
 PRGH LQ ZKLFK WKH SUHVVXUH LV QHDUO\ XQLIRUP LQ VSDFH EXW oXFWXDWLQJ
LQ WLPH� %HFDXVH WKH SUHVVXUH JUDGLHQW LV HYHU\ZKHUH VPDOO� WKH YHORFLW\ oXFWXDWLRQV DUH QHDUO\ ]HUR� 7KLV PRGH
FRUUHVSRQGV WR WKH YLEUDWLRQ RI D +HOPKROW] UHVRQDWRU REWDLQHG� IRU H[DPSOH� E\ EORZLQJ RYHU WKH RSHQ HQG
RI D ERWWOH� 7KH FDXVH LQ D FRPEXVWLRQ FKDPEHU PD\ EH WKH EXUQLQJ SURFHVV LWVHOI� RU LW PD\ EH DVVRFLDWHG
ZLWK RVFLOODWLRQV LQ WKH VXSSO\ RI UHDFWDQWV� FDXVHG LQ WXUQ E\ WKH YDULDWLRQV RI SUHVVXUH LQ WKH FKDPEHU� ,Q D
OLTXLG URFNHW� VWUXFWXUDO RVFLOODWLRQV RI WKH YHKLFOH RU WKH IHHG V\VWHP PD\ DOVR SDUWLFLSDWH� SURGXFLQJ WKH 32*2
LQVWDELOLW\�

:KDWHYHU WKH V\VWHP� PRVW FRPEXVWLRQ LQVWDELOLWLHV LQYROYH H[FLWDWLRQ RI WKH DFRXVWLF PRGHV� RI ZKLFK WKHUH
DUH DQ LQnQLWH QXPEHU IRU DQ\ FKDPEHU� 7KH YDOXHV RI WKH IUHTXHQFLHV DUH IXQFWLRQV SULPDULO\ RI WKH JHRPHWU\ DQG
RI WKH VSHHG RI VRXQG� WKH VLPSOHVW H[DPSOHV EHLQJ WKH ORQJLWXGLQDO DQG WUDQVYHUVH PRGHV RI D FLUFXODU F\OLQGHU�
ZLWK IUHTXHQFLHV EHKDYLQJ DFFRUGLQJ WR ����� D� E� :KLFK PRGHV DUH XQVWDEOH GHSHQGV RQ WKH EDODQFH RI HQHUJ\
VXSSOLHG E\ WKH H[FLWLQJ PHFKDQLVPV DQG H[WUDFWHG E\ WKH GLVVLSDWLQJ SURFHVVHV� :H FRQVLGHU KHUH RQO\ OLQHDU
EHKDYLRU WR LOOXVWUDWH WKH SRLQW�

,Q JHQHUDO WKH ORVVHV DQG JDLQV RI HQHUJ\ DUH VWURQJO\ GHSHQGHQW RQ IUHTXHQF\� )RU H[DPSOH� WKH DWWHQXDWLRQ
GXH WR YLVFRXV HmHFWV W\SLFDOO\ LQFUHDVHV ZLWK WKH VTXDUH URRW RI WKH IUHTXHQF\� 2WKHU VRXUFHV RI HQHUJ\ ORVV
DVVRFLDWHG ZLWK LQWHUDFWLRQV EHWZHHQ WKH RVFLOODWLRQV DQG WKH PHDQ oRZ WHQG WR EH ZHDNHU IXQFWLRQV RI IUHTXHQF\�
7KDW LV WKH FDVH� IRU H[DPSOH IRU UHoHFWLRQV RI ZDYHV E\ D FKRNHG H[KDXVW QR]]OH� 7KH JDLQV RI HQHUJ\ XVXDOO\
GHSHQG LQ D PRUH FRPSOLFDWHG ZD\ RQ IUHTXHQF\�

7KH VRXUFHV RI HQHUJ\ IRU FRPEXVWLRQ LQVWDELOLWLHV L�H� WKH PHFKDQLVPV UHVSRQVLEOH IRU WKHLU H[LVWHQFH� SUHVHQW
WKH PRVW GLpFXOW SUREOHPV LQ WKLV nHOG� )RU WKH SUHVHQW ZH FRQnQH RXU DWWHQWLRQ WR TXDOLWDWLYH IHDWXUHV RI
HQHUJ\ H[FKDQJH EHWZHHQ FRPEXVWLRQ DQG XQVWHDG\ PRWLRQV� )RU H[DPSOH� WKH PDJQLWXGH RI WKH HQHUJ\ DGGLWLRQ
GXH WR FRXSOLQJ EHWZHHQ DFRXVWLF ZDYHV DQG FRPEXVWLRQ SURFHVVHV IRU D VROLG SURSHOODQW QRUPDOO\ ULVHV IURP
VRPH UHODWLYHO\ VPDOO TXDVL�VWHDG\ YDOXH DW ORZ IUHTXHQFLHV� SDVVHV WKURXJK D EURDG SHDN� DQG WKHQ GHFUHDVHV WR
]HUR DW KLJK IUHTXHQFLHV� (QHUJ\ LV WUDQVIHUUHG WR D SUHVVXUH RVFLOODWLRQ KDYLQJ D SDUWLFXODU IUHTXHQF\ DW D UDWH
SURSRUWLRQDO WR WKH SDUW RI WKH FRXSOLQJ WKDW LV LQ SKDVH ZLWK WKH SUHVVXUH DW WKDW IUHTXHQF\�� )LJXUH ��� LV D
VFKHPDWLF LOOXVWUDWLRQ RI WKLV VRUW RI EHKDYLRU�

,Q )LJXUH ���� WKH JDLQV H[FHHG WKH ORVVHV LQ WKH IUHTXHQF\ UDQJH I� � I � I�� 0RGHV KDYLQJ IUHTXHQFLHV LQ WKDW
UDQJH ZLOO WKHUHIRUH EH OLQHDUO\ XQVWDEOH� $Q LPSRUWDQW FKDUDFWHULVWLF� W\SLFDO RI FRPEXVWLRQ FKDPEHUV JHQHUDOO\�
LV WKDW LQ WKH ORZHU UDQJHV RI IUHTXHQF\� IURP ]HUR WR VRPHZKDW DERYH WKH PD[LPXP IUHTXHQF\ RI LQVWDELOLW\� WKH
QHW HQHUJ\ WUDQVIHU LV D VPDOO GLmHUHQFH EHWZHHQ UHODWLYHO\ ODUJHU JDLQV DQG ORVVHV� 7KDW LPSOLHV WKH GLpFXOW\�
FRQnUPHG E\ PDQ\ \HDUV
 H[SHULHQFH� RI GHWHUPLQLQJ WKH QHW HQHUJ\ oRZ DFFXUDWHO\� 8QDYRLGDEOH XQFHUWDLQWLHV
LQ WKH JDLQV DQG ORVVHV WKHPVHOYHV EHFRPH PXFK PRUH VLJQLnFDQW ZKHQ WKHLU GLmHUHQFH LV IRUPHG� 7KDW LV WKH
PDLQ UHDVRQ IRU WKH VWDWHPHQW PDGH HDUOLHU WKDW DQDO\VLV RI FRPEXVWLRQ LQVWDELOLWLHV KDV EHHQ XVHIXO LQ SUDFWLFH
FKLHo\ IRU SUHGLFWLQJ DQG XQGHUVWDQGLQJ WUHQGV RI EHKDYLRU UDWKHU WKDQ DFFXUDWH FDOFXODWLRQV RI WKH FRQGLWLRQV
XQGHU ZKLFK D JLYHQ V\VWHP LV XQVWDEOH� 7KH XOWLPDWH VRXUFH RI DOO RI WKHVH GLpFXOWLHV� DV FLWHG LQ 6HFWLRQ ���� LV
WKH SURSHUW\ WKDW WKH PRWLRQV LQ TXHVWLRQ FRQVXPH DQG FRQWDLQ RQO\ VPDOO SRUWLRQV RI WKH WRWDO HQHUJ\ DYDLODEOH
ZLWKLQ WKH V\VWHP� +HQFH LQ ERWK ODERUDWRU\ WHVWV DQG LQ RSHUDWLRQDO V\VWHPV RQH LV FRQIURQWHG ZLWK GHWHUPLQLQJ
WKH FKDUDFWHULVWLFV RI HVVHQWLDOO\ VPDOO GLVWXUEDQFHV LPEHGGHG LQ D FRPSOLFDWHG G\QDPLF HQYLURQPHQW�

7KH EHVW DQG PRVW FRPSOHWH GDWD LOOXVWUDWLQJ WKH SUHFHGLQJ UHPDUNV KDYH EHHQ REWDLQHG ZLWK VROLG SURSHOODQW
URFNHWV� 7KHUH DUH VHYHUDO UHDVRQV IRU WKDW FLUFXPVWDQFH� )LUVW� WKH LJQLWLRQ SHULRG_WKH WLPH WR FDXVH DOO RI WKH
H[SRVHG SURSHOODQW VXUIDFH WR EHJLQ EXUQLQJ_LV UHODWLYHO\ VKRUW DQG WKH DYHUDJH FRQGLWLRQV LQ WKH FKDPEHU TXLFNO\
UHDFK WKHLU LQWHQGHG YDOXHV� 8QOHVV RVFLOODWLRQV DUH VHYHUHO\ XQVWDEOH� DQG JURZLQJ UDSLGO\ GXULQJ WKH LJQLWLRQ
WUDQVLHQW� WKHUH LV D JRRG RSSRUWXQLW\ WR REVHUYH WKH H[SRQHQWLDO JURZWK FKDUDFWHULVWLF RI D OLQHDU LQVWDELOLW\�

�,W LV SRVVLEOH� GXH WR WKH EHKDYLRU RI WKH SKDVH� WKDW LQ D UDQJH RI KLJK IUHTXHQFLHV WKH FRPEXVWLRQ SURFHVVHV PD\ LQ IDFW H[WUDFW

HQHUJ\ IURP WKH DFRXVWLF ZDYHV DQG KHQFH FRQWULEXWH WR WKH ORVVHV RI HQHUJ\�
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FREQUENCY

ENERGY
GAINS

and
LOSSES

(b)

Bulk
  Mode

1st Mode
  Unstable 2nd Mode

  Stable
3rd Mode
   Stable

CHAMBER
RESPONSE

(a)

FREQUENCY

Range of Possible
      Instabilities Losses

Gains

)LJXUH ���� 4XDOLWDWLYH 'HSHQGHQFH RI �D� (QHUJ\ *DLQV DQG /RVVHV� DQG �E� WKH )UHTXHQF\
5HVSRQVH RI D &RPEXVWRU

6HFRQGO\� LW LV SUREDEO\ WUXH WKDW PRUH HmRUW KDV EHHQ VSHQW RQ UHnQLQJ WKH PHDVXUHPHQWV DQG SUHGLFWLRQV
RI OLQHDU VWDELOLW\ IRU VROLG URFNHWV WKDQ IRU RWKHU V\VWHPV EHFDXVH RI WKH H[SHQVH DQG GLpFXOW\ RI FDUU\LQJ RXW
UHSOLFDWHG WHVWV� 7KHUH LV QR SUDFWLFDO� URXWLQH ZD\ RI LQWHUUXSWLQJ DQG UHVXPLQJ nULQJV DQG LW LV WKH QDWXUH RI
WKH V\VWHP WKDW DQ LQGLYLGXDO PRWRU FDQ EH nUHG RQO\ RQFH� 3DUWLFXODUO\ IRU ODUJH PRWRUV XVHG LQ VSDFH ODXQFK
YHKLFOHV� VXFFHVVLYH nULQJV LQYROYH JUHDW H[SHQVH� 'HYHORSPHQW E\ HPSLULFDO WULDO�DQG�HUURU LV FRVWO\� WKHUH LV
FRQVLGHUDEOH PRWLYDWLRQ WR ZRUN RXW PHWKRGV RI DQDO\VLV DQG GHVLJQ DSSOLFDEOH WR LQGLYLGXDO WHVWV�

,Q FRQWUDVW� OLTXLG�IXHOHG V\VWHPV FDQ EH nUHG UHSHDWHGO\� 7ULDO�DQG�HUURU KDV ORQJ EHHQ D VWUDWHJ\ IRU GH�
YHORSPHQW RI ERWK OLTXLG URFNHWV DQG DLU�EUHDWKLQJ V\VWHPV� ,W VHHPV WKDW DWWHQWLRQ LQ WKDW VRUW RI ZRUN KDV
JHQHUDOO\ EHHQ IRFXVHG RQ PRGLnFDWLRQV WR UHGXFH DPSOLWXGHV �DV LQ CERPELQJ
 WHVWV� UDWKHU WKDQ RQ GHWHUPLQLQJ
WKH VWDELOLW\ RI VPDOO�DPSOLWXGH PRWLRQV� 9HU\ OLWWOH GDWD H[LVWV IRU YDOXHV RI JURZWK FRQVWDQWV� DQG PRVW RI WKRVH
UHVXOWV KDYH EHHQ REWDLQHG IRU PRGHO RU VXE�VFDOH ODERUDWRU\ GHYLFHV� 7KHUH DUH H[DPSOHV RI VWDELOLW\ ERXQGDULHV
LQIHUUHG IURP CERPELQJ
 WHVWV RI WKH VRUW PHQWLRQHG HDUOLHU DQG WKHRUHWLFDO UHVXOWV H[LVW� EXW WKHUH VHHP WR EH QR
LQYHVWLJDWLRQV FRPSDUDEOH WR WKRVH FDUULHG RXW IRU VROLG URFNHWV� $ 6WDQGDUG 6WDELOLW\ 3UHGLFWLRQ �663� SURJUDP
KDV EHHQ DYDLODEOH IRU VROLG URFNHWV IRU �� \HDUV �/RYLQH HW DO� ����� 1LFNHUVRQ HW DO� ������ QR VXFK SURGXFW H[LVWV
IRU OLTXLG URFNHWV DQG RWKHU FRPEXVWLRQ V\VWHPV�

:H KDYH DOUHDG\ QRWHG LQ 6HFWLRQ ��� WKDW PXFK SURJUHVV ZDV DFKLHYHG LQ DQDO\]LQJ DQG XQGHUVWDQGLQJ
FRPEXVWLRQ LQVWDELOLWLHV LQ VROLG URFNHWV IURP WKH ODWH ����V LQWR WKH ����V ZKHQ WKHUH ZDV OLWWOH ZRUN LQ OLTXLG
URFNHWV� 'XULQJ WKDW SHULRG� FRPSXWLQJ UHVRXUFHV� PLFURSURFHVVRUV� DQG WKHUHIRUH WHFKQLTXHV RI GDWD DFTXLVLWLRQ
DQG SURFHVVLQJ DGYDQFHG HQRUPRXVO\� +HQFH E\ FRPSDULVRQ ZLWK WKH VLWXDWLRQ IRU VROLG URFNHWV� WKH VXEMHFW RI
FRPEXVWLRQ LQVWDELOLWLHV LQ OLTXLG�IXHOHG V\VWHPV� HVSHFLDOO\ OLTXLG URFNHWV� GLG QRW EHQHnW DV JUHDWO\ IURP WKH
JHQHUDO SURJUHVV RI VXSSRUWLQJ WHFKQRORJLHV� 7KDW VLWXDWLRQ LV FKDQJLQJ�

)LQDOO\� OLTXLG RU JDVHRXV IXHOHG V\VWHPV DUH LQWULQVLFDOO\ PRUH GLpFXOW WR DQDO\]H DQG XQGHUVWDQG EHFDXVH RI
WKH PRUH FRPSOLFDWHG FKHPLFDO SURFHVVHV DQG FRXSOLQJ ZLWK WKH XQVWHDG\ oRZ nHOG� ,W LV WUXH WKDW FRPEXVWLRQ
RI D KHWHURJHQHRXV VROLG SURSHOODQW FRQWDLQLQJ PDQ\ LQJUHGLHQWV� RIWHQ LQFOXGLQJ D PHWDO� LV YHU\ FRPSOLFDWHG
LQGHHG DQG IDU IURP FRPSOHWHO\ XQGHUVWRRG LQ JHQHUDO� +RZHYHU� IURP WKH SRLQW RI YLHZ RI WUHDWLQJ FRPEXVWLRQ
LQVWDELOLWLHV� WKHUH LV WKH JUHDW DGYDQWDJH WKDW XQGHU PRVW FRQGLWLRQV� YLUWXDOO\ DOO RI WKH VLJQLnFDQW FRPEXVWLRQ
SURFHVVHV DUH FRPSOHWHG ZLWKLQ D WKLQ ]RQH QHDU WKH VROLG SURSHOODQW LWVHOI� &RXSOLQJ WR WKH XQVWHDG\ oRZ nHOG PD\
WKHUHIRUH EH UHSUHVHQWHG DV D ERXQGDU\ FRQGLWLRQ� &RPEXVWLRQ RI OLTXLG IXHOV LV QHFHVVDULO\ GLVWULEXWHG WKURXJKRXW
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WKH YROXPH RI WKH FKDPEHU� 0DNLQJ DFFXUDWH DSSUR[LPDWLRQV WR WKH VSDWLDO GHSHQGHQFH LV GLpFXOW� UHTXLULQJ TXLWH
FDUHIXO WUHDWPHQW RI PDQ\ UDWH SURFHVVHV� LQFOXGLQJ FKHPLFDO NLQHWLFV DQG WUDQVIHU RI HQHUJ\ EHWZHHQ OLTXLG DQG
JDVHRXV SKDVHV� 7KH HOHPHQWDU\ G\QDPLFV RI WKH FRPEXVWLRQ SURFHVVHV DUH SRRUO\ XQGHUVWRRG UHODWLYH WR WKH
VLWXDWLRQ IRU VROLG SURSHOODQWV�
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�� 7+( 6,03/(67 (;$03/( 2) 7+(502�$&2867,& ,167$%,/,7,(6�

7+( 5,-.( 78%(

&RPEXVWLRQ LQVWDELOLWLHV DUH WKH PRVW FRPPRQ IRUPV RI PRWLRQV FDOOHG PRUH JHQHUDOO\ WKHUPRDFRXVWLF LQ�
VWDELOLWLHV� 7KH WHUP UHIHUV WR RVFLOODWRU\ PRWLRQV H[FLWHG DQG VXVWDLQHG E\ WUDQVIHU RI HQHUJ\ IURP D VRXUFH RI
KHDWLQJ HLWKHU E\ SDVVDJH RI HOHFWULFLW\� E\ FRPEXVWLRQ SURFHVVHV� RU E\ VRPH PDWHULDO VWRUH RI HQHUJ\� ,Q WKH
5LMNH WXEH� WKH VLPSOHVW VRXUFH LV D VDPSOH RI KHDWHG ZLUH JDXJH ZKLFK WUDQVIHUV HQHUJ\ WR WKH VXUURXQGLQJ DLU LQ
D WXEH� 6PDOO oDPHV DQG HOHFWULFDOO\ KHDWHG JULGV DUH HTXDOO\ HmHFWLYH� WKH ODWWHU EHLQJ HDVLHU WR DQDO\]H�

7KH 5LMNH WXEH ZDV LQYHQWHG DQG nUVW VWXGLHG E\ 5LMNH LQ WKH PLGGOH RI WKH ��WK FHQWXU\� ,WV EHKDYLRU LQVSLUHG
5D\OHLJK
V FULWHULRQ �/RUG 5D\OHLJK� ������ 'HVSLWH WKH LPPHQVH QXPEHU RI UHODWHG ZRUNV� D VDWLVIDFWRULO\ FRPSOHWH
DQDO\VLV DQG H[SHULPHQWDO FKDUDFWHUL]DWLRQ RI WKH GHYLFH GRHV QRW H[LVW� 1RQHWKHOHVV LW LV WUXH WKDW WKH 5LMNH WXEH
VKDUHV PDQ\ SURSHUWLHV ZLWK FRPEXVWLRQ LQVWDELOLWLHV� LW KDV WKHUHIRUH EHHQ XVHIXOO\ FLWHG LQ PDQ\ GLVFXVVLRQV DQG
KDV EHHQ XVHG LQ PDQ\ H[SHULPHQWDO SURMHFWV� ,Q WKLV VHFWLRQ ZH H[DPLQH WKH 5LMNH WXEH DV D PHDQV RI LOOXVWUDWLQJ
VRPH LGHDV DQG PHWKRGV WR EH GHYHORSHG LQ PRUH JHQHUDO IRUP ODWHU�

:H FRQVLGHU WKH VLPSOLnHG IRUP RI D 5LMNH WXEH RSHQ DW ERWK HQGV� VXSSRUWHG YHUWLFDOO\� DQG FRQWDLQLQJ D
KHDWHG ZLUH JULG� 7KH JULG PD\ EH KHDWHG HOHFWULFDOO\� RU E\ D oDPH VXEVHTXHQWO\ UHPRYHG� ,I WKH JULG LV LQ WKH
ORZHU KDOI RI WKH WXEH� VWHDG\ RVFLOODWLRQV FDQ EH VXVWDLQHG� KDYLQJ IUHTXHQF\ KDUGO\ GLVWLQJXLVKDEOH IURP WKDW RI
WKH IXQGDPHQWDO IUHTXHQF\ RI WKH WXEH� D �/ ZKHUH D LV WKH VSHHG RI VRXQG� 7KH EDVLF TXHVWLRQV WR EH DQVZHUHG

L

u

u

l

l

g

z = L

z = 0

)LJXUH ���� 6NHWFK RI WKH 6LPSOHVW )RUP RI 5LMNH 7XEH

KHUH LV� :K\ DUH WKH RVFLOODWLRQV H[FLWHG DQG VXVWDLQHG"� DQG KRZ GRHV WKH SUHVHQFH RI RVFLOODWLRQV GHSHQG RQ WKH
ORFDWLRQ RI WKH JULG"

)RU VHYHUDO UHDVRQV� WKH 5LMNH WXEH LV D PDUYHORXV FDVH WR LQYHVWLJDWH DV DQ H[DPSOH RI WKHUPRDFRXVWLF
RVFLOODWLRQV� DFRXVWLF ZDYHV H[FLWHG DQG VXVWDLQHG E\ KHDW DGGLWLRQ� 3HUKDSV PRVW LPSRUWDQWO\� WKLV LV D VLWXDWLRQ
LQ ZKLFK WKH SDUW RI WKH V\VWHP WKDW LV WKH VRXUFH RI HQHUJ\� DQG SURYLGHV LQWHUQDO IHHGEDFN� LV FOHDUO\ GLVWLQFW IURP
WKH V\VWHP WKDW LV RVFLOODWLQJ� WKH DFRXVWLF nHOG� 7KXV ZH FDQ VHSDUDWH DQDO\VLV RI WKH WZR SDUWV RI WKH V\VWHP
ZLWK PLQLPDO DSSUR[LPDWLRQV� ,W LV WKDW SURSHUW\ ZH WDNH SDUWLFXODU DGYDQWDJH RI KHUH�

���� 0HDQ )ORZ LQ D 5LMNH 7XEH� 'XH WR WKH KHDWLQJ E\ WKH JULG� WKH WHPSHUDWXUH RI WKH DLU LV LQFUHDVHG�
WKH GHQVLW\ LV UHGXFHG DQG WKH DLU DERYH WKH JULG ULVHV EHFDXVH RI LWV EXR\DQF\� 7KXV WKHUH LV D VWHDG\ oRZ RU
GUDIW RI DLU GUDZQ LQWR WKH ORZHU HQG� WKH DYHUDJH YHORFLW\ EHLQJ XC� ,I WKH FKDQJH RI WHPSHUDWXUH DFURVV WKH JULG LV
LGHDOL]HG DV D GLVFRQWLQXLW\� WKH YHORFLW\ XC LV XQLIRUP EHORZ WKH JULG DQG DERYH WKH PHDQ YHORFLW\ KDV WKH KLJKHU
YDOXH XQ� 7KLV IROORZV IURP FRQWLQXLW\ RI PDVV oRZ�

|CXC$  |XXX$

VR

XX  
|C
|X

XC ! XC �����
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ZKHUH WKH UDWLR RI DYHUDJH GHQVLWLHV LV |C |X ! � EHFDXVH |  S 57 DQG WKH DYHUDJH SUHVVXUH LV XQLIRUP �DWPR�
VSKHULF�� JLYLQJ

|C
|X
 

7X

7 C

! � �����

���� $FRXVWLF )LHOG LQ D 5LMNH 7XEH� 6XSHUSRVHG RQ WKH DYHUDJH oRZ LV WKH DFRXVWLF nHOG� ZHOO UHSUHVHQWHG
E\ XQLIRUP YDOXHV WUDQVYHUVH WR WKH D[LV RI WKH WXEH DQG YDU\LQJ VLQXVRLGDOO\ LQ WKH D[LDO GLUHFWLRQ� 7KH RVFLOODWLQJ
SUHVVXUH LV FORVHO\ FRQWLQXRXV WKURXJK WKH JULG DQG LV JLYHQ DSSUR[LPDWHO\ E\ KDOI RI D VLQXVRLG� FKRVHQ VR
S���� W�  � DW WKH ORZHU HQG� :H LQWURGXFH D VXEVFULSW � �� WR LQGLFDWH WKDW ZH DUH GHDOLQJ ZLWK WKH ORZHVW� L�H�
WKH nUVW RVFLOODWLQJ PRGH RI WKH WXEH�

S���[� W�  3� VLQ�� VLQ N�[ �����

:LWK WKH ERXQGDU\ FRQGLWLRQ S���/� W�  �� N� KDV WKH YDOXH VXFK WKDW VLQ N�/  ��

N�  
{

/
�����

7KH ZDYHQXPEHU N� LV �{ w� ZKHUH w� LV WKH ZDYHOHQJWK� VR

w�  �/ �����

*HQHUDOO\� WKH IUHTXHQF\ RI ZDYHV LV JLYHQ E\ I  D w� VR� DV TXRWHG LQ WKH LQWURGXFWRU\ UHPDUNV�

I�  
D

�/
�����

LI ZH DVVXPH D LV XQLIRUP LQ WKH WXEH�

7KH DFRXVWLF YHORFLW\ oXFWXDWLRQ LQ JHQHUDO VDWLVnHV WKH HTXDWLRQ

|
#X�

#W
 b#S�

#[
�����

DQG IRU S��]� W� JLYHQ E\ ������ WKLV HTXDWLRQ KDV WKH VROXWLRQ

X���]� W�  8� FRV��W FRV N�[  AX� FRV N�[ �����

ZLWK

8�  
�

|D
3� �����

%HFDXVH RI WKH WHPSHUDWXUH FKDQJH WKURXJK WKH JULG� WKH VSHHG RI VRXQG LV JUHDWHU LQ WKH XSSHU SDUW RI WKH
WXEH WKDQ LQ WKH ORZHU� D  

S
o57 DQG

DX
DC
 

V
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0RUHRYHU� WKH DFRXVWLF YHORFLW\ VXmHUV D GLVFRQWLQXLW\ DW WKH JULG GXH WR WKH MXPS LQ WKH DYHUDJH GHQVLW\ DQG
VDWLVIDFWLRQ RI FRQWLQXLW\ IRU WKH DFRXVWLF nHOG�

|CX
�

C  |XX
�

X

VR

X�X  
|X
|C

X�C � X�C ������

)RU VLPSOLnFDWLRQ ZH ZLOO LJQRUH WKH MXPS LQ YHORFLW\ �L�H� ZH DVVXPH D YHU\ VPDOO WHPSHUDWXUH MXPS�� ZKLFK
LPSOLHV ZHDN KHDWLQJ� ,W
V QRW D UHDOLVWLF DSSUR[LPDWLRQ EXW DOORZV WKH PDLQ SRLQWV WR EH PDGH KHUH ZLWKRXW
XQQHFHVVDU\ FRPSOLFDWLRQV�

+HQFH ZH WDNH WKH DFRXVWLF SUHVVXUH DQG YHORFLW\ WR EH DSSUR[LPDWHG E\ WKH IRUPXODV ����� DQG ������ VNHWFKHG
LQ )LJXUH ���� ,W LV SDUWLFXODUO\ LPSRUWDQW WKDW ERWK WKH VSDWLDO GLVWULEXWLRQV DQG WKH SKDVHV RI WKH SUHVVXUH DQG
YHORFLW\ GLVWULEXWLRQV GLmHU� 7KRVH GLmHUHQFHV H[SODLQ FHUWDLQ EDVLF FKDUDFWHULVWLFV RI WKH 5LMNH WXEH GLVFXVVHG
EHORZ�
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τ = 0
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τ

z = 0                                        z = L

Pressure
Fluctuation,  P

0
1U

-U1

z = 0                                        z = L
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1
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1
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0
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0
1U
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0
1U

-U1

0
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)LJXUH ���� 3UHVVXUH DQG 9HORFLW\ 'LVWULEXWLRQ LQ D 7XEH 2SHQ DW %RWK (QGV

$V D VLPSOLnHG UHSUHVHQWDWLRQ� )LJXUH ��� LV RIWHQ XVHG� VKRZLQJ WKH VSDWLDO GLVWULEXWLRQV RI WKH HQYHORSHV RI
WKH oXFWXDWLRQV� ,W
V D FRQYHQLHQW IRUP� EXW WKH SKDVH UHODWLRQV LPSOLHG E\ )LJXUH ��� PXVW QRW EH IRUJRWWHQ� 7KH
ORFDO SUHVVXUH DQG YHORFLW\ RVFLOODWH EHWZHHQ WKH YDOXHV VHW E\ WKHLU HQYHORSHV EXW ZLWK D UHODWLYH SKDVH RI { ��
7KLV SURSHUW\ LV EHVW VKRZQ JUDSKLFDOO\ ZLWK WKH UHFRUGV LQ WLPH� )LJXUH ���� WKH SUHVVXUH oXFWXDWLRQ ODJV WKH
YHORFLW\ oXFWXDWLRQ E\ { �� D TXDUWHU�SHULRG�
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)LJXUH ���� 0RGH 6KDSHV RI WKH 3UHVVXUH DQG 9HORFLW\ )OXFWXDWLRQV�
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)LJXUH ���� 6SDWLDO 'LVWULEXWLRQV DQG 7HPSRUDO +LVWRULHV RI WKH 3UHVVXUH DQG 9HORFLW\ 2VFLOOD�
WLRQV LQ )LJXUH ����

7KH UHVXOWV MXVW TXRWHG IRU WKH DFRXVWLF nHOG DUH YDOLG VWULFWO\ IRU WKH RVFLOODWLRQV LQ D WXEH RSHQ DW ERWK HQGV
ZLWKRXW KHDWLQJ DQG PHDQ oRZ� ,Q IDFW� WKH PRGH VKDSHV LQ D 5LMNH WXEH PXVW GLmHU IURP WKRVH JUDSKHG DQG JLYHQ
E\ WKH IRUPXODV ������ ����� DQG ������ $W WKH YHU\ OHDVW WKH QRQ�XQLIRUP WHPSHUDWXUH DQG KHQFH VSHHG RI VRXQG�
DV ZHOO DV WKH GLVFRQWLQXLW\ LQ YHORFLW\ DW WKH KHDWHU� PXVW FDXVH GHYLDWLRQV IURP WKH VLPSOH DFRXVWLF UHVXOWV� ,W
LV D EDVLF FKDUDFWHULVWLF RI WKH DQDO\WLFDO PHWKRG ZRUNHG RXW LQ WKH IROORZLQJ VHFWLRQV� WKDW LI WKH GHYLDWLRQV DUH
VPDOO� ZH FDQ REWDLQ PDQ\ XVHIXO UHVXOWV IRU WKH DFWXDO G\QDPLFV RI WKH V\VWHP ZLWKRXW NQRZLQJ WKH DFWXDO PRGH
VKDSHV� &RQVHTXHQWO\� DV D SUDFWLFDO PDWWHU� D JUHDW GHDO RI SURJUHVV LQ DSSOLFDWLRQV FDQ EH PDGH LQ XQGHUVWDQGLQJ
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WKH G\QDPLFDO EHKDYLRU ZLWKRXW HYHU NQRZLQJ ZKDW WKH WUXH PRWLRQV DUH� ,W LV D SRLQW RIWHQ PLVVHG� 7KH IRUPDO
GHYHORSPHQW RI WKH DQDO\VLV HVWDEOLVKHV FOHDUO\ ZKDW LV PHDQW E\ CVPDOO
� ,Q WKLV VHFWLRQ� ZH VLPSO\ FDUU\ RXW WKH
VLPSOHVW IRUP RI WKH FDOFXODWLRQV� QHJOHFWLQJ DOVR WKH nUVW RUGHU HmHFWV RI WKH FRQYHFWLYH oRZ DQG WKH QRQXQLIRUP
VSHHG RI VRXQG RQ VWDELOLW\� 6XFK FRQWULEXWLRQV FDQQRW EH LJQRUHG LI DFFXUDWH UHVXOWV DUH QHHGHG�

���� /LQHDU ,QVWDELOLW\ DQG 7UDQVLHQW *URZWK RI 2VFLOODWLRQV LQ DQ (OHFWULFDOO\ 'ULYHQ 5LMNH

7XEH� ,I WKH KHDWHG JULG LV WXUQHG RQ VXGGHQO\� WKH DPSOLWXGH RI RVFLOODWLRQV ZLOO VRRQ JURZ H[SRQHQWLDOO\� nQDOO\
UHDFKLQJ VRPH OLPLWLQJ DPSOLWXGH FKDUDFWHULVWLF RI D OLPLW F\FOH� 7KH LQWHUYDO GXULQJ ZKLFK WKH RVFLOODWLRQV HYROYH
WR WKHLU nQDO IRUP LQYROYHV QRQOLQHDU SURFHVVHV DQG ZLOO QRW EH GLVFXVVHG KHUH� +RZHYHU� WKH LQLWLDO SHULRG RI
JURZWK LV D SXUHO\ OLQHDU SKHQRPHQRQ DQG FDQ EH DQDO\]HG DSSUR[LPDWHO\ ZLWKRXW JUHDW GLpFXOW\� 7KH DQDO\VLV
JLYHQ LQ WKLV VHFWLRQ LV WKH VLPSOHVW DSSOLFDWLRQ RI VSDWLDO DYHUDJLQJ WR D SUREOHP RI WKHUPRDFRXVWLF LQVWDELOLW\�
,W LV LQWHQGHG WR VKRZ RQO\ WKH LQoXHQFH RI WKH SURFHVV RI KHDW DGGLWLRQ� LQ RUGHU WR HVWDEOLVK VHYHUDO JHQHUDO
FKDUDFWHULVWLFV� LQFOXGLQJ WKH ZHOO�NQRZQ GHSHQGHQFH RI WKH H[LVWHQFH RI XQVWHDG\ RVFLOODWLRQV RQ WKH SRVLWLRQ RI
WKH JULG� $ SURSHU DQG FRPSOHWH DQDO\VLV RI VWDELOLW\ PXVW DFFRXQW IRU WKH PHDQ oRZ DQG DFRXVWLFV ORVVHV GLVFXVVHG
LQ WKH IROORZLQJ VHFWLRQ�

,Q D EURDG VHQVH� WKH DQDO\VLV UHSODFHV WKH UHSUHVHQWDWLRQ RI D GLVWULEXWHG V\VWHP JRYHUQHG E\ SDUWLDO GLmHU�
HQWLDO HTXDWLRQV E\ WKDW RI D GLVFUHWH V\VWHP ZKRVH PRWLRQ LV GHVFULEHG E\ RUGLQDU\ GLmHUHQWLDO HTXDWLRQV� :KHQ
KHDW DGGLWLRQ B4 LV DFFRXQWHG IRU� WKH FODVVLFDO HTXDWLRQV IRU DFRXVWLF PRPHQWXP DQG SUHVVXUH DUH
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7KH ZDYH HTXDWLRQ IRU WKH SUHVVXUH oXFWXDWLRQV LV IRXQG E\ VXEVWLWXWLQJ ������D�E IRU #X�
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:H VHHN D UHVXOW PHDVXULQJ LQ VRPH IDVKLRQ WKH LQoXHQFH RI B4 RQ WKH VWDELOLW\ RI ZDYHV� 7KH VLPSOHVW PHWKRG
SURGXFLQJ DQ H[SOLFLW IRUPXOD RI VRPH JHQHUDOLW\ LV EDVHG RQ VSDWLDO DYHUDJLQJ� FRQVWUXFWHG RQ WKH DVVXPSWLRQ
WKDW WKH ULJKW�KDQG VLGH RI ������ LV D VPDOO GLVWXUEDQFH RI WKH FODVVLFDO DFRXVWLFV SUREOHP�

,I B4  �� WKHQ WKH DFRXVWLFV nHOG LQ WKH 5LMNH WXEH LV D QRUPDO PRGH IRU ZKLFK WKH SUHVVXUH oXFWXDWLRQ LV
JLYHQ E\ ����� DQG S� VDWLVnHV ������ ZLWK B4  ��
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:H DVVXPH WKDW S� DQG S�� VDWLVI\ WKH VDPH FRQGLWLRQV DW WKH HQGV RI WKH WXEH�

S����� W�  S���� W�  � �[  ��

S���/� W�  S��/� W�  � �[  /�
������ D�E

5DWKHU WKDQ WU\ WR VROYH WKH DFWXDO SUREOHP GHVFULEHG E\ ������� ZH WU\ WR GHWHUPLQH D IRUPDO FKDUDFWHUL]DWLRQ
RI WKH GLmHUHQFH EHWZHHQ WKH DFWXDO SUREOHP DQG WKH XQSHUWXUEHG FODVVLFDO SUREOHP� :H WKHUHIRUH VXEWUDFW WKH
WZR SUREOHPV� EXW ZHLJKWHG DQG WKHQ VSDWLDOO\ DYHUDJHG�

0XOWLSO\ ������ E\ S��� ������ E\ S�� VXEWUDFW WKH UHVXOWV DQG LQWHJUDWH RYHU WKH YROXPH RI WKH WXEH WR nQG
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1RZ LQWHJUDWH E\ SDUWV WKH VHFRQG LQWHJUDO RQ WKH OHIW�KDQG VLGH DQG XVH WKH ERXQGDU\ FRQGLWLRQV ������ D�E�
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:H KDQGOH WKH WZR WHUPV LQ WKH nUVW LQWHJUDO GLmHUHQWO\� (TXDWLRQ ������ LV KHUH WKH HTXDWLRQ IRU VWHDG\
ZDYHV� S�� EHLQJ JLYHQ E\ ������ VR

#�S��
#W�

 b���3� VLQ���W� VLQ�N�[�  b���S�� ������

%HFDXVH WKH KHDW WUDQVIHU LV DVVXPHG WR EH ZHDN� ZH DVVXPH WKDW LWV SUHVHQFH GRHVQ
W VWURQJO\ DmHFW WKH VSDWLDO
GLVWULEXWLRQ RI WKH SUHVVXUH oXFWXDWLRQ ZKLFK ZH WKHUHIRUH WDNH WR EH DSSUR[LPDWHO\ VLQ N�[� +RZHYHU� ZH VHHN
WKH WUDQVLHQW EHKDYLRU RI WKH DFWXDO SUHVVXUH VR ZH DVVXPH LWV DPSOLWXGH Ss��W� WR YDU\ LQ WLPH DQG VHW

S�  Ss��W� VLQ�N�[� ������

6XEVWLWXWLRQ RI ������ ������ DQG ������ LQ WKH nUVW LQWHJUDO RI HTXDWLRQ ������ JLYHV
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:LWK ������ DQG ������� DQG ����� VXEVWLWXWHG LQ WKH ULJKW�KDQG VLGH� HTXDWLRQ ������ EHFRPHV
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+HQFH WKH DPSOLWXGH s� LV JRYHUQHG E\ WKH HTXDWLRQ IRU D IRUFHG KDUPRQLF RVFLOODWRU KDYLQJ XQGDPSHG QDWXUDO
IUHTXHQF\ ���

G�s�
GW�

� ���s�  
5 &Y

(�
� S

/=
�

VLQ�N�[�
# B4�

#W
G[ ������

ZKHUH ZH KDYH GHnQHG
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1RWH WKDW WKH GLPHQVLRQV RI 4 DUH WKH VDPH DV WKRVH RI SUHVVXUH� HQHUJ\�YROXPH� KHQFH DOO WHUPV LQ ������ KDYH
WKH GLPHQVLRQV � �WLPH���

(TXDWLRQ ������ VKRZV LQ WKH FOHDUHVW SRVVLEOH IDVKLRQ WKH REVWDFOH RQH QHFHVVDULO\ PXVW DGGUHVV LQ VROYLQJ
SUREOHPV RI FRPEXVWLRQ LQVWDELOLWLHV� WKH VSDWLDO GLVWULEXWLRQ RI WKH UDWH RI FKDQJH RI SRZHU GHQVLW\ PXVW EH
VSHFLnHG� 7KDW LV WKH HVVHQWLDO SUREOHP RI PRGHOLQJ WKH PHFKDQLVP HPSKDVL]HG LQ 6HFWLRQ � RI WKHVH QRWHV�
5DWKHU WKDQ FRQVWUXFW DQ H[SOLFLW PRGHO DW WKLV SRLQW� LW LV PRUH LQVWUXFWLYH WR GHDO ZLWK JHQHUDO IHDWXUHV�

7KH TXDQWLW\ B4� LV WKH oXFWXDWLRQ RI WKH ORFDO UDWH DW ZKLFK HQHUJ\ LV DGGHG WR WKH oRZ E\ WKH VRXUFH� KHUH
DQ HOHFWULF KHDWHU� +RZHYHU� LW LV LPSRUWDQW WR HPSKDVL]H WKDW� DV ������ VKRZV� WKH UDWH RI FKDQJH # B4� #W LV WKH
VRXUFH RI ZDYHV� 7KLV SURSHUW\ ZLOO DSSHDU YHU\ FOHDUO\ EHORZ� :LWKLQ WKH UHVWULFWHG UHSUHVHQWDWLRQ ZH XVH KHUH�
D VLQJOH PRGH� ZH KDYH RQO\ WZR LQGHSHQGHQW YDULDEOHV DmHFWLQJ WKH UDWH RI KHDW DGGLWLRQ� WKH ORFDO SUHVVXUH DQG
YHORFLW\� ,I ZH UHVWULFW RXUVHOYHV WR SXUHO\ OLQHDU EHKDYLRU� WKHQ ZKDWHYHU WKH SK\VLFDO SURFHVV PLJKW EH� ZH ZLOO
QHFHVVDULO\ nQG B4� WR EH D OLQHDU FRPELQDWLRQ RI WKH SUHVVXUH DQG YHORFLW\ oXFWXDWLRQV� SRVVLEO\ ZLWK WLPH ODJV�
+HQFH ZH DVVXPH WKH IRUP YDOLG RQO\ IRU OLQHDU EHKDYLRU�

B4�  $S��[� Wb ~S� �%X��[� Wb ~X� ������
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ZKHUH WKH FRQVWDQWV $ DQG %� DQG WKH WLPH ODJV ~S DQG ~X DUH DVVXPHG NQRZQ� 7KHLU YDOXHV FDQ EH GHWHUPLQHG
RQO\ E\ DQDO\]LQJ D GHWDLOHG PRGHO RI WKH SURFHVV FKRVHQ� %HFDXVH S� DQG X� DUH WKH DFWXDO SUHVVXUH DQG YHORFLW\�
QRW NQRZQ XQWLO WKH FRPSOHWH SUREOHP LV VROYHG� DVVXPSWLRQV DUH UHTXLUHG WR DOORZ SURFHHGLQJ IXUWKHU�

7KH HVVHQWLDO LGHD DW WKLV SRLQW LV WKDW WKH ULJKW�KDQG VLGH RI ������ LV VXSSRVHG WR EH VPDOO� 0RUHRYHU� ORFDO

HUURUV LQ VSHFLI\LQJ WKH VSDWLDO GLVWULEXWLRQ RI B4� WHQG WR EH VPRRWKHG RXW E\ WKH VSDWLDO DYHUDJLQJ� +HQFH PDNH
WKH DVVXPSWLRQ WR EH MXVWLnHG LQ WKH IROORZLQJ VHFWLRQV� WKDW S� DQG X� PD\ EH DSSUR[LPDWHG E\ WKHLU FODVVLFDO
DFRXVWLF IRUPV IRXQG ZKHQ B4�  �� 7KXV S� LV JLYHQ E\ ������ DQG X� E\

X��  
Bs�
oN�

FRV N�[ ������

7KH PRWLYDWLRQ IRU WKLV FKRLFH PD\ EH VHHQ XSRQ VXEVWLWXWLQJ ������ DQG ������ LQ WKH DFRXVWLF PRPHQWXP HTXDWLRQ
������D� JLYLQJ WKH HTXDWLRQ IRU s��

�s� � ���s�  � ������

ZKHUH ��  xDN�� +HQFH VLPXOWDQHRXV XVH RI ������ DQG ������ LPSOLHV WKDW s��W� LV DSSUR[LPDWHG E\ LWV XQSHUWXUEHG
DFRXVWLF IRUP� DV UHTXLUHG LQ WKH ULJKW�KDQG VLGH RI ������� :H WKHUHIRUH DVVXPH

B4�  $xSs��Wb ~S� VLQ N�[�
%

oN��
Bs��Wb ~X� FRV N�[ ������

)LQDOO\� IRU DQ LQnQLWHVLPDOO\ WKLQ JULG� B4� LV QRQ�]HUR RQO\ DW WKH JULG� VR ZH PXOWLSO\ ������ E\ D GHOWD
IXQFWLRQ� JLYLQJ

B4�  

�
$xSs��Wb ~S� VLQ N�[�
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oN��
Bs��Wb ~S� FRV N�[

w
p�[b OJ� ������

7KH WLPH GHULYDWLYH RI ������ LV UHTXLUHG LQ ������� $JDLQ ZLWKLQ WKH DSSUR[LPDWLRQV XVHG KHUH� ZH VHW �s� HTXDO
WR LWV FODVVLFDO DFRXVWLF YDOXH� ���s�� IURP ������� DQG
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6XEVWLWXWLRQ LQ ������ DQG UHDUUDQJHPHQW JLYHV
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7R LQYHVWLJDWH VWDELOLW\ ZH DVVXPH WKH XVXDO H[SRQHQWLDO GHSHQGHQFH RQ WLPH

s�  FRQVWd HwW ������

ZLWK

w  m� L� ������

6XEVWLWXWLRQ LQ ������ OHDGV WR D FRPSOH[ HTXDWLRQ IURP ZKLFK WKH IRUPXODV IRU WKH UHDO DQG LPDJLQDU\ SDUWV RI w
DUH
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ZKHUH
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7R JDLQ D FOHDUHU LGHD RI WKH PHDQLQJ RI WKHVH IRUPXODV� ZH PDNH WKH IROORZLQJ DVVXPSWLRQV�

�L� m~ �� D FRQVHTXHQFH RI WKH VPDOOQHVV RI WKH ULJKW�KDQG VLGH RI ������� L�H� WKH KHDW DGGLWLRQ
WR WKH ZDYHV LV D VPDOO SHUWXUEDWLRQ�

�LL� � { �� RQ WKH ULJKW�KDQG VLGHV RI ������D�E� IRU WKH VDPH UHDVRQ�
�LLL� &  �� ZH DVVXPH WKDW WKH LQoXHQFH RI YHORFLW\ RQ WKH KHDW WUDQVIHU LV PRUH VLJQLnFDQW WKDQ

WKDW RI WKH SUHVVXUH�
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7KHQ DIWHU LQVHUWLRQ RI WKH GHnQLWLRQV ������D�E� ZH nQG
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)RU WKH KHDW DGGLWLRQ WR EH GHVWDELOL]LQJ� m ! �� ZKLFK UHTXLUHV
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:LWK N�  { / DQG ��  xDN�  {xD / WKHVH LQHTXDOLWLHV EHFRPH
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7KH nUVW RI ������D�E VKRZV WKDW LI WKH WLPH ODJ EHWZHHQ D YHORFLW\ FKDQJH DQG WKH KHDW WUDQVIHU LV WRR ODUJH� WKH
SURFHVV LV DFWXDOO\ VWDELOL]LQJ� 0RUH LQWHUHVWLQJ LV ������D�E ZKLFK VKRZV WKDW WKH KHDW VRXUFH LV GHVWDELOL]LQJ IRU
~X � / �xD RQO\ LI WKH KHDWLQJ JULG LV ORFDWHG LQ WKH ORZHU KDOI RI WKH WXEH� 7KDW LV DQ LPSRUWDQW UHVXOW FRQnUPHG
E\ H[SHULPHQWDO REVHUYDWLRQV�

,Q RWKHU ZRUGV� WKLV DQDO\VLV KDV VKRZQ WKDW WKH DVVXPHG PRGHO ������ IRU WKH KHDW DGGLWLRQ LQ WKH 5LMNH
WXEH FRUUHFWO\ SUHGLFWV D EDVLF H[SHULPHQWDO REVHUYDWLRQ� 7KH JHQHUDO LPSOLFDWLRQ RI WKLV FRQFOXVLRQ LV WKDW ZH
FDQ XVH D UHVXOW REWDLQHG IURP JOREDO DQDO\VLV RI WKH G\QDPLFV RI WKH V\VWHP WR LQIHU FHUWDLQ JHQHUDO IHDWXUHV RI
WKH PHFKDQLVP RI LQVWDELOLWLHV� 7KLV SULQFLSOH KDV FRQVHTXHQFHV DQG DSSOLFDWLRQV IDU EH\RQG WKH 5LMNH WXEH�

���� 1RQOLQHDU %HKDYLRU� &RQVHTXHQFHV RI 5HFWLnFDWLRQ� 1R DVVXPSWLRQV KDYH EHHQ PDGH DERXW WKH
VRXUFH RI HQHUJ\� B4� DSSHDULQJ LQ ������� 7KH DQDO\VLV QHHG QRW EH UHVWULFWHG WR WKH OLQHDU IRUP ������� 3UREDEO\
WKH PRVW REYLRXV VRUW RI QRQOLQHDU EHKDYLRU DULVHV ZKHQ ZH VXSSRVH WKDW IRU DQ HOHFWULFDOO\ KHDWHG JULG WKH
GRPLQDQW PHFKDQLVP IRU HQHUJ\ DGGLWLRQ WR WKH oRZ LV FRQYHFWLYH KHDW WUDQVIHU� GHSHQGHQW FKLHo\ RQ WKH YHORFLW\
RI WKH oRZ UHODWLYH WR KHDWLQJ HOHPHQW� 2Q LQWXLWLYH JURXQGV ZH H[SHFW WKDW WKH KHDW WUDQVIHU UDWH GHSHQGV RQ
WKH PDJQLWXGH DQG QRW WKH GLUHFWLRQ RI WKH oRZ� WKHQ ZH PD\ ZULWH

B4  I�MXM�
,I ZH IXUWKHU DVVXPH WKDW WKH EXON oRZ LV HVVHQWLDOO\ SDUDOOHO WR WKH D[LV� X KDV WKH VLQJOH FRPSRQHQW X ZKLFK FDQ
EH FRQVLGHUHG DV WKH VXP RI PHDQ DQG oXFWXDWLQJ YDOXHV� +HQFH WKH WRWDO DQG DYHUDJH KHDW WUDQVIHU UDWHV DUH

B4  I�MxX� X�M� � xB4  I�MxXM�
DQG WKH oXFWXDWLRQ LV B4�  B4b xB4

B4�  I�MxX� X�M�b I�MxXM� ������

7KH VLPSOHVW IRUP LV I�MYM�  . MXM DQG ������ LV
B4�  . >MxX� X�M b MxXM@  .xX

�
M� � X�

xX
M b �

w
� ������

WKH VHFRQG HTXDOLW\ KROGLQJ EHFDXVH WKH PHDQ YDOXH LV DOZD\V SRVLWLYH� )LJXUH ��� VKRZV WKH WKUHH VRUWV RI EHKDYLRU
DFFRPSDQ\LQJ WKH WKUHH SRVVLELOLWLHV IRU WKH UHODWLYH YDOXHV RI MX�M DQG xX� MX�M � xX� MX�M ! xX DQG xX  ��

7KH RQO\ SRLQW WR EH PDGH KHUH LV YHU\ VLPSOH� IRU RVFLOODWLRQV WR RFFXU ZLWK WKLV PHFKDQLVP� WKHUH PXVW EH
D PHDQ oRZ� D CGUDIW
 WKURXJK WKH WXEH� ,I xX  �� B4� GHSHQGV RQ MX�M� ZKLFK LV D UHFWLnHG VLQXVRLG IRU VLPSOH
KDUPRQLF RVFLOODWLRQV� %XW WKH IUHTXHQF\ VSHFWUXP FRQWDLQV DQ DYHUDJH �'&� FRPSRQHQW DQG RVFLOODWLRQV DW WZLFH
WKH IXQGDPHQWDO IUHTXHQF\� IRXU WLPHV WKH IXQGDPHQWDO� � � � EXW QRWKLQJ DW WKH IXQGDPHQWDO IUHTXHQF\�

+HQFH DFFRUGLQJ WR �������D�E�� WKH IXQGDPHQWDO PRGH FDQQRW EH H[FLWHG_WKH LQWHJUDO RQ WKH ULJKW�KDQG VLGH
YDQLVKHV� +LJKHU KDUPRQLFV �WKH VHFRQG� IRXUWK� c c c � DUH GULYHQ� EXW WKHLU DWWHQXDWLRQ LV VR ODUJH WKDW WKH\ GR
QRW QDWXUDOO\ RFFXU LQ SUDFWLFH� 7KLV FRQFOXVLRQ FDQ EH UHQGHUHG TXDQWLWDWLYH E\ XVLQJ ������ DV WKH PRGHO IRU

WKH HQHUJ\ VRXUFH # B4� #W LQ �������
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)LJXUH ���� *UDSKV RI B4� . � (TXDWLRQ �������

7KH LPSOLFDWLRQ RI WKLV UHVXOW_WKDW D PHDQ oRZ LV QHFHVVDU\ IRU D 5LMNH WXEH WR EH XQVWDEOH_LV WKDW D
KRUL]RQWDO WXEH ZLOO QRW RVFLOODWH� 7KDW LV D FKDUDFWHULVWLF HDVLO\ REVHUYHG� 6LPSO\ WLOW D YHUWLFDO RVFLOODWLQJ WXEH
WRZDUGV WKH KRUL]RQWDO� 7KH DPSOLWXGH RI VRXQG GHFUHDVHV DV WKH WXEH LV WLSSHG� DQG YDQLVKHV EHIRUH WKH WXEH LV
KRUL]RQWDO�

���� $FWLYH &RQWURO DQG WKH 6RXUFH RI (QHUJ\ $GGLWLRQ� 7KH 5LMNH WXEH LV D SDUWLFXODUO\ JRRG H[DPSOH
IRU LOOXVWUDWLQJ WKH XVH RI DFWLYH FRQWURO� $OWKRXJK WKH VRXUFH RI WKH RVFLOODWLRQV LV ZLWKLQ WKH WXEH ZKRVH G\QDPLFV
DUH WKH CSODQW
 WR EH FRQWUROOHG� WKDW LV� WKH FRPEXVWLRQ G\QDPLFV DUH LQWHUPLQJOHG ZLWK WKH FRPEXVWRU G\QDPLFV�
ZH FDQ GLVWLQJXLVK WKH WZR G\QDPLFDO V\VWHPV DQG UHSUHVHQW WKH FRPSOHWH V\VWHP ZLWK WKH EORFN GLDJUDP VKRZQ
LQ )LJXUH ���� :H DVVXPH WKDW WKH FRPEXVWLRQ G\QDPLFV GHSHQGV RQ WKH XQVWHDG\ SUHVVXUH DQG YHORFLW\ �DFWXDOO\
WKH YDOXHV DW WKH JULG� DQG WKHUHIRUH SURYLGHV WKH IHHGEDFN� WKHUHE\ FRXSOLQJ WKH WZR G\QDPLFDO V\VWHPV�

)RU VLPSOLFLW\ ZH DVVXPH KHUH WKDW WKH FRPEXVWLRQ G\QDPLFV GHSHQG RQO\ RQ WKH SUHVVXUH oXFWXDWLRQ� ,W
V
D JRRG DSSUR[LPDWLRQ EHFDXVH WKH WHPSHUDWXUH DQG GHQVLW\ oXFWXDWLRQ FDQ EH UHODWHG WR WKH SUHVVXUH ZLWK WLPH
ODJ ~ � +HQFH ZH ZULWH

B4��S��  4RS
��Wb ~ � ������
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,W LV PRUH FRQYHQWLRQDO LQ FRQWURO RI OLQHDU V\VWHPV WR FRQVWUXFW EORFN GLDJUDPV LQ WKH IUHTXHQF\ GRPDLQ� %HJLQ
ZLWK WKH HTXDWLRQ ������ IRU WKH 5LMNH WXEH� ZLWK DQ H[WHUQDO 
IRUFH
 DGGHG_IRU H[DPSOH D ORXGVSHDNHU_DQG

ZLWK GDPSLQJ SURSRUWLRQDO WR WKH UDWH RI FKDQJH RI SUHVVXUH� �mGs�
GW
� :H DOVR DOORZ WKH FRPEXVWLRQ SURFHVV WR EH

GLVWULEXWHG VR B4R GHSHQGV RQ [ DQG LV QRW UHVWULFWHG WR D SODQDU VRXUFH RI KHDW�
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/HW 1�V� EH WKH /DSODFH WUDQVIRUP RI s��V�� 7KH /DSODFH WUDQVIRUP RI ������ WKHQ JLYHV

1�V�
d
V� � �mV� ���

e
 �nVHbV~1�V� � )H�V� ������

ZKHUH )H�V� LV WKH WUDQVIRUP RI IH�W��

7KH nUVW WHUP RQ WKH ULJKW�KDQG VLGH UHSUHVHQWV IHHGEDFN GXH WR WKH FRPEXVWLRQ G\QDPLFV� +HUH� ������ FDQ
EH LQWHUSUHWHG ZLWK D EORFN GLDJUDP� )LJXUH ���� 7KH EORFN GLDJUDP FDQ EH VROYHG IRU 1�V� DV IROORZV�
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7KLV RI FRXUVH LV H[DFWO\ WKH VDPH DV WKH VROXWLRQ WR ������� 8VLQJ D EORFN GLDJUDP LQ WKLV ZD\� ZLWK WKH
/DSODFH WUDQVIRUP� LV HQWLUHO\ HTXLYDOHQW WR VROYLQJ WKH GLmHUHQWLDO HTXDWLRQ ������ LQ FRQYHQWLRQDO IDVKLRQ�
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)LJXUH ���� %ORFN 'LDJUDP IRU DQ 8QFRQWUROOHG 5LMNH 7XEH

1RZ GHnQH WKH WUDQVIHU IXQFWLRQV *�V� IRU WKH FRPEXVWRU G\QDPLFV DQG 4�V� IRU WKH FRPEXVWLRQ G\QDPLFV�

7KHQ ������ LV

1�V�  
*�V�

�b*�V�4�V�
)H�V� ������

ZLWK

*�V�  
�

V� � �mV� ���
� 4�V�  �nVHbV~ ������

$FFRUGLQJ WR ������� WKH RXWSXW RI WKH V\VWHP� 1�V�� LV QRQ�]HUR HYHQ LI WKH H[WHUQDO LQSXW )H LV YDQLVKLQJO\
VPDOO LI WKH QXPHUDWRU LQ ������ YDQLVKHV� 7KDW FRQGLWLRQ GHnQHV WKH ERXQGDU\ RI OLQHDU VWDELOLW\�

�b*�V�4�V�  � ������
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7KH URRWV RI WKLV HTXDWLRQ JLYH WKH IUHTXHQF\ DQG GDPSLQJ RI WKH LQVWDELOLW\ DV D IXQFWLRQ RI WKH SDUDPHWHUV
GHnQLQJ WKH V\VWHP� $IWHU VXEVWLWXWLRQ RI *�V� DQG 4�V�� HTXDWLRQ ������� JLYHV

�b �nVHbV~

V� � �mV� ���
 �

RU

V� � �mV� ��� b �nVHbV~  � ������

,I WKHUH LV QR KHDW DGGLWLRQ� n  � >HTXDWLRQ ������@ DQG V VDWLVnHV WKH VHFRQG RUGHU HTXDWLRQV V� � �mV� ���  ��
WKH XVXDO UHVXOW IRU D VLPSOH RVFLOODWRU�
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)LJXUH ���� %ORFN 'LDJUDP IRU D 5LMNH 7XEH ZLWK )HHGEDFN &RQWURO

1RZ VXSSRVH WKDW D FRQWUROOHU KDYLQJ G\QDPLFV &�V� LV DGGHG WR WKH V\VWHP LQ DQ RXWHU IHHGEDFN ORRS� DV
VXJJHVWHG LQ )LJXUH ���� ,QVWHDG RI ������� WKH RXWSXW 1�V� LV UHODWHG WR WKH LQSXW )H�V� E\

1�V�  
*

�b*�4�*�
)H ������

6WDELOLW\ LV QRZ GHWHUPLQHG E\ WKH URRWV RI WKH HTXDWLRQ

�b*�4� &�  � ������

7KXV WKH FRQWURO FDQ EH XVHG WR DOWHU WKH YDOXHV RI WKH URRWV� ,Q SDUWLFXODU� & FDQ RIWHQ EH FKRVHQ VR WKDW DOO
URRWV DUH VWDEOH_L�H� WKH V\VWHP LV VWDEOH_IRU UHDOLVWLF YDOXHV RI WKH GHnQLQJ SDUDPHWHUV�

7KHVH UHVXOWV FRQnUP DQDO\WLFDOO\ WKH LQWXLWLYH UHVXOW WKDW WKH FRPEXVWLRQ G\QDPLFV� UHSUHVHQWHG E\ 4�V��
HTXDWLRQ ������� ZLWK n JLYHQ E\ ������ DUH FHQWUDO LQ WKH SUREOHP RI VWDELOLW\� (VSHFLDOO\� WKH ODVW UHVXOW ������
VKRZV WKDW WR GHVLJQ DQ HmHFWLYH FRQWURO_L�H� DVVLJQ &�V�_WKHQ WKH FRPEXVWLRQ G\QDPLFV 4�V� PXVW EH NQRZQ
DFFXUDWHO\� .QRZLQJ 4�V� LV MXVW DV LPSRUWDQW DV NQRZLQJ *�V�� WKH EHKDYLRU RI WKH FRPEXVWLRQ V\VWHP LV
QHFHVVDULO\ GHSHQGHQW RQ ERWK WKH FRPEXVWLRQ G\QDPLFV DQG WKH FRPEXVWRU G\QDPLFV�
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7KH H[DPSOHV GHVFULEHG LQ 6HFWLRQ �� DQG PDQ\ RWKHUV� HVWDEOLVK D nUP EDVLV IRU LQWHUSUHWLQJ XQVWHDG\
PRWLRQV LQ D FRPEXVWRU LQ WHUPV RI DFRXVWLF PRGHV RI WKH FKDPEHU� 7KDW YLHZ KDV EHHQ IRUPDOL]HG GXULQJ WKH
SDVW nIW\ \HDUV DQG KDV OHG WR WKH PRVW ZLGHO\ XVHG PHWKRGV IRU DQDO\]LQJ FRPEXVWRU G\QDPLFV� ,Q WKLV VHFWLRQ�
ZH SUHVHQW WKH IRXQGDWLRQV RI D SDUWLFXODUO\ VXFFHVVIXO YHUVLRQ RI PHWKRGV EDVHG RQ H[SDQVLRQ LQ QRUPDO PRGHV
DQG VSDWLDO DYHUDJLQJ� :H DVVXPH IDPLOLDULW\ ZLWK PRVW RI WKH UHTXLUHG EDFNJURXQG LQ FODVVLFDO oXLG G\QDPLFV DQG
DFRXVWLFV� 6HFWLRQ � FRYHUV WKH SULQFLSOHV DQG FKLHI UHVXOWV RI FODVVLFDO DFRXVWLFV UHTXLUHG DV SDUW RI WKH IRXQGDWLRQ
IRU XQGHUVWDQGLQJ FRPEXVWLRQ LQVWDELOLWLHV� 7KH GLVFXVVLRQV LQ WKLV DQG WKH IROORZLQJ VHFWLRQV DUH TXLWH IRUPDO�
LQWHQGHG WR VHUYH DV WKH EDVLV IRU D JHQHUDO IUDPHZRUN ZLWKLQ ZKLFK XQVWHDG\ PRWLRQV� HVSHFLDOO\ FRPEXVWLRQ
LQVWDELOLWLHV� LQ DOO W\SHV RI FRPEXVWRUV PD\ EH WUHDWHG� $QDO\VHV XVLQJ DG KRF PRGHOV ZLOO EH FRYHUHG ZKHQ
SDUWLFXODU V\VWHPV DUH FRQVLGHUHG� DV LQ 6HFWLRQ ��

���� 0RGHV RI :DYH 0RWLRQ LQ D &RPSUHVVLEOH 0HGLXP� ,Q WKLV VHFWLRQ� WKH WHUP CPRGHV
 UHIHUV
QRW WR QDWXUDO PRWLRQV RU UHVRQDQFHV RI D FKDPEHU EXW UDWKHU WR D W\SH RU FODVV RI PRWLRQV LQ FRPSUHVVLEOH
oRZV JHQHUDOO\� 7KH EULHI GLVFXVVLRQ KHUH LV LQWHQGHG WR DGGUHVV WKH TXHVWLRQ� KRZ LV LW SRVVLEOH WKDW DSSDUHQWO\
FRKHUHQW QHDUO\�FODVVLF DFRXVWLF ZDYHV H[LVW LQ FKDPEHUV FRQWDLQLQJ KLJKO\ WXUEXOHQW QRQ�XQLIRUP oRZ" ,W
V D
IXQGDPHQWDOO\ LPSRUWDQW REVHUYDWLRQ WKDW VXFK LV WKH FDVH� 7KH H[SODQDWLRQ KDV EHHQ PRVW WKRURXJKO\ FODULnHG
E\ &KX DQG .RYDV]QD\ ������� ZKR HODERUDWHG DQG FRPELQHG VRPH UHVXOWV NQRZQ IRU QHDUO\ D FHQWXU\� 7KHLU
FRQFOXVLRQV PRVW VLJQLnFDQW IRU SUHVHQW SXUSRVHV PD\ EH VXPPDUL]HG DV IROORZV�

��� $Q\ VPDOO DPSOLWXGH �OLQHDU� GLVWXUEDQFH PD\ EH V\QWKHVL]HG RI WKUHH PRGHV RI SURSDJDWLRQ�
HQWURS\ ZDYHV RU CVSRWV
� VPDOO UHJLRQV KDYLQJ WHPSHUDWXUHV VOLJKWO\ GLmHUHQW IURP WKH DPEL�
HQW WHPSHUDWXUH RI WKH oRZ� YRUWLFDO RU VKHDU ZDYHV FKDUDFWHUL]HG E\ QRQXQLIRUP YRUWLFLW\�
DQG DFRXVWLF ZDYHV�

��� ,Q WKH OLQHDU DSSUR[LPDWLRQ� LI WKH oRZ LV XQLIRUP� WKH WKUHH W\SHV RI ZDYHV SURSDJDWH
LQGHSHQGHQWO\� EXW PD\ EH FRXSOHG DW ERXQGDULHV �H�J� QR]]OHV� RU LQ FRPEXVWLRQ ]RQHV�

(QWURS\ DQG YRUWLFDO ZDYHV SURSDJDWH ZLWK WKH PHDQ oRZ VSHHG �CFRQYHFWHG
� EXW DFRXVWLF ZDYHV SURSDJDWH
ZLWK WKHLU RZQ VSHHGV RI VRXQG� 0RUHRYHU� LQ WKLV OLQHDU OLPLW� RQO\ DFRXVWLF ZDYHV FDUU\ GLVWXUEDQFHV RI SUHV�
VXUH� $OO WKUHH W\SHV RI ZDYHV DUH DFFRPSDQLHG E\ YHORFLW\ oXFWXDWLRQV� ,I WKH oRZ LV QRQ�XQLIRUP RU DW nQLWH
DPSOLWXGHV� WKH WKUHH PRGHV EHFRPH FRXSOHG� $V D UHVXOW� HDFK RI WKH ZDYHV WKHQ FDUULHV SUHVVXUH� WHPSHUDWXUH
DQG YHORFLW\ oXFWXDWLRQV� ([WHQVLRQ RI WKH IXQGDPHQWDO WKHRU\ KDV QRW EHHQ DFFRPSOLVKHG FRPSOHWHO\ �VHH &KX
DQG .RYDV]QD\�� 6RPH RI WKH FRQVHTXHQFHV RI WKHVH W\SHV RI PRGDO FRXSOLQJ DULVH LQ WKH WKHRU\ GHYHORSHG KHUH�
EXW PXFK UHPDLQV WR EH LQYHVWLJDWHG� ,Q SDUWLFXODU� LQWHUDFWLRQV EHWZHHQ WXUEXOHQFH DQG DQ DFRXVWLF nHOG LV DQ
LPSRUWDQW SURFHVV UHSUHVHQWHG E\ FRXSOLQJ RI WKH EDVLF OLQHDU PRGHV RI SURSDJDWLRQ�

���� (TXDWLRQV RI 0RWLRQ IRU D 5HDFWLQJ )ORZ� &RPEXVWLRQ V\VWHPV FRPPRQO\ FRQWDLQ FRQGHQVHG
SKDVHV� OLTXLG IXHO RU R[LGL]HU� DQG FRPEXVWLRQ SURGXFWV LQFOXGLQJ VRRW DQG FRQGHQVHG PHWDO R[LGHV� +HQFH WKH
HTXDWLRQV RI PRWLRQ PXVW EH ZULWWHQ IRU WZR SKDVHV FRQVLVWLQJ RI DW OHDVW RQH VSHFLHV HDFK� )RU LQYHVWLJDWLQJ
WKH G\QDPLFV RI FRPEXVWRUV� LW LV HQWLUHO\ DGHTXDWH WR UHSUHVHQW HDFK SKDVH DV LWV PDVV DYHUDJH RYHU DOO PHPEHU
VSHFLHV� )RU D PHGLXP FRQVLVWLQJ RI D PXOWLFRPSRQHQW PL[WXUH RI UHDFWLQJ JDVHV DQG� IRU VLPSOLFLW\� D VLQJOH
OLTXLG SKDVH� LW LV D VWUDLJKWIRUZDUG PDWWHU WR FRQVWUXFW D V\VWHP RI HTXDWLRQV UHSUHVHQWLQJ D VLQJOH oXLG� 7KH
SURFHGXUH LV VXPPDUL]HG LQ $SSHQGL[ $� $V D UHVXOW ZH FDQ WUHDW FRPEXVWRU G\QDPLFV XQGHU EURDG FRQGLWLRQV
DV XQVWHDG\ PRWLRQV RI D oXLG KDYLQJ WKH PDVV�DYHUDJHG SURSHUWLHV RI WKH DFWXDO PHGLXP�� 7KH GLPHQVLRQDO
JRYHUQLQJ HTXDWLRQV DUH �$���^�$����

�:H QRZ XVH &Y � o� 5� c c c WR VWDQG IRU WKH PDVV�DYHUDJHG SURSHUWLHV UHSUHVHQWHG E\ EROG�IDFH V\PEROV LQ $SSHQGL[ $�
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(TXDWLRQ RI 6WDWH
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$OO GHnQLWLRQV DUH JLYHQ LQ $SSHQGL[ $�

,W LV SDUWLFXODUO\ LPSRUWDQW WR UHDOL]H WKDW WKH VRXUFH IXQFWLRQV % � ���� � DQG � FRQWDLQ DOO UHOHYDQW SURFHVVHV
LQ WKH V\VWHPV WR EH DQDO\]HG KHUH� 7KH\ LQFOXGH� IRU H[DPSOH� WKH PRGHOLQJ DQG UHSUHVHQWDWLRQV RI WKH DFWLRQV
RI DFWXDWLRQ PHFKDQLVPV XVHG IRU DFWLYH FRQWURO� (YHQWXDOO\� WKH PRVW GLpFXOW SUREOHPV DULVLQJ LQ WKLV nHOG DUH
DVVRFLDWHG ZLWK PRGHOLQJ WKH SK\VLFDO SURFHVVHV GRPLQDQW LQ WKH SUREOHPV DGGUHVVHG�

%RWK IRU WKHRUHWLFDO DQG FRPSXWDWLRQDO SXUSRVHV LW LV EHVW WR H[SUHVV WKH HTXDWLRQV LQ GLPHQVLRQOHVV YDULDEOHV
XVLQJ WKH UHIHUHQFH YDOXHV�

/ � UHIHUHQFH OHQJWK

|U� SU� 7U� DU � UHIHUHQFH GHQVLW\� SUHVVXUH� WHPSHUDWXUH DQG VSHHG RI VRXQG

&YU� &SU� 5U � UHIHUHQFH YDOXHV RI &Y� &S� 5

7KHQ GHnQH WKH GLPHQVLRQOHVV YDULDEOHV UHSUHVHQWHG E\ 0 DQG WKH VDPH V\PEROV XVHG IRU GLPHQVLRQDO YDULDEOHV�
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6XEVWLWXWLRQ RI WKHVH GHnQLWLRQV LQ HTXDWLRQV �����^����� OHDGV WR WKH VHW RI GLPHQVLRQOHVV HTXDWLRQV IRU WKH
VLQJOH oXLG PRGHO�
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:H HPSKDVL]H DJDLQ WKDW WKH VRXUFH WHUPV DFFRPPRGDWH DOO UHOHYDQW SK\VLFDO SURFHVVHV DQG FDQ EH LQWHUSUHWHG
WR LQFOXGH WKH LQoXHQFHV RI DFWXDWLRQ XVHG LQ DFWLYH FRQWURO�

���� 7ZR�3DUDPHWHU ([SDQVLRQ RI WKH (TXDWLRQV RI 0RWLRQ� 7KH JHQHUDO HTXDWLRQV �����^������ DUH
ZULWWHQ LQ WKH IRUP VXJJHVWLYH RI SUREOHPV WKDW DUH GRPLQDWHG E\ oXLG PHFKDQLFDO SURFHVVHV� D WDFWLF GLFWDWHG
E\ WKH REVHUYDWLRQV GHVFULEHG HDUOLHU� 7KLV SRLQW RI YLHZ LV WKH EDVLV IRU WKH DSSURDFK WDNHQ KHUH WR FRQVWUXFW D
JHQHUDO IUDPHZRUN ZLWKLQ ZKLFK ERWK SUDFWLFDO DQG WKHRUHWLFDO UHVXOWV FDQ EH REWDLQHG E\ IROORZLQJ V\VWHPDWLF
SURFHGXUHV�

:H DUH QRW FRQFHUQHG DW WKLV SRLQW ZLWK VLPXODWLRQV RU RWKHU PHWKRGV UHO\LQJ HVVHQWLDOO\ RQ VRPH VRUW RI
QXPHULFDO DQD\OVLV DQG ODUJH VFDOH FRPSXWDWLRQV� 7KH QDWXUH RI WKH SUREOHPV ZH IDFH VXJJHVWV SHUWXUEDWLRQ
PHWKRGV� ,I WKH VRXUFH WHUPV % � � � � ZHUH DEVHQW IURP �����^������� WKH KRPRJHQHRXV HTXDWLRQV WKHQ UHSUHVHQW
QRQOLQHDU LQYLVFLG PRWLRQV LQ D FRPSUHVVLEOH oXLG� 1RQOLQHDU DFRXVWLFV LQ D PHGLXP ZLWKRXW ORVVHV� 2QH XVHIXO
PHWKRG IRU LQYHVWLJDWLQJ VXFK SUREOHPV LV EDVHG RQ H[SDQVLRQ RI WKH HTXDWLRQV LQ D VPDOO SDUDPHWHU� �� PHDVXULQJ
WKH DPSOLWXGH RI WKH PRWLRQ� 6SHFLnFDOO\� � FDQ EH WDNHQ HTXDO WR 0 �

U� D 0DFK QXPEHU FKDUDFWHULVWLF RI WKH
oXFWXDWLQJ oRZ� � � 0 �

U�

7KH SUREOHPV ZH DUH FRQFHUQHG ZLWK KHUH DUH GHnQHG HVVHQWLDOO\ E\ WKH QRQ�]HUR IXQFWLRQV % � � � � � %HFDXVH
REVHUYHG EHKDYLRU VHHPV WR EH GRPLQDWHG E\ IHDWXUHV UHFRJQL]DEOH DV CDFRXVWLFDO
� WKRVH VRXUFHV ZKLFK H[FLWH DQG
VXVWDLQ WKH DFWXDO PRWLRQV PXVW LQ VRPH VHQVH EH VPDOO� 7KH\ VKRXOG WKHUHIRUH EH FKDUDFWHUL]HG E\ DW OHDVW RQH
DGGLWLRQDO VPDOO SDUDPHWHU� ,W KDV EHFRPH FXVWRPDU\ WR VHOHFW RQO\ RQH VXFK SDUDPHWHU� x � x0U� D 0DFK QXPEHU
x0U FKDUDFWHUL]LQJ WKH PHDQ oRZ� IRU WKH IROORZLQJ UHDVRQV�

�

$Q\ RSHUDWLQJ FRPEXVWLRQ FKDPEHU FRQWDLQV DQ DYHUDJH VWHDG\ oRZ SURGXFHG E\ FRPEXVWLRQ RI WKH IXHO DQG
R[LGL]HU WR JHQHUDWH SURGXFWV� 7KH LQWHQVLW\ RI WKH oRZ� SDUWO\ PHDVXUDEOH E\ WKH 0DFK QXPEHU� LV WKHUHIRUH
UHODWHG WR WKH LQWHQVLW\ RI FRPEXVWLRQ DQG ERWK SURFHVVHV FDQ LQ VRPH VHQVH EH FKDUDFWHUL]HG E\ WKH VDPH TXDQWLW\�
QDPHO\ WKH 0DFK QXPEHU RI WKH DYHUDJH oRZ� 7KXV PDQ\ RI WKH SURFHVVHV UHSUHVHQWHG LQ WKH VRXUFH IXQFWLRQV
PD\ EH FKDUDFWHUL]HG E\ x� LQ WKH VHQVH WKDW WKHLU LQoXHQFHV EHFRPH YDQLVKLQJO\ VPDOO DV x � � DQG DUH DEVHQW
ZKHQ x  ��

�:H XVH WKH V\PEROV � DQG x UDWKHU WKDQ 0 �

U
DQG x0U WR VLPSOLI\ ZULWLQJ�



��

,W LV LPSRUWDQW WR XQGHUVWDQG WKDW WKH WZR VPDOO SDUDPHWHUV � DQG x KDYH GLmHUHQW SK\VLFDO RULJLQV� &RQVH�
TXHQWO\� WKH\ DOVR SDUWLFLSDWH GLmHUHQWO\ LQ WKH IRUPDO SHUWXUEDWLRQ SURFHGXUHV� )DPLOLDU QRQOLQHDU JDV G\QDPLFDO
EHKDYLRU LV� LQ WKH SUHVHQW FRQWH[W� JRYHUQHG E\ WKH SDUDPHWHU �� VWHHSHQLQJ RI FRPSUHVVLYH ZDYHV LV D QRWDEOH
H[DPSOH� ,Q WKH H[SDQVLRQ SURFHGXUH ZRUNHG RXW KHUH� WKH WHUP CQRQOLQHDU EHKDYLRU
 UHIHUV WR WKH FRQVHTXHQFHV
RI WHUPV KLJKHU RUGHU LQ ��

2Q WKH RWKHU KDQG� WKH SDUDPHWHU x FKDUDFWHUL]HV SHUWXUEDWLRQV RI WKH JDVG\QDPLFV GXH LQ WKH nUVW LQVWDQFH
WR FRPEXVWLRQ SURFHVVHV DQG WKH PHDQ oRZ� 7HUPV RI KLJKHU RUGHU LQ x� EXW OLQHDU LQ �� UHSUHVHQW OLQHDU SURFHVVHV
LQ WKLV VFKHPH� )DLOXUH WR UHFRJQL]H WKLV EDVLF GLVWLQFWLRQ EHWZHHQ � DQG x FDQ OHDG WR LQFRUUHFW DSSOLFDWLRQV
RI IRUPDO SURFHGXUHV VXFK DV WKH PHWKRG RI WLPH�DYHUDJLQJ� ,QVWDQFHV RI WKLV SRLQW ZLOO DULVH DV WKH DQDO\VLV LV
GHYHORSHG�

������ ([SDQVLRQ LQ 0HDQ DQG )OXFWXDWLQJ 9DOXHV� 7KHUH LV QR XQLTXH SURFHGXUH IRU FDUU\LQJ RXW D WZR�
SDUDPHWHU H[SDQVLRQ� :H EHJLQ KHUH E\ ZULWLQJ DOO GHSHQGHQW YDULDEOHV DV VXPV RI PHDQ x� � DQG oXFWXDWLQJ � ��

SDUWV ZLWKRXW UHJDUG WR RUGHULQJ
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:H WDNH WKH oXFWXDWLRQV RI WKH SULPDU\ oRZ YDULDEOHV �S�� 0�� |�� 7 �� V�� WR EH DOO RI WKH VDPH RUGHU LQ WKH
DPSOLWXGH � RI WKH XQVWHDG\ PRWLRQ� *HQHUDOO\� WKH VRXUFH WHUPV DUH FRPSOLFDWHG IXQFWLRQV RI WKH oRZ YDULDEOHV
DQG WKHUHIRUH WKHLU oXFWXDWLRQV ZLOO FRQWDLQ WHUPV RI PDQ\ RUGHUV LQ �� )RU H[DPSOH� VXSSRVH %  NS�� 7KHQ
VHWWLQJ S  xS� S� DQG H[SDQGLQJ� ZH KDYH
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�� $OO VRXUFH IXQFWLRQV DUH ZULWWHQ V\PEROLFDOO\ LQ WKH JHQHUDO IRUP VKRZQ IRU �� EXW PRGHOLQJ LV UHTXLUHG

WR JLYH H[SOLFLW IRUPXODV�

0RVW FRPEXVWRUV FRQWDLQ oRZV RI UHODWLYHO\ ORZ 0DFK QXPEHU� VD\ x0 � ��� RU VR� 7KXV ZH FDQ DVVXPH WKDW
IRU D EURDG UDQJH RI FLUFXPVWDQFHV� SURFHVVHV GHSHQGLQJ RQ WKH VTXDUH RI x0� L�H� RI RUGHU x�� SUREDEO\ KDYH VPDOO
LQoXHQFHV RQ WKH XQVWHDG\ PRWLRQV� :H WKHUHIRUH QHJOHFW DOO WHUPV RI RUGHU x� DQG KLJKHU LQ WKH HTXDWLRQV� $V D
SUDFWLFDO PDWWHU� WKH HTXDWLRQV DUH JUHDWO\ VLPSOLnHG ZLWK WKLV DVVXPSWLRQ�

$IWHU VXEVWLWXWLQJ DOO YDULDEOHV VSOLW LQWR VXPV RI PHDQ DQG oXFWXDWLQJ YDOXHV� DQG FROOHFWLRQ RI WHUPV E\
RUGHUV� ZH FDQ UHZULWH �����^������ DV�
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$V D FRQYHQLHQFH LQ ZULWLQJ� LW LV XVHIXO WR LQWURGXFH VRPH V\PEROV GHnQLQJ JURXSV RI RUGHUHG WHUPV� 7KH VHW
RI HTXDWLRQV ������^������ WKHQ EHFRPH�

� x'x|
'W

� x|U c x0b x%

w
�

t
#|�

#W
� x|U c0 �

u
� I>|@J� � I|J� b % �  � ������

�
x|
x' x0

'W
�UxSb x�x�x�

w
�

t
x|
#0�

#W
�US�

u
� I>0@J� � I0J� � I0J� b� �� �� �  � ������

�
x|&Y

x' x7

'W
� xSU c x0b x�

w
�

t
x|&Y

#7 �

#W
� xSU c0 �

u
� I>7 @J

�
� I7J

�
� I7J

�
b ��  � ������

� x'xS
'W

� oxSU c x0b x�
w
�

t
x|&Y

#3 �

#W
� xSU c0 �

u
� I>S@J

�
� ISJ

�
b ��  � ������

�
x|
x'xV

'W
b x!

w
�

t
x| x7

#V�

#W

u
� I>V@J

�
� IVJ

�
� IVJ

�
� IVJ

�
 � ������

d
xSb5x| x7

e
� ISb5|7J

�
� I5|�7J

�
 � ������

7KH GHnQLWLRQV RI WKH EUDFNHWWHG WHUPV I|J
�
� c c c HWF� DUH JLYHQ LQ $SSHQGL[ $� 6HFWLRQ $��� WKH VXEVFULSW

I JQ RQ WKH EUDFNHWV LGHQWLnHV WKH RUGHUV RI WHUPV ZLWK UHVSHFW WR WKH oXFWXDWLRQV RI oRZ YDULDEOHV� DQG WKH
VTXDUH EUDFNHWV > @ LQGLFDWH WKDW WKH WHUPV DUH nUVW RUGHU LQ WKH DYHUDJH 0DFK QXPEHU� :H KDYH VKRZQ KHUH
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LQ HDFK HTXDWLRQ WHUPV RI WKH KLJKHVW RUGHU oXFWXDWLRQV JHQHUDWHG E\ WKH SXUHO\ oXLG PHFKDQLFDO FRQWULEXWLRQV
SOXV VRXUFHV WKDW PXVW EH H[SDQGHG WR RUGHUV DSSURSULDWH WR SDUWLFXODU DSSOLFDWLRQV� 2QO\ WKH HQWURS\ HTXDWLRQ
SURGXFHV WHUPV RI IRXUWK RUGHU�

7LPH GHULYDWLYHV RI TXDQWLWLHV LGHQWLnHG ZLWK WKH PHDQ oRZ DUH UHWDLQHG WR DFFRPPRGDWH YDULDWLRQV RQ D WLPH
VFDOH ORQJ UHODWLYH WR WKH VFDOH RI WKH oXFWXDWLRQV� 7KLV JHQHUDOLW\ LV QRW QRUPDOO\ UHTXLUHG IRU WUHDWLQJ FRPEXVWLRQ
LQVWDELOLWLHV DQG XQOHVV RWKHUZLVH VWDWHG� ZH ZLOO DVVXPH WKDW DOO DYHUDJHG TXDQWLWLHV DUH LQGHSHQGHQW RI WLPH�

������ (TXDWLRQV IRU WKH 0HDQ )ORZ� $W WKLV SRLQW ZH KDYH WZR FKRLFHV� &RPPRQO\ WKH DVVXPSWLRQ LV PDGH
WKDW WKH HTXDWLRQV IRU WKH PHDQ oRZ CVDWLVI\ WKHLU RZQ HTXDWLRQV
� 7KDW LPSOLHV WKDW WKH VTXDUH EUDFNHWV > @ LQ
������^������ YDQLVK LGHQWLFDOO\� :LWK WKH WLPH GHULYDWLYHV DEVHQW� WKH HTXDWLRQV IRU WKH PHDQ oRZ DUH�
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7KLV VHW RI HTXDWLRQV FHUWDLQO\ DSSOLHV ZKHQ WKH DYHUDJH oRZ LV VWULFWO\ LQGHSHQGHQW RI WLPH DQG WKHUH DUH QR
oXFWXDWLRQV� 7KH WLPH GHULYDWLYHV FDQQRW EH LJQRUHG ZKHQ WKH oRZ YDULDEOHV FKDQJH VR VORZO\ WKDW WKH PRWLRQ
PD\ EH FRQVLGHUHG DV CTXDVL�VWHDG\
 DQG oXFWXDWLRQV DUH VWLOO LJQRUDEOH�

,W LV SRVVLEOH WKDW ZKHQ oXFWXDWLRQV DUH SUHVHQW� LQWHUDFWLRQV DPRQJ WKH oRZ YDULDEOHV FDXVH WUDQVIHU RI
PDVV� PRPHQWXP DQG HQHUJ\ EHWZHHQ WKH oXFWXDWLQJ DQG PHDQ oRZV� JHQHUDWLQJ WLPH YDULDWLRQV RI WKH DYHUDJHG
YDULDEOHV� 7KHQ WKH DSSURSULDWH HTXDWLRQV DUH REWDLQHG E\ WLPH�DYHUDJLQJ ������^������ WR JLYH�
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�1RWH WKDW WKH oXFWXDWLRQV RI WKH VRXUFH WHUPV� & �
c c c HWF�� DFWXDOO\ FRQWDLQ VTXDUHV DQG KLJKHU RUGHU SURGXFWV RI WKH GHSHQGHQW

YDULDEOHV� KHQFH WKHLU WLPH DYHUDJHV ZLOO JHQHUDOO\ EH QRQ�]HUR�
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,I WKH PHDQ oRZ LV VWULFWO\ LQGHSHQGHQW RI WLPH� WKHQ WLPH DYHUDJHV RI DOO nUVW�RUGHU EUDFNHWV� I J
�
� PXVW

YDQLVK� )RU JHQHUDOLW\ ZH DOORZ WKHP WR EH QRQ]HUR� 7KHUH VHHP WR EH QR DQDO\VHV LQ ZKLFK WKHLU YDULDWLRQV KDYH
EHHQ WDNHQ LQWR DFFRXQW�

7KH WZR VHWV RI HTXDWLRQV JRYHUQLQJ WKH PHDQ oRZ LQ WKH SUHVHQFH RI XQVWHDG\ PRWLRQ GHnQH WZR GLVWLQFW
IRUPXODWLRQV RI WKH JHQHUDO SUREOHP� ,Q WKH nUVW� HTXDWLRQV ������^������� FRPSXWDWLRQ RI WKH PHDQ oRZ LV
XQFRXSOHG IURP WKDW RI WKH XQVWHDG\ oRZ� +HQFH IRUPDOO\ ZH DUH FRQFHUQHG ZLWK WKH VWDELOLW\ DQG WLPH HYROXWLRQ
RI GLVWXUEDQFHV VXSHUSRVHG RQ D JLYHQ� SUHVXPHG NQRZQ� PHDQ oRZ XQDmHFWHG E\ WKH XQVWHDG\ PRWLRQV� 7KDW LV
WKH VHWWLQJ IRU DOO LQYHVWLJDWLRQV RI FRPEXVWLRQ LQVWDELOLWLHV IRXQGHG RQ WKH VSOLWWLQJ RI VPDOO oRZ YDULDEOHV LQWR
VXPV RI PHDQ DQG oXFWXDWLQJ YDOXHV� 7KLV DSSURDFK H[FOXGHV� IRU H[DPSOH� SRVVLEOH LQoXHQFHV RI RVFLOODWLRQV RQ
WKH PHDQ SUHVVXUH LQ WKH FKDPEHU �RIWHQ FDOOHG C'& VKLIW
�� QRW DQ XQXVXDO RFFXUUHQFH LQ VROLG SURSHOODQW URFNHWV�
:KHQ WKH\ RFFXU� '& VKLIWV RI WKLV VRUW DUH DOPRVW DOZD\V XQDFFHSWDEOH LQ RSHUDWLRQDO PRWRUV� WKH\ PD\ RU PD\
QRW EH VLJQLnFDQWO\ DQG GLUHFWO\ DmHFWHG E\ WKH oXFWXDWLRQV�

,Q FRQWUDVW� WKH VHW ������^������ LV VWURQJO\ FRXSOHG WR WKH oXFWXDWLQJ nHOG� 7KH VLWXDWLRQ LV IRUPDOO\ WKDW
SURGXFLQJ WKH SUREOHP RI CFORVXUH
 LQ WKH WKHRU\ RI WXUEXOHQW oRZV �VHH� IRU H[DPSOH� 7HQQHNHV DQG /XPOH\� ������
:H ZLOO QRW H[SORUH WKH PDWWHU KHUH� EXW ZH QRWH RQO\ WKDW WKH SURFHVV RI WLPH DYHUDJLQJ WHUPV RQ WKH ULJKW�KDQG
VLGHV RI WKH HTXDWLRQV LQWURGXFHV IXQFWLRQV RI WKH oXFWXDWLRQV WKDW DUH DGGLWLRQDO XQNQRZQV� )RUPDO DQDO\VLV WKHQ
UHTXLUHV WKDW WKRVH IXQFWLRQV EH PRGHOHG� SHUKDSV WKH PRVW IDPLOLDU H[DPSOH LQ WKH WKHRU\ RI WXUEXOHQFH LV WKH
LQWURGXFWLRQ RI D CPL[LQJ OHQJWK
 DV SDUW RI WKH UHSUHVHQWDWLRQ RI VWUHVVHV DVVRFLDWHG ZLWK WXUEXOHQW PRWLRQV�

1XPHULFDO VLPXODWLRQV RI FRPEXVWLRQ LQVWDELOLWLHV GR QRW H[KLELW WKH SUREOHP RI FORVXUH LI WKH FRPSOHWH
HTXDWLRQV DUH XVHG� DYRLGLQJ WKH FRQVHTXHQFHV RI WKH DVVXPSWLRQ ������� 7KXV� IRU H[DPSOH� WKH UHVXOWV REWDLQHG
E\ %DXP DQG /HYLQH ������ ����� GR VKRZ WLPH�GHSHQGHQFH RI WKH DYHUDJH SUHVVXUH LQ H[DPSOHV RI LQVWDELOLWLHV
LQ VROLG URFNHWV� $QRWKHU SRVVLEOH FDXVH RI WKDW EHKDYLRU� SUREDEO\ PRUH LPSRUWDQW LQ PDQ\ FDVHV� LV QRQOLQHDU
GHSHQGHQFH RI WKH EXUQLQJ UDWH RQ WKH SUHVVXUH RU YHORFLW\ QHDU WKH VXUIDFH RI D VROLG SURSHOODQW URFNHW� :LWKLQ
WKH VWUXFWXUH JLYHQ KHUH� WKDW EHKDYLRU PD\ DULVH IURP WLPH�DYHUDJHG IXQFWLRQV RI S�� 0�� � � � FRQWDLQHG LQ WKH
ERXQGDU\ FRQGLWLRQV� RU IURP VRPH QRQOLQHDU GHSHQGHQFH VXFK DV M0�M�

:H XVH LQ WKHVH OHFWXUHV WKH IRUPXODWLRQ DVVXPLQJ FRPSOHWH NQRZOHGJH RI WKH PHDQ oRZ� JLYHQ HLWKHU E\
VXLWDEOH PRGHOLQJ RU E\ VROXWLRQ WR WKH JRYHUQLQJ HTXDWLRQV ������^������ RU ������^�������

������ 6\VWHPV RI (TXDWLRQV IRU WKH )OXFWXDWLRQV� 7KH JHQHUDO HTXDWLRQV RI PRWLRQ ������^������ DQG WKRVH IRU
WKH PHDQ oRZ ZULWWHQ LQ 6HFWLRQ ����� FRQWDLQ D UHVWULFWLRQ RQO\ RQ WKH PDJQLWXGH RI WKH DYHUDJH 0DFK QXPEHU�
6XFK JHQHUDOLW\ EORFNV SURJUHVV ZLWK WKH DQDO\VLV DQG IRU PDQ\ DSSOLFDWLRQV LV XQQHFHVVDU\� 7KH VHW RI HTXDWLRQV
������^������ PXVW EH VLPSOLnHG WR IRUPV WKDW FDQ EH VROYHG WR JLYH XVHIXO UHVXOWV� 0DQ\ SRVVLELOLWLHV H[LVW� :H
IROORZ KHUH D FRXUVH WKDW SUHYLRXV H[SHULHQFH KDV VKRZQ WR EH SDUWLFXODUO\ IUXLWIXO IRU LQYHVWLJDWLRQV RI FRPEXVWRU
G\QDPLFV� 7KH FKRLFHV RI DSSUR[LPDWLRQV DQG WDFWLFV DUH XVXDOO\ PRWLYDWHG E\ HYHQWXDO DSSOLFDWLRQV DQG WKH W\SH
RI DQDO\VLV XVHG�

)LUVW ZH DVVXPH WKDW WKH PHDQ oRZ LV GHWHUPLQHG E\ LWV RZQ V\VWHP RI HTXDWLRQV� WKDW LV� ZH DYRLG WKH SUREOHP
RI FORVXUH DQG XVH WKH nUVW IRUPXODWLRQ� HTXDWLRQV ������^������� GLVFXVVHG LQ 6HFWLRQ ������ &RQVHTXHQWO\� WKH
PHDQ oRZ LV WDNHQ WR EH LQGHSHQGHQW RI WLPH DQG WKH FRPELQDWLRQV LQ VTXDUH EUDFNHWV > @� HTXDWLRQV ������^�������
YDQLVK LGHQWLFDOO\� 8VLQJ WKH GHnQLWLRQV RI WKH UHPDLQLQJ EUDFNHWV�
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7KH YDULRXV EUDFNHWV DUH GHnQHG LQ 6HFWLRQ $�� RI $SSHQGL[ $� 7KH\ DUH IRUPHG WR FRQWDLQ WHUPV RUGHUHG ZLWK
UHVSHFW WR ERWK WKH PHDQ 0DFK QXPEHU DQG WKH DPSOLWXGH RI WKH oXFWXDWLRQV�

> @ � �VW RUGHU LQ x0� �VW RUGHU LQ 0�� 2���

I J� � �WK RUGHU LQ x0� �QG RUGHU LQ 0�� 2����

I J� � �WK RUGHU LQ x0� �UG RUGHU LQ 0�� 2����

I J� � �WK RUGHU LQ x0� �WK RUGHU LQ 0�� 2����

������

1R WHUPV KDYH EHHQ GURSSHG LQ SDVVDJH IURP WKH VHW �����^������ WR WKH VHW ������^������� EXW oXFWXDWLRQV RI WKH
VRXUFHV % �� c c c �!� DUH QRW QRZ FODVVLnHG LQWR WKH YDULRXV W\SHV GHnQHG E\ WKH EUDFNHWV �������

:H KDYH SXW WKH HTXDWLRQV LQ WKH IRUPV ������^������ WR HPSKDVL]H WKH SRLQW RI YLHZ WKDW ZH DUH FRQVLGHULQJ
FODVVHV RI SUREOHPV FORVHO\ UHODWHG WR PRWLRQV LQ FODVVLFDO DFRXVWLFV� ,I WKH ULJKW�KDQG VLGHV DUH LJQRUHG� ������^
������ EHFRPH WKH HTXDWLRQV IRU OLQHDU DFRXVWLFV RI D XQLIRUP QRQ�UHDFWLQJ PHGLXP DW UHVW� 7KH SHUWXUEDWLRQV RI
WKDW OLPLWLQJ FODVV DULVH IURP WKUHH W\SHV RI SURFHVVHV�

�L� LQWHUDFWLRQV RI WKH OLQHDU DFRXVWLF nHOG ZLWK WKH PHDQ oRZ� UHSUHVHQWHG E\ WKH WHUPV FRQWDLQHG
LQ WKH VTXDUH EUDFNHWV� I> @J�

�LL� QRQOLQHDU LQWHUDFWLRQV EHWZHHQ WKH oXFWXDWLRQV� UHSUHVHQWHG E\ WKH FXUO\ EUDFNHWV FRQYH�
QLHQWO\ UHIHUUHG WR DV� I J�� VHFRQG RUGHU DFRXVWLFV� I J�� WKLUG RUGHU DFRXVWLFV� DQG I J��
IRXUWK RUGHU DFRXVWLFV�

�LLL� VRXUFHV DVVRFLDWHG ZLWK FRPEXVWLRQ SURFHVVHV� UHSUHVHQWHG E\ WKH VRXUFH WHUPV % ����� �������

DQG !��

%\ VHOHFWLYHO\ UHWDLQLQJ RQH RU PRUH RI WKHVH W\SHV RI SHUWXUEDWLRQV ZH GHnQH D KLHUDUFK\ RI SUREOHPV RI
XQVWHDG\ PRWLRQV LQ FRPEXVWRUV� :H ODEHO WKHVH FODVVHV RI SUREOHPV 2� ,� ,,� ,,,� ,9 DFFRUGLQJ WR WKH RUGHUV RI
WHUPV UHWDLQHG LQ WKH ULJKW�KDQG VLGH ZKHQ WKH OHIW�KDQG VLGH FRPSULVH RQO\ WKH WHUPV RI RUGHU � � 0�

U GHnQLQJ
FOVVLFDO OLQHDU DFRXVWLFV�

2� &ODVVLFDO $FRXVWLFV� �x  �� �� ��

3HUWXUEDWLRQV WR nUVW RUGHU LQ � DUH UHWDLQHG LQ ������^�������
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,� /LQHDU 6WDELOLW\� 2��� x��

5HWDLQ LQWHUDFWLRQV OLQHDU LQ WKH DYHUDJH 0DFK QXPEHU DQG LQ WKH oXFWXDWLRQV�
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5HWDLQ WKH OLQHDU LQWHUDFWLRQV DQG WKH QRQOLQHDU VHFRQG RUGHU DFRXVWLFV�
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5HWDLQ WKH OLQHDU LQWHUDFWLRQV DQG WKH QRQOLQHDU DFRXVWLFV XS WR WKLUG RUGHU�
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������ D�H

)RXU RWKHU FODVVHV RI SUREOHPV SRVVLEOH WR GHnQH LQ WKLV FRQWH[W ZLOO QRW EH FRQVLGHUHG KHUH VLQFH QR UHVXOWV
KDYH EHHQ UHSRUWHG� VHFRQG RUGHU DFRXVWLFV ZLWK PHDQ oRZ LQWHUDFWLRQV� IRXUWK RUGHU DFRXVWLFV� DQG WKLUG DQG
IRXUWK RUGHU DFRXVWLFV ZLWK QRQOLQHDU DFRXVWLFV�PHDQ oRZ LQWHUDFWLRQV�

,Q SUREOHPV ,^,,,� WKH VRXUFH WHUPV % �� c c c PXVW EH H[SDQGHG WR RUGHU FRQVLVWHQW ZLWK WKH RUGHUV RI WKH
oXLG�PHFKDQLFDO SHUWXUEDWLRQV UHWDLQHG�

���� 1RQOLQHDU :DYH (TXDWLRQV IRU WKH 3UHVVXUH )LHOG� 3UDFWLFDOO\ DOO RI WKH VXEVHTXHQW PDWHULDO
LQ WKLV ERRN ZLOO EH HLWKHU GLUHFWO\ FRQFHUQHG ZLWK SUHVVXUH ZDYHV� RU ZLWK LQWHUSUHWDWLRQV RI EHKDYLRU UHODWHG
SUHVVXUH ZDYHV� 7KH SUHVHQFH RI XQVWHDG\ YRUWLFLW\ FDXVHV LPSRUWDQW UHYLVLRQV RI VXFK D UHVWULFWHG SRLQW RI YLHZ�
DV ZH KDYH DOUHDG\ PHQWLRQHG LQ 6HFWLRQ ���� EXW WKH EDVLF LGHDV UHPDLQ LQ DQ\ HYHQW� +HQFH WKH ZDYH HTXDWLRQ
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IRU SUHVVXUH oXFWXDWLRQV RFFXSLHV D PHDQLQJIXO SRVLWLRQ LQ DOO nYH FODVVHV RI SUREOHPV GHnQHG LQ WKH SUHFHGLQJ
VHFWLRQ� ,WV IRUPDWLRQ IROORZV WKH VDPH SURFHGXUH XVHG LQ FODVVLFDO DFRXVWLFV�

'HnQH ��� DQG  WR FRQWDLQ DOO SRVVLEOH WHUPV DULVLQJ LQ WKH VHWV RI HTXDWLRQV FRQVWUXFWHG IRU WKH SUREOHPV
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7KH ERXQGDU\ FRQGLWLRQ IRU WKH SUHVVXUH nHOG LV IRXQG E\ WDNLQJ WKH VFDODU SURGXFW RI WKH RXWZDUG QRUPDO�
DW WKH FKDPEHU ERXQGDU\� ZLWK�
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5HSODFLQJ ��� DQG  E\ WKHLU GHnQLWLRQV ������� ZH KDYH WKH IRUPXODWLRQ EDVHG RQ WKH LQKRPRJHQHRXV QRQOLQHDU
ZDYH HTXDWLRQ DQG LWV ERXQGDU\ FRQGLWLRQ�
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:LWK WKLV IRUPXODWLRQ� WKH ZDYH HTXDWLRQV DQG ERXQGDU\ FRQGLWLRQV IRU WKH FODVVHV RI SUREOHPV GHnQHG LQ
6HFWLRQ ��� DUH GLVWLQJXLVKHG E\ WKH IROORZLQJ IXQFWLRQV K DQG I �
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$OORZLQJ � �� �� � DQG �� WR EH QRQ�]HUR JLYHV WKH RSSRUWXQLW\ IRU UHSUHVHQWLQJ VRXUFHV RI PDVV� PRPHQWXP�
DQG HQHUJ\ ERWK ZLWKLQ WKH YROXPH DQG DW WKH ERXQGDU\� 7KH nUVW WHUP LQ I� DFFRXQWV IRU PRWLRQ RI WKH
ERXQGDU\�

,,� 6HFRQG 2UGHU $FRXVWLFV
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:LWK WKHVH GHnQLWLRQV RI WKH IXQFWLRQV K DQG I � WKH GHnQLWLRQV RI WKH IRXU FODVVHV RI SUREOHPV FRQVLGHUHG KHUH
DUH FRPSOHWH� IRUPLQJ WKH EDVLV IRU WKH DQDO\VLV ZRUNHG RXW LQ WKH UHPDLQGHU RI WKHVH OHFWXUHV� 2QO\ SUREOHPV
ZLWKLQ FODVVLFDO DFRXVWLFV FDQ EH VROYHG HDVLO\� $OO RWKHUV UHTXLUH DSSUR[LPDWLRQV� ERWK LQ PRGHOLQJ SK\VLFDO
SURFHVVHV DQG LQ WKH PHWKRG RI VROXWLRQ� 0RGHOLQJ ZLOO EH GLVFXVVHG LQ WKH FRQWH[WV RI VSHFLnF DSSOLFDWLRQV� D IHZ
UHPDUNV KHOS FODULI\ WKH DSSUR[LPDWH PHWKRG RI VROXWLRQ GHVFULEHG LQ WKH IROORZLQJ VHFWLRQ�

5HPDUNV�

L� 7KH FODVVHV RI SUREOHPV ,^,,, GHnQHG KHUH DUH GHVFULEHG E\ LQKRPRJHQHRXV HTXDWLRQV WKDW
HYHQ IRU OLQHDU VWDELOLW\ FDQQRW EH JHQHUDOO\ VROYHG LQ FORVHG IRUP� 7KH FKLHI REVWDFOHV WR
VROXWLRQ DULVH EHFDXVH WKH IXQFWLRQV K DQG I FRQWDLQ QRW RQO\ WKH XQNQRZQ SUHVVXUH EXW DOVR
WKH YHORFLW\ DQG WHPSHUDWXUH� )RU JLYHQ IXQFWLRQV � �� �� � DQG ��� QXPHULFDO VROXWLRQV FRXOG EH
REWDLQHG IRU D VSHFLnHG FRPEXVWRU DQG PHDQ oRZ nHOG� 7KH UHVXOWV ZRXOG DSSO\ RQO\ WR
WKH VSHFLDO FDVH FRQVLGHUHG� 7R REWDLQ VRPH XQGHUVWDQGLQJ RI JHQHUDO EHKDYLRU LW ZRXOG EH
QHFHVVDU\ WR FRQVLGHU PDQ\ VSHFLDO FDVHV� D WHGLRXV DQG H[SHQVLYH SURFHGXUH�
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LL� 7KHUHIRUH� ZH FKRRVH WR ZRUN RXW DQ DSSUR[LPDWH PHWKRG RI VROXWLRQ DSSOLFDEOH WR DOO FODVVHV
RI SUREOHPV� 1XPHULFDO VROXWLRQV� RU CVLPXODWLRQV
 WKHQ VHUYH WKH LPSRUWDQW SXUSRVH RI DV�
VHVVLQJ WKH YDOLGLW\ DQG DFFXUDF\ RI WKH DSSUR[LPDWH UHVXOWV�

LLL� 7KH DSSUR[LPDWH PHWKRG RI VROXWLRQ LV EDVHG nUVW RQ VSDWLDO DYHUDJLQJ� IROORZHG E\ DQ LWHU�
DWLRQ SURFHGXUH LQYROYLQJ H[WHQVLRQ RI WKH H[SDQVLRQ LQ WZR VPDOO SDUDPHWHUV GHnQHG LQ WKLV
VHFWLRQ� 7KLV PHWKRG KDV EHHQ PRVW ZLGHO\ XVHG DQG FRQnUPHG LQ DSSOLFDWLRQV WR FRPEXVWLRQ
LQVWDELOLWLHV LQ VROLG SURSHOODQW URFNHWV� EXW LW FDQ EH DSSOLHG WR SUREOHPV DULVLQJ LQ DQ\ W\SH
RI FRPEXVWRU�

LY� ,QVWDELOLWLHV LQ VROLG URFNHWV KDYH EHHQ SDUWLFXODUO\ KHOSIXO LQ GHYHORSLQJ WKH JHQHUDO WKHRU\
IRU DW OHDVW WKUHH UHDVRQV� �� WKH PHDQ oRZ nHOG� QRQXQLIRUP DQG JHQHUDWHG E\ PDVV DGGLWLRQ
DW WKH ERXQGDU\� UHTXLUHV FDUHIXO DWWHQWLRQ WR SURFHVVHV DVVRFLDWHG ZLWK LQWHUDFWLRQV EHWZHHQ
WKH PHDQ oRZ DQG XQVWHDG\ PRWLRQV� �� PRUH H[SHULPHQWDO UHVXOWV IRU WUDQVLHQW EHKDYLRU
KDYH EHHQ REWDLQHG IRU VROLG URFNHWV WKDQ IRU DQ\ RWKHU FRPEXVWLRQ V\VWHP� DQG �� DOWKRXJK
VWLOO IDU IURP EHLQJ VDWLVIDFWRULO\ XQGHUVWRRG� WKH G\QDPLFV RI EXUQLQJ VROLG SURSHOODQWV LV
EHWWHU NQRZQ WKDQ IRU DQ\ RWKHU FRPEXVWLRQ V\VWHP�

Y� 7KH oXFWXDWLRQV RI WKH VRXUFH WHUPV� % �� ��� �� � � � !� ZLOO EH PDGH H[SOLFLW DV UHTXLUHG LQ
SDUWLFXODU DSSOLFDWLRQV�
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�� 02'$/ (;3$16,21 $1' 63$7,$/ $9(5$*,1*�
$1 ,7(5$7,9( 0(7+2' 2) 62/87,21

)URP WKH SRLQW RI YLHZ UHSUHVHQWHG LQ )LJXUH ���� ZH DUH FRQFHUQHG LQ WKLV VHFWLRQ ZLWK UHSUHVHQWLQJ WKH
FRPEXVWRU G\QDPLFV� 7KH SURFHGXUH� RIWHQ FDOOHG CPRGHOLQJ
 LV EDVHG RQ WKH HTXDWLRQV RI PRWLRQ FRQVWUXFWHG
LQ WKH SUHFHGLQJ VHFWLRQ DQG KHQFH LQ SULQFLSOH ZLOO FRQWDLQ DOO UHOHYDQW SK\VLFDO SURFHVVHV�� )RU WKH SXUSRVHV
KHUH� DOO PRGHOLQJ RI FRPEXVWRU G\QDPLFV DQG RI FRPEXVWLRQ G\QDPLFV_WKH PHFKDQLVPV DQG IHHGEDFN LQ )LJXUH
���_PXVW EH GRQH LQ WKH FRQWH[W GHYHORSHG LQ 6HFWLRQ �� 7KXV ZH DOZD\V KDYH LQ PLQG WKH LGHD RI ZDYH PRWLRQV
VRPHKRZ JHQHUDWHG DQG VXVWDLQHG E\ LQWHUDFWLRQV EHWZHHQ WKH PRWLRQV WKHPVHOYHV DQG FRPEXVWLRQ SURFHVVHV� WKH
ODWWHU DOVR LQFOXGLQJ FHUWDLQ DVSHFWV RI WKH PHDQ oRZ ZLWKLQ WKH FRPEXVWRU�

7KH VLPSOHVW PRGHO RI WKH FRPEXVWLRQ G\QDPLFV LV D VLQJOH ZDYH� D FODVVLFDO DFRXVWLF UHVRQDQFH DV LQ DQ RUJDQ
SLSH� EXW GHFD\LQJ RU JURZLQJ GXH WR WKH RWKHU SURFHVVHV LQ WKH FKDPEHU� ,Q SUDFWLFH� WKH FRPEXVWLRQ SURFHVVHV
DQG QRQOLQHDU JDVG\QDPLFDO HmHFWV LQHYLWDEO\ OHDG WR WKH SUHVHQFH RI PRUH WKDQ RQH DFRXVWLF PRGH� :H QHHG D
UHODWLYHO\ VLPSOH \HW DFFXUDWH PHDQV RI WUHDWLQJ WKRVH SKHQRPHQD IRU SUREOHPV RI WKH VRUW DULVLQJ LQ WKH ODERUDWRU\
DQG LQ SUDFWLFH� 0RGHOLQJ LQ WKLV FDVH EHJLQV ZLWK FRQVWUXFWLRQ RI D VXLWDEOH PHWKRG IRU VROYLQJ WKH QRQOLQHDU
ZDYH HTXDWLRQV GHULYHG LQ 6HFWLRQ ���� ,Q WKLV FRQWH[W ZH PD\ UHJDUG WKH DQDO\VLV RI WKH 5LMNH WXEH FRYHUHG LQ
6HFWLRQ � DV D EDVLF H[DPSOH RI WKH SURFHGXUH VWULSSHG RI WKH IRUPDOLVP FRYHUHG LQ WKLV VHFWLRQ�

7KH FKLHI SXUSRVH RI WKH DQDO\VLV FRQVWUXFWHG KHUH LV� WR GHYLVH PHWKRGV FDSDEOH RI SURGXFLQJ UHVXOWV XVHIXO
IRU SUHGLFWLRQ DQG LQWHUSUHWDWLRQ RI XQVWHDG\ PRWLRQV LQ IXOO�VFDOH FRPEXVWLRQ FKDPEHUV DV ZHOO DV IRU ODERUDWRU\
GHYLFHV� 7KDW LQWHQWLRQ SODFHV VHULRXV GHPDQGV RQ WKH PHWKRGV XVHG IRU DW OHDVW WZR UHDVRQV�

�� SURFHVVHV WKDW PXVW EH PRGHOHG DUH XVXDOO\ FRPSOLFDWHG DQG WKHLU WKHRUHWLFDO UHSUHVHQWDWLRQV
DUH QHFHVVDULO\ DSSUR[LPDWH WR H[WHQWV ZKLFK WKHPVHOYHV DUH GLpFXOW WR DVVHVV� DQG

�� DOPRVW DOO LQSXW GDWD UHTXLUHG IRU TXDQWLWDWLYH HYDOXDWLRQ RI WKHRUHWLFDO UHVXOWV DUH FKDUDF�
WHUL]HG E\ ODUJH XQFHUWDLQWLHV�

,Q WKLV VLWXDWLRQ LW VHHPV WKDW IRU SUDFWLFDO DQG� DV LW ZLOO WXUQ RXW� IRU WKHRUHWLFDO SXUSRVHV DV ZHOO� WKH
PRVW XVHIXO PHWKRGV ZLOO EH EDVHG RQ VRPH VRUW RI VSDWLDO DYHUDJLQJ� 'LUHFW VROXWLRQ RI WKH SDUWLDO GLmHUHQWLDO
HTXDWLRQV� HYHQ IRU OLQHDU SUREOHPV� LV SUDFWLFDOO\ D KRSHOHVV WDVN H[FHSW IRU YHU\ VSHFLDO FDVHV IRU VLPSOH JHRPHWULHV�
'LUHFW QXPHULFDO VLPXODWLRQV �'16� RU QXPHULFDO VROXWLRQV WR WKH SDUWLDO GLmHUHQWLDO HTXDWLRQV DUH QRW \HW D UHDO
DOWHUQDWLYH IRU SUDFWLFDO SXUSRVHV DW WKLV WLPH� DQG DUH XVXDOO\ OHVV DWWUDFWLYH IRU REWDLQLQJ EDVLF XQGHUVWDQGLQJ�
+RZHYHU� DV ZH ZLOO VHH ODWHU� QXPHULFDO VROXWLRQV RmHU WKH RQO\ PHDQV IRU DVVHVVLQJ WKH YDOLGLW\ RI DSSUR[LPDWH
VROXWLRQV DQG DOZD\V FDQ WUHDW PRUH FRPSOLFDWHG �UHDOLVWLF"� SUREOHPV WKDQ ZH FDQ UHDVRQDEO\ KDQGOH ZLWK WKH
DQDO\WLFDO PHWKRGV GLVFXVVHG KHUH� ,Q DQ\ HYHQW� RQH VKRXOG YLHZ WKHRU\ DQG DQDO\VLV RQ WKH RQH KDQG� DQG
QXPHULFDO VLPXODWLRQV RQ WKH RWKHU� DV FRPSOHPHQWDU\ DFWLYLWLHV�

7KH PDWHULDO RQ DQDO\VLV DQG WKHRU\ RI FRPEXVWLRQ LQVWDELOLWLHV WUHDWHG LQ WKHVH WZR OHFWXUHV LV EDVHG RQ
D PHWKRG RI VSDWLDO DYHUDJLQJ� 7KH HVVHQWLDO LGHD LV RI FRXUVH QRW QHZ� WKH PHWKRG EHLQJ QHDUO\ LGHQWLFDO ZLWK
VLPLODU PHWKRGV XVHG LQ RWKHU EUDQFKHV RI FRQWLQXXP PHFKDQLFV� 7KHUH DUH D IHZ VSHFLDO FKDUDFWHULVWLFV DVVRFLDWHG
ZLWK DSSOLFDWLRQV WR FRPEXVWRU WKDW ZLOO DSSHDU LQ WKH FRXUVH RI WKH IROORZLQJ GLVFXVVLRQ�

���� $SSOLFDWLRQ RI D *UHHQ
V )XQFWLRQ IRU 6WHDG\ :DYHV� 7KH PHWKRG XVHG ODWHU WR DQDO\]H QRQOLQHDU
EHKDYLRU KDV LWV RULJLQV LQ DQ HDUO\ DQDO\VLV RI OLQHDU FRPEXVWLRQ LQVWDELOLWLHV LQ OLTXLG URFNHW HQJLQHV �&XOLFN� �����
������ 7KDW ZRUN ZDV EDVHG RQ VROXWLRQ WR SUREOHPV RI VWHDG\ ZDYHV E\ LQWURGXFLQJ D *UHHQ
V IXQFWLRQ� ,W LV DQ
HmHFWLYH VWUDWHJ\ IRU WKLV DSSOLFDWLRQ EHFDXVH GHSDUWXUHV IURP D NQRZQ VROXEOH SUREOHP DUH VPDOO� GXH HLWKHU WR
SHUWXUEDWLRQV ZLWKLQ WKH YROXPH RU DW WKH ERXQGDU\� DOO RI RUGHU x LQ WKH FRQWH[W GHYHORSHG LQ 6HFWLRQ ��

�7KDW VHHPV WR EH ZKDW VRPH SHRSOH �QRWDEO\ HOHFWULFDO HQJLQHHUV LW VHHPV� PHDQ E\ WKH WHUP CSK\VLFV�EDVHG PRGHOLQJ�
 :KDW

ZRXOG RWKHUZLVH EH WKH EDVLV IRU DFFHSWDEOH PRGHOLQJ RI D SK\VLFDO V\VWHP KDV QRW EHHQ H[SODLQHG�
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7KH SUREOHP WR EH VROYHG LV GHnQHG E\ HTXDWLRQ ������ DQG LWV ERXQGDU\ FRQGLWLRQV ������ GHULYHG LQ 6HFWLRQ
����
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AQ c US�  bI
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ZLWK K DQG I JLYHQ E\ ������ D�E IRU OLQHDU VWDELOLW\� %HFDXVH K DQG I DUH OLQHDU� YDULRXV PHWKRGV DUH DYDLODEOH
WR EXLOG JHQHUDO VROXWLRQV E\ DSSO\LQJ WKH SULQFLSOH RI VXSHUSRVLWLRQ WR HOHPHQWDU\ VROXWLRQV UHSUHVHQWLQJ VWHDG\
ZDYHV� +HQFH ZH DVVXPH WKDW WKH oXFWXDWLQJ SUHVVXUH nHOG LV D VWHDG\ ZDYH V\VWHP ZLWKLQ WKH JLYHQ FKDPEHU�
KDYLQJ XQNQRZQ VSDWLDO VWUXFWXUH DQG YDU\LQJ KDUPRQLFDOO\ LQ WLPH�

S�  ASHLxDNW �����

ZKHUH N LV WKH FRPSOH[ ZDYHQXPEHU� DOVR LQLWLDOO\ XQNQRZQ�

N  
�

xD
�� b Lm� �����

$V GHnQHG KHUH� m SRVLWLYH PHDQV WKDW WKH ZDYH KDV JURZLQJ DPSOLWXGH� S� z HmW� 2I FRXUVH WKH ZDYH LV QRW
VWULFWO\ VWDWLRQDU\� D FRQGLWLRQ H[LVWLQJ RQO\ LI m  �� FHUWDLQO\ WUXH ZKHQ K  I  �� DV LQ FODVVLFDO DFRXVWLFV�

(YHQ ZKHQ K� I DUH QRQ�]HUR� LW LV VWLOO SRVVLEOH WKDW m  �� QRZ GHnQLQJ D VWDWH RI QHXWUDO VWDELOLW\� ,Q JHQHUDO
RQH PXVW H[SHFW m� �� LW LV D EDVLF DVVXPSWLRQ LQ DOO RI WKH DQDO\VLV FRYHUHG LQ WKLV ERRN WKDW m LV VPDOO FRPSDUHG
ZLWK �� VR WKH ZDYHV DUH VORZO\ JURZLQJ RU GHFD\LQJ_WKH\ DUH CDOPRVW
 VWDWLRQDU\� DQG WKHLU VSDWLDO VWUXFWXUH
GRHV QRW FKDQJH PXFK LQ WLPH� +RZHYHU� WKH UHVXOWV REWDLQHG DUH TXLWH UREXVW DQG VHHP RIWHQ WR EH XVDEOH HYHQ
ZKHQ m � LV QRW VPDOO�

7KH SUREOHP KHUH LV WR GHWHUPLQH WKH VSDWLDO GLVWULEXWLRQ AS DQG WKH FRPSOH[ ZDYHQXPEHU N� )RU VWHDG\ ZDYHV
ZH FDQ ZULWH

K  �AKHLxDNW � I  � AIHLxDNW

ZKHUH DJDLQ � LV D VPDOO SDUDPHWHU� FKDUDFWHUL]LQJ WKH VPDOOQHVV RI K DQG I � 6XEVWLWXWLRQ LQ ����� D�E DQG
GURSSLQJ WKH FRPPRQ H[SRQHQWLDO WLPH IDFWRU JLYHV

U�AS� N�AS  �AK

AQ c UAS  b� AI
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7KLV LV RI FRXUVH D ZHOO�NQRZQ FODVVLFDO SUREOHP WKRURXJKO\ GLVFXVVHG LQ PDQ\ ERRNV� 0DQ\ PHWKRGV RI VROXWLRQ
DUH DYDLODEOH IRU WKH OLQHDU SUREOHP� :H XVH KHUH D SURFHGXUH EDVHG RQ LQWURGXFLQJ D *UHHQ
V IXQFWLRQ GLVFXVVHG�
IRU H[DPSOH� E\ 0RUVH DQG )HVKEDFK ������ &KDSWHU ���� 7KLV LV DQ DWWUDFWLYH PHWKRG IRU VHYHUDO UHDVRQV�
LQFOXGLQJ�

�� &RQYHUVLRQ IURP D GLmHUHQWLDO HTXDWLRQ� DQG WKH LWHUDWLYH PHWKRG RI VROXWLRQ WKLV VXJJHVWV� LV
DQ HmHFWLYH PHDQV IRU PLQLPL]LQJ WKH FRQVHTXHQFHV RI WKH XQFHUWDLQWLHV LQKHUHQW LQ SUREOHPV
RI FRPEXVWRU G\QDPLFV�

�� ([SOLFLW UHVXOWV FDQ EH REWDLQHG IRU UHDO DQG LPDJLQDU\ SDUWV RI WKH FRPSOH[ ZDYHQXPEHU LQ
IRUPV WKDW DUH HDVLO\ LQWHUSUHWHG DQG UHPDUNDEO\ FRQYHQLHQW ERWK IRU WKHRUHWLFDO ZRUN DQG
IRU DSSOLFDWLRQV�

�� 7KH PHWKRG KDV PRWLYDWHG D VWUDLJKWIRUZDUG H[WHQVLRQ WR QRQOLQHDU SUREOHPV� ZLWK FRQVLG�
HUDEOH VXFFHVV�

'HnQH D *UHHQ
V IXQFWLRQ VDWLVI\LQJ WKH KRPRJHQHRXV ERXQGDU\ DQG WKH ZDYH HTXDWLRQ KRPRJHQHRXV H[FHSW
DW WKH VLQJOH SRLQW ZKHUH D VRXUFH LV ORFDWHG KDYLQJ ]HUR VSDWLDO H[WHQW DQG LQnQLWH VWUHQJWK VXFK WKDW LV LQWHJUDO
RYHU VSDFH LV nQLWH� 7KXV WKH VRXUFH LV UHSUHVHQWHG E\ D GHOWD IXQFWLRQ bp�U b U�� DQG * LV GHWHUPLQHG DV D
VROXWLRQ WR WKH SUREOHP

U�*�UMU�� � N�*�UMU��  p�Ub U��

AQ c U*�UMU��  �
����� D�E

�/DWHU� � ZLOO EH LGHQWLnHG ZLWK x LQWURGXFHG LQ 6HFWLRQ ��� EXW LW LV XVHIXO LQ WKLV GLVFXVVLRQ WR PDLQWDLQ D GLVWLQFWLRQ�
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7KH QRWDWLRQ UMU� DV WKH DUJXPHQW RI *�UMU�� UHSUHVHQWV WKH LQWHUSUHWDWLRQ RI WKH *UHHQ
V IXQFWLRQ DV WKH ZDYH
REVHUYHG DW SRLQW U GXH WR D VWHDG\ RVFLOODWRU\ SRLQW VRXUFH DW U��

0XOWLSO\ ������ D�E�D E\ *�UMU��� ������ D�E�D E\ AS�U�� VXEWUDFW WKH UHVXOWV DQG LQWHJUDWH RYHU YROXPH �LQ WKH
SUHVHQW FDVH WKH YROXPH RI WKH FKDPEHU� WR nQG===
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%HFDXVH *�UMU�� DQG AS�U� DUH VFDODU IXQFWLRQV WKH VHFRQG LQWHJUDO RQ WKH ULJKW�KDQG VLGH YDQLVKHV� 7KH nUVW
LQWHJUDO LV UHZULWWHQ XVLQJ D IRUP RI *UHHQ
V WKHRUHP� DQG WKH EDVLF SURSHUW\ RI WKH GHOWD IXQFWLRQ LV DSSOLHG WR
WKH VHFRQG LQWHJUDO RQ WKH ULJKW�KDQG VLGH�===
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ZKHUH AQ LV WKH RXWZDUG QRUPDO DW WKH VXUIDFH RI WKH YROXPH 9 LQ TXHVWLRQ�

1RZ DSSO\ WKH ERXQGDU\ FRQGLWLRQV ����� D�E DQG ����� D�E DQG WKH ODVW HTXDWLRQ FDQ EH ZULWWHQ LQ WKH IRUP
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6XEVFULSW � �V PHDQV WKH SRLQW UV OLHV RQ WKH ERXQGDU\ VXUIDFH �DFWXDOO\ RQ WKH LQVLGH VXUIDFH RI WKH ERXQGDU\��
%HFDXVH WKH RSHUDWRU IRU VFDODU ZDYHV LV VHOI�DGMRLQW �VHH 0RUVH DQG )HVKEDFK ����� &KDSWHU ���� WKH *UHHQ
V
IXQFWLRQ SRVVHVVHV WKH SURSHUW\ RI V\PPHWU\

*�UMU��  *�U�MU� �����

7KLV SURSHUW\ KDV WKH DSSHDOLQJ SK\VLFDO LQWHUSUHWDWLRQ WKDW WKH ZDYH REVHUYHG DW U GXH WR D SRLQW VRXUFH DW U�
KDV WKH VDPH DPSOLWXGH DQG UHODWLYH SKDVH DV IRU WKH ZDYH REVHUYHG DW U� ZKHQ D SRLQW VRXUFH LV ORFDWHG DW U�
:LWK ����� ZH FDQ LQWHUFKDQJH U DQG U� LQ ����� WR nQG IRU WKH VWHDG\ nHOG DW SRVLWLRQ U�
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(TXDWLRQ ������ LV QRW DQ H[SOLFLW VROXWLRQ IRU WKH SUHVVXUH nHOG GXH WR WKH VRXUFH IXQFWLRQV AK DQG AI � EXW LV

UDWKHU� DQ LQWHJUDO HTXDWLRQ EHFDXVH AK DQG AI LQ JHQHUDO GHSHQG RQ WKH oXFWXDWLQJ SUHVVXUH DQG YHORFLW\ nHOGV
WKHPVHOYHV� +RZHYHU� EHFDXVH WKH VRXUFHV DUH DVVXPHG WR EH VPDOO SHUWXUEDWLRQV RI WKH FODVVLFDO nHOG KDYLQJ QR
VRXUFHV� � LV VPDOO DQG AS ZLOO QRW GLmHU JUHDWO\ IURP D VROXWLRQ WR WKH KRPRJHQHRXV SUREOHP GHnQHG E\ K  I  ��
7KH UHVXOW ������ UHSUHVHQWV WKH VROXWLRQ WR WKH LQKRPRJHQHRXV SUREOHP� WKH FRPSOHWH VROXWLRQ LV ������ SOXV D
KRPRJHQHRXV VROXWLRQ� $GYDQWDJH ZLOO EH WDNHQ RI WKH VPDOOQHVV RI � WR nQG DQ DSSUR[LPDWH H[SOLFLW VROXWLRQ IRU
AS E\ DQ LWHUDWLYH SURFHGXUH GLVFXVVHG LQ 6HFWLRQ ������

:KDWHYHU WDFWLF RQH PD\ FKRRVH WR IROORZ� WKH UHVXOW ������ LV RI QR SUDFWLFDO YDOXH ZLWKRXW KDYLQJ D UHSUHVHQ�
WDWLRQ RI *�UMU��� 7KH PRVW FRQYHQLHQW IRUP RI *�UMU�� IRU RXU SXUSRVH LV H[SDQVLRQ LQ HLJHQIXQFWLRQV �Q�U�� KHUH
WKH QRUPDO PRGHV RI WKH FODVVLFDO DFRXVWLFV SUREOHP ZLWK QR VRXUFHV LQ WKH YROXPH DQG KRPRJHQHRXV ERXQGDU\
FRQGLWLRQV� *�UMU�� LV WKHUHIRUH H[SUHVVHG DV D PRGDO H[SDQVLRQ�

*�UMU��  
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ZKHUH WKH �Q VDWLVI\
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DQG WKH �Q DUH RUWKRJRQDO IXQFWLRQV� ===
9

�P�U��Q�U�G9  (�QpPQ ������

6XEVWLWXWH ������ LQ ������ D�E�D� PXOWLSO\ E\ �P�U� DQG LQWHJUDWH RYHU WKH YROXPH WR nQG===
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:LWK ������ ������� D�E� DQG ������� WKLV HTXDWLRQ SURGXFHV WKH IRUPXOD IRU $Q�
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7KXV WKH H[SDQVLRQ ������ IRU *�UMU�� LV

*�UMU��  

�;
Q �

�Q�U��Q�U��

(�Q�N
� b N�Q�

������

WKH PRGDO H[SDQVLRQ RI WKH *UHHQ
V IXQFWLRQ� 6XEVWLWXWLRQ RI ������ LQ ������ OHDGV WR WKH IRUPDO PRGDO H[SDQVLRQ
RI WKH SUHVVXUH nHOG�
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6XSSRVH WKDW IRU � WHQGLQJ WR ]HUR� AS�U� DSSURDFKHV WKH XQSHUWXUEHG PRGH VKDSH �1 � OHW WKH FRUUHVSRQGLQJ
IXQFWLRQ AS EH GHQRWHG AS1 � VR
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AS1  �1 ������

1RZ VHSDUDWH WKH 1WK WHUP IURP WKH VXP LQ ������ DQG ZULWH
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ZKHUH WKH SULPH LQ WKH VXPPDWLRQ VLJQ PHDQV WKDW WKH WHUP Q  1 LV PLVVLQJ� 7KLV IRUP LV FRQVLVWHQW ZLWK WKH
UHTXLUHPHQW ������ RQO\ LI WKH IDFWRU PXOWLSO\LQJ �1 �U� LV XQLW\� JLYLQJ WKH IRUPXOD IRU WKH SHUWXUEHG ZDYHQXPEHU
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DQG ������ EHFRPHV
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$QRWKHU PRUH GLUHFW GHULYDWLRQ RI ������ YHU\ XVHIXO LQ ODWHU DQDO\VLV� PD\ EH KDG E\ nUVW PXOWLSO\LQJ ������
D�E�D E\ �1 DQG LQWHJUDWLQJ RYHU WKH YROXPH�===
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$SSOLFDWLRQ RI *UHHQ
V WKHRUHP WR WKH nUVW LQWHJUDO JLYHV===
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7KH LQWHJUDO RI �1 AS LQ WKH GHQRPLQDWRU RI ������ FDQ EH HYDOXDWHG E\ XVLQJ ������ DQG LV H[DFWO\ (�Q� SURYLGLQJ
WKH VHULHV LQ ������ FRQYHUJHV� +HQFH ������ LV LGHQWLFDO WR ������� 7KLV VLPSOH FDOFXODWLRQ KDV VKRZQ WKDW ������
DQG ������ DUH FRQVLVWHQW�

7KH SUHFHGLQJ FDOFXODWLRQ FRQWDLQV VHYHUDO EDVLF LGHDV EHKLQG PXFK RI WKH DQDO\VLV XVHG LQ WKHVH OHFWXUHV� ,Q
VXPPDU\� WKH RULJLQDO SUREOHP GHVFULEHG E\ WKH GLmHUHQWLDO HTXDWLRQ ������ D�E�D DQG LWV ERXQGDU\ FRQGLWLRQ ������
D�E�E DUH FRQYHUWHG WR DQ LQWHJUDO HTXDWLRQ� LQ WKLV FDVH ������� HVWDEOLVKHG E\ LQWURGXFLQJ D *UHHQ
V IXQFWLRQ�
7KLV LV QRW DQ H[SOLFLW VROXWLRQ EHFDXVH WKH IXQFWLRQV K DQG I JHQHUDOO\ GHSHQG RQ WKH GHSHQGHQW YDULDEOH AS�
+RZHYHU� IRUPXODWLRQ DV DQ LQWHJUDO HTXDWLRQ IRUPV D FRQYHQLHQW EDVLV IRU DSSUR[LPDWH VROXWLRQ E\ LWHUDWLRQ�

������ $SSUR[LPDWH 6ROXWLRQ E\ ,WHUDWLRQ� 7R DSSO\ DQ LWHUDWLYH SURFHGXUH� LW LV QHFHVVDU\ nUVW WR JLYH WKH
*UHHQ
V IXQFWLRQ *�UMU�� H[SOLFLW IRUP� 7KH QDWXUDO FKRLFH IRU SUREOHPV RI ZDYHV LQ D FKDPEHU LV D VHULHV H[SDQVLRQ
LQ WKH QDWXUDO PRGHV RI WKH FKDPEHU� D PRGDO H[SDQVLRQ� ������� )RU WKH VPDOO SDUDPHWHU � WHQGLQJ WR ]HUR �L�H�
DOO SHUWXUEDWLRQV RI WKH FODVVLFDO DFRXVWLFV SUREOHP DUH VPDOO�� D VWUDLJKWIRUZDUG DUJXPHQW SURGXFHV WKH IRUPXOD
������ IRU WKH ZDYHQXPEHU DQG WKH LQWHJUDO HTXDWLRQ ������ IRU AS�U��

(TXDWLRQ ������ PXVW EH VROYHG WR JLYH AS EHIRUH WKH ZDYHQXPEHU FDQ EH FRPSXWHG ZLWK ������� :H VKRXOG
HPSKDVL]H WKDW IRU PDQ\ SUDFWLFDO SXUSRVHV� LW LV UHDOO\ N WKDW LV UHTXLUHG� EHFDXVH LWV LPDJLQDU\ SDUW GHWHUPLQHV
WKH OLQHDU VWDELOLW\ RI WKH V\VWHP �m  ��� 7KH JUHDW DGYDQWDJH RI WKLV DSSURDFK PD\ EH VHHQ FOHDUO\ ZLWK D VLPSOH

H[DPSOH� 6XSSRVH AI  � DQG AK  .�� � AS� LQ ����� D�E� 7KHQ ������ DQG ������ EHFRPH
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%HFDXVH � LV DVVXPHG WR EH VPDOO� VROXWLRQ E\ VXFFHVVLYH DSSUR[LPDWLRQ� L�H� DQ LWHUDWLYH SURFHGXUH� LV D ORJLFDO ZD\
WR SURFHHG� 7KH LQLWLDO �]HURWK� DSSUR[LPDWLRQ WR WKH PRGH VKDSH AS LV ������ IRU �  �� AS���  �1 � 6XEVWLWXWLRQ
LQ ������ JLYHV N� FRUUHFW WR nUVW RUGHU LQ ��

�N�����  N�1 �
�.

(�1

===
9

�1 �� � �1 �G9�

 N�1 � �
.,1
(�1

������

ZKHUH ,1 VWDQGV IRU WKH LQWHJUDO�

&DOFXODWLRQ RI AS WR nUVW RUGHU LQ � UHTXLUHV VHWWLQJ AS DQG N� WR WKHLU ]HURWK RUGHU YDOXHV RQ WKH ULJKW�KDQG
VLGH RI ������� AS���  �1 � �N
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6XEVWLWXWLRQ RI WKLV IRUPXOD IRU AS XQGHU WKH LQWHJUDO LQ ������ WKHQ JLYHV WKH VHFRQG DSSUR[LPDWLRQ �N����� WR N��
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$ ZRQGHUIXO SURSHUW\ RI WKH SURFHGXUH LV DOUHDG\ DSSDUHQW� &DOFXODWLRQ RI WKH ZDYHQXPEHU WR VRPH RUGHU O
LQ WKH VPDOO SDUDPHWHU UHTXLUHV NQRZLQJ WKH PRGDO IXQFWLRQV RQO\ WR RUGHU Ob�� 7KDW LV WKH EDVLV IRU WKH FXUUHQW
VWDQGDUG SUDFWLFH RI FRPSXWLQJ OLQHDU VWDELOLW\ IRU VROLG SURSHOODQW URFNHWV �WKH 6WDQGDUG 6WDELOLW\ 3UHGLFWLRQ
3URJUDP� 1LFNHUVRQ HW DO� ����� XVLQJ WKH XQSHUWXUEHG DFRXVWLF PRGHV FRPSXWHG IRU WKH JHRPHWU\ LQ TXHVWLRQ�

7KH ?SHUWXUEDWLRQ�LWHUDWLRQ� SURFHGXUH MXVW GHVFULEHG LV DQ ROG DQG ZLGHO\ XVHG PHWKRG WR REWDLQ VROXWLRQV
WR QRQOLQHDU DV ZHOO DV OLQHDU SUREOHPV� 2IWHQ PXFK DWWHQWLRQ LV SDLG WR DFKLHYLQJ PRUH DFFXUDWH VROXWLRQV E\
FDUU\LQJ WKH LWHUDWLRQV WR KLJKHU RUGHU LQ WKH VPDOO SDUDPHWHU� 7KDW LV D OHJLWLPDWH SURFHVV SURYLGLQJ WKH HTXDWLRQV
WKHPVHOYHV DUH YDOLG WR WKH RUGHU VRXJKW� ,Q 6HFWLRQ � ZH HPSKDVL]HG WKH LPSRUWDQFH RI WKH H[SDQVLRQ SURFHGXUH
ODUJHO\ IRU WKDW UHDVRQ� ,I WKH HTXDWLRQV DUH YDOLG� VD\� RQO\ WR VHFRQG RUGHU LQ WKH DPSOLWXGH ���� WKHUH LV QR
QHHG_LQ IDFW QR MXVWLnFDWLRQ_WR WU\ WR nQG D VROXWLRQ WR RUGHU �� DQG KLJKHU� 6LPLODU UHPDUNV DSSO\ WR WKH
H[SDQVLRQ LQ WKH DYHUDJH 0DFK QXPEHU �x�� 7KH SURFHGXUH LV IXOO\ H[SODLQHG LQ 6HFWLRQ ��� IRU WKH HTXDWLRQV
GHULYHG LQ 6HFWLRQ ����

���� $Q $OWHUQDWLYH 'HULYDWLRQ RI WKH )LUVW 2UGHU )RUPXOD� 7KH UHVXOWV ������ DQG ������ IRU WKH
FRPSOH[ ZDYHQXPEHU DQG PRGH VKDSH FDQ EH FRQVWUXFWLYHO\ REWDLQHG LQ D GLmHUHQW ZD\� %RWK IRUPXODV SURYLGH
PHDQV IRU FRPSXWLQJ WKH GLmHUHQFHV N� b N�1 DQG ASb �1 EHWZHHQ WKH DFWXDO �SHUWXUEHG� TXDQWLWLHV DQG WKH XQ�
SHUWXUEHG TXDQWLWLHV� ,W LV UHDVRQDEOH WKDW WKRVH UHVXOWV VKRXOG VRPHKRZ IROORZ IURP FRPSDULVRQ RI WKH SHUWXUEHG
�� � �� DQG XQSHUWXUEHG ��  �� SUREOHPV� 7KH LGHD LV WR DYHUDJH WKH GLmHUHQFH EHWZHHQ WKH WZR SUREOHPV
ZHLJKWHG UHVSHFWLYHO\ E\ WKH RWKHU
V PRGH VKDSH� 7KDW LV� VXEWUDFW AS WLPHV HTXDWLRQ ������� D�E�D IURP �Q WLPHV
������ D�E�D DQG LQWHJUDWH WKH UHVXOW RYHU WKH YROXPH RI WKH FKDPEHU�===
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1RZ DSSO\ *UHHQ
V WKHRUHP WR WKH nUVW LQWHJUDO� VXEVWLWXWH WKH ERXQGDU\ FRQGLWLRQV ������ D�E�E DQG ������� D�E�E
DQG UHDUUDQJH WKH UHVXOW WR nQG �������
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,I N� LV WR EH FDOFXODWHG WR nUVW RUGHU LQ �� WKHQ AS PXVW EH UHSODFHG E\ LWV ]HUR RUGHU DSSUR[LPDWLRQ AS  �1 �
%HFDXVH WKH FRUUHFWLRQ WR N�1 FRQWDLQV WKH PXOWLSOLHU �� DQ\ FRQWULEXWLRQV RI RUGHU � PXOWLSO\LQJ � JLYH WHUPV RI
RUGHU ��� +HQFH WR nUVW RUGHU� ������ RI FRXUVH EHFRPHV �������

7KLV DSSURDFK GRHV QRW SURYLGH D UHFLSH IRU FRPSXWLQJ WKH PRGDO RU EDVLV IXQFWLRQV WR KLJKHU RUGHU� 7KDW GRHV
QRW FDXVH GLpFXOW\ KHUH EHFDXVH ZH KDYH WKH SURFHGXUH JLYHQ LQ WKH SUHFHGLQJ VHFWLRQ� :H ZLOO nQG ODWHU WKDW WKH
VLPSOH GHULYDWLRQ MXVW JLYHQ VXJJHVWV D XVHIXO H[WHQVLRQ WR WLPH�GHSHQGHQW QRQOLQHDU SUREOHPV� ,Q WKDW VLWXDWLRQ
WKHUH LV QR UHVXOW FRUUHVSRQGLQJ WR ������ IRU FRPSXWLQJ WKH PRGH VKDSHV WR KLJKHU RUGHU� 7KDW GHnFLHQF\ LV D
VHULRXV REVWDFOH WR IXUWKHU SURJUHVV� D VXEMHFW RI FXUUHQW UHVHDUFK�

���� $SSUR[LPDWH 6ROXWLRQ IRU 8QVWHDG\ 1RQOLQHDU 0RWLRQV� 7KH PHWKRG FRYHUHG LQ WKH SUHFHGLQJ
WZR VHFWLRQV� EDVHG HVVHQWLDOO\ LQ WKH XVH RI *UHHQ
V IXQFWLRQV� ZDV WKH nUVW DSSOLFDWLRQ RI PRGDO H[SDQVLRQV DQG
VSDWLDO DYHUDJLQJ WR FRPEXVWLRQ LQVWDELOLWLHV �&XOLFN ����� ������ ,Q WKH HDUO\ ����
V WKH SURFHGXUH ZDV H[WHQGHG
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WR WUHDW QRQOLQHDU SUREOHPV� QHFHVVDULO\ LQYROYLQJ WLPH�GHSHQGHQFH �&XOLFN ����� ������ :H VXPPDUL]H WKDW
DSSURDFK KHUH��

:H EHJLQ ZLWK WKH JHQHUDO SUREOHP ����� D�E DQG DVVXPH DQ DSSUR[LPDWLRQ aS��U� WR WKH SUHVVXUH nHOG DV D
WUXQFDWHG H[SDQVLRQ LQ D VHW RI EDVLV IXQFWLRQV �P�

aS��U� W�  xSU

0;
P �

sP�W��P�U� ������

,Q WKLV ZRUN ZH ZLOO DOZD\V WDNH WKH �P WR EH DFRXVWLF PRGHV GHnQHG E\ WKH JHRPHWU\� WKH GLVWULEXWLRQ RI DYHUDJH
WHPSHUDWXUH DQG VXLWDEOH ERXQGDU\ FRQGLWLRQV�� :H ZRXOG OLNH WKH ULJKW�KDQG VLGH RI ������ WR EHFRPH PRUH
QHDUO\ HTXDO WR WKH DFWXDO SUHVVXUH nHOG LQ WKH FRPEXVWRU DV PRUH WHUPV DUH LQFOXGHG LQ WKH VHULHV� VR WKDW aS� s S�

LQ WKH OLPLW�

OLP
0��

aS�U� W�  OLP
0��

0;
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%HFDXVH WKH �P GR QRW VDWLVI\ WKH FRUUHFW ERXQGDU\ FRQGLWLRQV� WKLV SRLQWZLVH SURSHUW\ FHUWDLQO\ FDQQRW EH
VDWLVnHG DW WKH ERXQGDU\� ,W LV UHDVRQDEOH� KRZHYHU� WR H[SHFW FRQYHUJHQFH LQ LQWHJUDO�VTXDUHG VHQVH� WKDW LV WKH
LQWHJUDO RI WKH VTXDUH RI WKH GLmHUHQFH EHWZHHQ WKH H[DFW VROXWLRQ DQG ������ VDWLVnHV

OLP
0��

=== �
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0;
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:H ZLOO QRW SURYH WKLV SURSHUO\� EXW DVVXPH LWV WUXWK�

&RQYHUJHQFH LQ WKH VHQVH DVVHUWHG E\ ������ LV D FRPPRQ LGHD DULVLQJ� IRU H[DPSOH� LQ IRUPDO WUHDWPHQWV
RI 6WXUP�/LRXYLOOH SUREOHPV� VHH +LOGHEUDQG ���� IRU D YHU\ UHDGDEOH GLVFXVVLRQ� 7KH PDWWHU RI FRQYHUJHQFH RI
DSSUR[LPDWH VROXWLRQV LQ WKH SUHVHQW FRQWH[W LV PRUH FRPSOLFDWHG EHFDXVH RQH PXVW WDNH LQWR DFFRXQW WKH IDFW
WKDW WKH JRYHUQLQJ HTXDWLRQV DQG WKHLU VROXWLRQV DUH H[SDQGHG LQ WKH WZR VPDOO SDUDPHWHUV x DQG � LQWURGXFHG LQ
6HFWLRQ �� :H ZLOO DOVR QRW GLVFXVV WKDW SUREOHP�

7KH V\QWKHVLV RI WKH SUHVVXUH nHOG H[SUHVVHG E\ ������ GRHV QRW UHVWULFW LQ DQ\ SUDFWLFDO IDVKLRQ WKH JHQHUDOLW\
RI WKH PHWKRG� )RU GHnQLWLRQV KHUH ZH DVVXPH WKDW WKH PRGDO IXQFWLRQV VDWLVI\ WKH KRPRJHQHRXV 1HXPDQQ
FRQGLWLRQ AQ c U�Q  �� EXW IRU VRPH DSSOLFDWLRQV D GLmHUHQW ERXQGDU\ FRQGLWLRQ� SHUKDSV RYHU RQO\ SDUW RI WKH
ERXQGDU\� PD\ VHUYH EHWWHU� +HQFH ZH ZLOO DVVXPH KHUH WKDW WKH �Q DUH HLJHQVROXWLRQV WR WKH SUREOHP ������ D�E�

:H UHTXLUH WKDW WKH DSSUR[LPDWLRQ ������ WR S� VDWLVI\ HTXDWLRQ ����� D�E� 0XOWLSO\ ������ D�E ZULWWHQ IRU �1

E\ aS��U� W�� VXEWUDFW IURP ����� D�E ZULWWHQ IRU aS� PXOWLSOLHG E\ �1 � DQG LQWHJUDWH WKH GLmHUHQFH RYHU WKH YROXPH
RI WKH FKDPEHU WR JLYH===
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�$Q DOWHUQDWLYH IRUP EDVHG RQ DQ IRUP RI *DOHUNLQ
V PHWKRG� H[WHQGHG WR DFFRPPRGDWH WKH VRUWV RI SUREOHPV DULVLQJ LQ WKH

SUHVHQW FRQWH[W� ZDV LQWURGXFHG nUVW E\ =LQQ DQG KLV VWXGHQWV� 7KDW SURFHGXUH DQG WKH SUHVHQW PHWKRG JLYH LGHQWLFDO HTXDWLRQV

EHIRUH WKH H[SDQVLRQ SURFHGXUH LV DSSOLHG DQG IXUWKHU DSSUR[LPDWLRQV DUH XVHG� 7KH DSSOLFDELOLW\ RI WKDW PHWKRG VHHPV WR KDYH EHHQ

EOXQWHG LQ VRPH FDVHV E\ XVH RI D YHORFLW\ SRWHQWLDO� WKHUHE\ UHTXLULQJ WKDW WKH XQVWHDG\ nHOG EH LUURWDWLRQDO� ,W VHHPV DOVR WKDW WKH

RUGHULQJ SURFHGXUH �LQ WHUPV RI WKH VPDOO SDUDPHWHUV x0U DQG x0 �

U
� �L�H� x DQG �� KDV QRW EHHQ IROORZHG FRQVLVWHQWO\� FDXVLQJ FRQIXVLRQ

LQ VRPH GHULYDWLRQV DQG FRQFOXVLRQV� 7KRVH PDWWHUV DUH GLVFXVVHG HOVHZKHUH� ,W VHHPV OLNHO\ WKDW WKH H[WHQGHG IRUP RI *DOHUNLQ
V

PHWKRG FRXOG JLYH WKH VDPH �RU QHDUO\ VR� UHVXOWV DV IRXQG E\ WKH PHWKRG GLVFXVVHG KHUH� EXW WKH HDUO\ ZRUNV ZHUH QRW SXUVXHG

IXUWKHU� 7KHUH LV QR EDVLV IRU FRPSDULVRQ�
�7KH VHOHFWLRQ RI ERXQGDU\ FRQGLWLRQV LV SDUW RI WKH DUW RI DSSO\LQJ WKLV PHWKRG� ([DPSOHV FRYHUHG ODWHU ZLOO FODULI\ WKH SRLQW�

)RU WKH SUHVHQW� LW LV KHOSIXO WR WKLQN RI WKH �P DV FODVVLFDO DFRXVWLF PRGHV IRU D YROXPH KDYLQJ ULJLG ZDOOV DQG WKH VDPH VKDSH DV WKH

FRPEXVWLRQ FKDPEHU LQ TXHVWLRQ� 7KH �P WKHUHIRUH GR QRW VDWLVI\ H[DFWO\ WKH ERXQGDU\ FRQGLWLRQV DFWXDOO\ H[LVWLQJ LQ D FRPEXVWRU�

+HQFH WKH ULJKW�KDQG VLGH RI ������ LV DQ DSSUR[LPDWLRQ LQ WZR UHVSHFWV� WKH VHULHV LV WUXQFDWHG WR D nQLWH QXPEHU RI WHUPV DQG LW GRHV

QRW VDWLVI\ WKH FRUUHFW ERXQGDU\ FRQGLWLRQV� +RZHYHU� WKH VROXWLRQ FDUULHG RXW WR WKH QH[W RUGHU GRHV VDWLVI\ WKH ERXQGDU\ FRQGLWLRQV

WR nUVW RUGHU� 7KLV LPSRUWDQW SRLQW LV GLVFXVVHG LQ &KDSWHU �� RI 0RUVH DQG )HVKEDFK ������� 7KH DSSUR[LPDWH QDWXUH RI WKH PRGDO

H[SDQVLRQ ZLOO EH FODULnHG DV WKH DQDO\VLV SURFHHGV�
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$SSO\ *UHHQ
V WKHRUHP WR WKH nUVW LQWHJUDO� VXEVWLWXWH WKH ERXQGDU\ FRQGLWLRQV ����� D�E DQG ������ D�E DQG
UHDUUDQJH WKH UHVXOW WR JLYH===
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1RZ VXEVWLWXWH WKH PRGDO H[SDQVLRQ ������ LQ WKH ULJKW�KDQG VLGH�
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DQG xDU LV D FRQVWDQW UHIHUHQFH VSHHG RI VRXQG� 7KH VHFRQG VXP UHGXFHV� GXH WR WKH RUWKRJRQDOLW\ RI WKH �P� WR
sQ(

�
Q� 8QGHU WKH nUVW LQWHJUDOV� ZULWH
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7KHQ WKH nUVW VXP LQ ������ LV
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:LWK WKHVH FKDQJHV� HTXDWLRQ ������ EHFRPHV
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7KH VXP RQ WKH ULJKW�KDQG VLGH UHSUHVHQWV SDUW RI WKH HmHFW RI D QRQ�XQLIRUP VSHHG RI VRXQG LQ WKH FKDPEHU �LI
cD � ��� 7R VLPSOLI\ ZULWLQJ ZH ZLOO LJQRUH WKLV WHUP XQWLO ZH FRQVLGHU VSHFLDO SUREOHPV LQ ODWHU FKDSWHUV� )RU
VROLG URFNHWV LW LV D QHJOLJLEOH FRQWULEXWLRQ� ,I WKH FRPEXVWRU FRQWDLQV oDPH VKHHWV� WKH WHPSHUDWXUH LV SLHFHZLVH
XQLIRUP DQG WKLV WHUP DOVR GRHVQ
W DSSHDU� EXW WKH SUHVHQFH RI WKH GLVFRQWLQXLWLHV JHQHUDWHV FRUUHVSRQGLQJ WHUPV
DULVLQJ IURP )1 � 7KXV WKHUH DUH XVHIXO VLWXDWLRQV LQ ZKLFK ZH GHDO ZLWK WKH V\VWHP RI HTXDWLRQV�

�s1 � ��1s1  )1 ������

7KLV UHVXOW� D VHW RI FRXSOHG QRQOLQHDU HTXDWLRQV ZLWK WKH IRUFLQJ IXQFWLRQ )1 JLYHQ E\ ������� LV WKH EDVLV IRU
SUDFWLFDOO\ DOO RI WKH DQDO\VLV DQG WKHRU\ GLVFXVVHG LQ WKH UHPDLQGHU RI WKLV ERRN� $ FRUUHVSRQGLQJ UHVXOW LV JLYHQ
LQ $SSHQGL[ % IRU D SXUHO\ RQH�GLPHQVLRQDO IRUPXODWLRQ� ,Q DQWLFLSDWLRQ RI ODWHU GLVFXVVLRQV� VHYHUDO JHQHUDO
UHPDUNV DUH LQ RUGHU�

�L� 7KH IRUPXODWLRQ H[SUHVVHG E\ ������ DFFRPPRGDWHV DOO UHOHYDQW SK\VLFDO SURFHVVHV� ,Q WKH
GHULYDWLRQ RI WKH FRQVHUYDWLRQ HTXDWLRQV LQ $SSHQGL[ $� RQO\ LQFRQVHTXHQWLDO DSSUR[LPDWLRQV
ZHUH PDGH� QRWDEO\ WKH QHJOHFW RI PXOWL�FRPSRQHQW GLmXVLRQ DQG WKH UHSUHVHQWDWLRQ RI WKH
UHDFWLQJ PXOWL�SKDVH PHGLXP E\ D VLQJOH�oXLG PRGHO� +RZHYHU� RQO\ WKH EDVLF JDVG\QDPLFV
DUH NQRZQ H[SOLFLWO\� $OO RWKHU SURFHVVHV PXVW EH PRGHOHG LQ VXLWDEOH IRUPV�

�LL� 'HVSLWH WKH DSSDUHQW JHQHUDOLW\ RI ������ DWWHQWLRQ PXVW EH SDLG WR DQ DVVXPSWLRQ LPSOLHG LQ
WKH DSSOLFDWLRQ RI *UHHQ
V WKHRUHP LQ VSDWLDO DYHUDJLQJ� 7KDW LV� WKH IXQFWLRQV LQYROYHG PXVW
SRVVHVV FHUWDLQ SURSHUWLHV RI FRQWLQXLW\ ZLWKLQ WKH YROXPH RI DYHUDJLQJ� 7KH FRQGLWLRQ LV QRW
VDWLVnHG� IRU H[DPSOH� DW D oDPH VKHHW� ZKHUH WKH YHORFLW\ LV GLVFRQWLQXRXV� DQ LPSRUWDQW
H[FHSWLRQ�

�LLL� 7KH VHOHFWLRQ RI IXQFWLRQV IRU WKH PRGDO H[SDQVLRQ ������ LV QRW XQLTXH� SRVVLEOH DOWHUQDWLYHV
PXVW DOZD\V EH FRQVLGHUHG� :KDW ZRUNV EHVW GHSHQGV RQ WKH QDWXUH RI WKH ERXQGDU\ FRQ�
GLWLRQV� 7KH FORVHU WKH ERXQGDU\ LV WR D ULJLG UHoHFWLQJ VXUIDFH� WKH PRUH HmHFWLYH LV WKH
FKRLFH AQ c U�1  �� PHDQLQJ WKDW WKH DFRXVWLF YHORFLW\ YDQLVKHV RQ WKH ERXQGDU\� %HFDXVH D
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FRPEXVWRU PXVW SURYLGH IRU LQoRZ RI UHDFWDQWV DQG H[KDXVW RI SURGXFWV� LW LV VLPSO\ QRW SRV�
VLEOH WKDW WKH DFWXDO HQFORVXUH EH HYHU\ZKHUH ULJLG DQG SHUIHFWO\ UHoHFWLQJ� )RU AQ c U�1  �
WR EH D JRRG DSSUR[LPDWLRQ� DV LW VKRXOG EH IRU WKH PRGDO H[SDQVLRQ WR VHUYH VXFFHVVIXOO\
DV D ]HURWK DSSUR[LPDWLRQ WR WKH SUHVVXUH nHOG� WKH ERXQGDU\ PXVW EH CQHDUO\
 UHoHFWLQJ�
&KRNHG LQOHWV DQG RXWOHWV VDWLVI\ WKH FRQGLWLRQ LI WKH 0DFK QXPEHU DW WKH FKDPEHU VLGH LV
VPDOO �WKDW LV� WKH oRZ ZLWKLQ WKH YROXPH LV FRQVLVWHQW ZLWK WKH DVVXPSWLRQ x~ ��� $OVR� WKH
G\QDPLFDO UHVSRQVH RI EXUQLQJ VROLG SURSHOODQWV LV QRUPDOO\ VXFK WKDW UHTXLULQJ AQ c U�1  �
LV D JRRG FKRLFH� +HQFH� RYHU D EURDG XVHIXO UDQJH RI SUDFWLFDO FRQGLWLRQV� GHnQLQJ WKH PRGDO
H[SDQVLRQ IXQFWLRQV ZLWK ������ D�E LV D UHDVRQDEOH FKRLFH� ([FHSWLRQV DUH QRW UDUH� KRZHYHU�
DQG FDUH PXVW EH H[HUFLVHG� )RU H[DPSOH� D 5LMNH WXEH �6HFWLRQ �� ZLOO FRQWDLQ D KHDWHU� RU
D WKLQ FRPEXVWLRQ UHJLRQ ZLWKLQ WKH GXFW� &RQWLQXRXV IXQFWLRQV �1 PD\ QRW EH JRRG ]HURWK
DSSUR[LPDWLRQV WR WKH DFWXDO EHKDYLRU GLVFRQWLQXRXV DW WKH KHDWLQJ ]RQH� PRUHRYHU� LQ WKDW
FDVH AQ c U�1  � DW WKH HQGV LV WKH SURSHU FKRLFH IRU ERXQGDU\ FRQGLWLRQV RQ WKH PRGDO
IXQFWLRQV� 0RUH JHQHUDOO\� LI WKH WHPSHUDWXUH nHOG LV KLJKO\ QRQ�XQLIRUP� WKHQ WKH ]HURWK
RUGHU H[SDQVLRQ IXQFWLRQV VKRXOG WDNH WKDW IHDWXUH LQWR DFFRXQW�

�LY� $Q HQRUPRXV DGYDQWDJH RI WKH UHVXOW ������ LV LWV FOHDU LQWHUSUHWDWLRQ� $ JHQHUDO XQVWHDG\
PRWLRQ LQ D FRPEXVWRU LV UHSUHVHQWHG E\ WKH WLPH�HYROXWLRQ RI D V\VWHP RI FRXSOHG QRQOLQHDU
RVFLOODWRUV LQ RQH�WR�RQH FRUUHVSRQGHQFH ZLWK WKH PRGHV �1 � $OWKRXJK WKH OHIW�KDQG VLGH
RI ������ GHVFULEHV WKH PRWLRQ RI D OLQHDU RVFLOODWRU� WKH IRUFLQJ IXQFWLRQ )1 ZLOO LQ JHQHUDO
FRQWDLQ WHUPV LQ s1 UHSUHVHQWLQJ OLQHDU DQG QRQOLQHDU GDPSLQJ� VSULQJLQHVV DQG LQHUWLD�
&RQVHTXHQWO\� DV ZH ZLOO VHH� LW LV HDV\ WR nQG IDPLOLDU QRQOLQHDU GLmHUHQWLDO HTXDWLRQV DV
VSHFLDO FDVHV RI ������� 6XFK VSHFLDO UHVXOWV DLG JUHDWO\ LQWHUSUHWDWLRQ RI FRPSOLFDWHG REVHUYHG
EHKDYLRU LQ WHUPV RI VLPSOHU HOHPHQWDU\ PRWLRQV� 7KXV LW LV LPSRUWDQW WR XQGHUVWDQG WKH
FRQQHFWLRQV EHWZHHQ SDUDPHWHU GHnQLQJ WKH RVFLOODWRUV� WKH FKDUDFWHULVWLFV RI WKH PRGHV� DQG
WKH GHnQLWLRQV SURYLGHG LQ WKH SURFHVV RI VSDWLDO DYHUDJLQJ�

�Y� 'LmHUHQW SUREOHPV DUH GLVWLQJXLVKHG FKLHo\ LQ WZR UHVSHFWV� *HRPHWU\ RI WKH FRPEXVWRU�
DQG WKH IRUP RI WKH IRUFLQJ IXQFWLRQ )1 � 7KH IRUFLQJ IXQFWLRQ FRQWDLQV WKH LQoXHQFHV RI
JDVG\QDPLFV H[SOLFLWO\� EXW DOO RWKHU SURFHVVHV PXVW EH PRGHOHG� HLWKHU ZLWK WKHRU\ RU EDVHG
RQ H[SHULPHQWDO UHVXOWV� 7KH JHRPHWU\ DQG WKH ERXQGDU\ FRQGLWLRQV GHWHUPLQH WKH PRGDO
H[SDQVLRQ IXQFWLRQV �1 DQG WKH IUHTXHQFLHV �1 � )RU FRPSOLFDWHG JHRPHWULHV� DV IRU PDQ\
ODUJH VROLG SURSHOODQW URFNHWV DQG IRU PRVW JDV WXUELQH FRPEXVWRUV� FRPSXWDWLRQ RI WKH �1

DQG �1 KDV EHHQ D WLPH�FRQVXPLQJ DQG H[SHQVLYH SURFHVV� 7KDW VLWXDWLRQ LV JUDGXDOO\
FKDQJLQJ ZLWK WKH GHYHORSPHQW RI PRUH FDSDEOH VRIWZDUH�

�YL� 7KH UHODWLYHO\ JHQHUDO FRQWH[W LQ ZKLFK WKH RVFLOODWRU HTXDWLRQV KDYH EHHQ GHULYHG GRHV QRW
H[FOXGH VLPSOHU SUREOHPV ZKLFK FDQ HLWKHU EH WUHDWHG DV VSHFLDO FDVHV RU FRQVWUXFWHG ZLWKRXW
UHIHUHQFH WR WKH SURFHGXUHV ZRUNHG RXW KHUH� +RZHYHU� LW LV WKHQ RIWHQ PRUH GLpFXOW WR EH
FHUWDLQ WKDW DOO LPSRUWDQW SURFHVVHV DUH DFFRXQWHG IRU RU SURSHUO\ LJQRUHG�

���� $SSOLFDWLRQ RI 7LPH�$YHUDJLQJ� 7R WKLV SRLQW WKH H[SDQVLRQ SURFHGXUH EDVHG RQ WZR VPDOO SD�
UDPHWHUV KDV EHHQ XVHG RQO\ WR GHULYH WKH V\VWHPV RI HTXDWLRQV GHVFULELQJ VXFFHVVLYHO\ PRUH GLpFXOW FODVVHV RU
SUREOHPV LQ 6HFWLRQ ������ 7KHUH DUH DW OHDVW WZR DGGLWLRQDO UHDVRQV IRU LQWURGXFLQJ WKDW SURFHGXUH� /DWHU ZH ZLOO
VHH KRZ DQ LWHUDWLYH PHWKRG EDVHG SDUWO\ RQ WKH H[SDQVLRQ UHGXFHV WKRVH V\VWHPV RI HTXDWLRQV WR PRUH UHDGLO\
VROXEOH IRUPV� ,Q WKLV VHFWLRQ ZH DSSO\ WLPH�DYHUDJLQJ WR FRQYHUW WKH VHFRQG�RUGHU HTXDWLRQV ������ WR nUVW RUGHU
HTXDWLRQV� )LUVW� WZR UHPDUNV�

�L� 8VH RI WLPH�DYHUDJLQJ LV PRWLYDWHG E\ WKH H[SHULPHQWDO REVHUYDWLRQ WKDW FRPEXVWLRQ LQVWDELO�
LWLHV FRPPRQO\ VKRZ VORZO\ YDU\LQJ DPSOLWXGHV DQG SKDVHV RI WKH PRGHV FRQWULEXWLQJ WR WKH
PRWLRQV� 7KDW EHKDYLRU LV D FRQVHTXHQFH RI WKH UHODWLYH ZHDNQHVV RI WKH GLVWXUELQJ SURFHVVHV
DQG LV WKHUHIRUH PHDVXUHG E\ WKH VPDOO SDUDPHWHU x FKDUDFWHULVWLF RI WKH 0DFK QXPEHU RI
WKH PHDQ oRZ� ,W LV HVVHQWLDO WR XQGHUVWDQG WKDW LW LV QRW WKH DPSOLWXGHV WKHPVHOYHV �L�H� WKH
SDUDPHWHU �� WKDW PDWWHUV� 7KXV WKH DSSOLFDWLRQ RI WLPH�DYHUDJLQJ LQ WKH SUHVHQW FRQWH[W
LV QRW LQWHQGHG WR WUHDW QRQOLQHDU EHKDYLRU� EXW LV EDVHG RQ WKH ZHDN FRXSOLQJ EHWZHHQ WKH
PHDQ oRZ DQG WKH XQVWHDG\ PRWLRQV�
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�LL� 7ZR�WLPH VFDOLQJ LV DQ DOWHUQDWLYH PHWKRG WR WLPH�DYHUDJLQJ� 7KH UHVXOWV REWDLQHG DUH LGHQ�
WLFDO XS WR VHFRQG RUGHU DFRXVWLFV �6HFWLRQ ������,,� DQG ����� D FRQFOXVLRQ QRW VKRZQ KHUH
EXW FRQVLVWHQW ZLWK VLPLODU SUHYLRXV ZRUNV LQ RWKHU nHOGV�

$FFRUGLQJ WR WKH GLVFXVVLRQ LQ 6HFWLRQ ������ ZH FDQ FKDUDFWHUL]H WKH IXQFWLRQV K DQG I � DQG KHQFH WKH IRUFLQJ
IXQFWLRQ )Q� DV VXPV RI WHUPV HDFK RI ZKLFK LV RI RUGHU x DQG RI ]HURWK RU nUVW RUGHU LQ �� 7KXV IRU H[DPSOH� WKH
ULJKW�KDQG VLGH RI ������ D�E KDV WKH IRUP

bx�

|
I>0@J� �

�

x
I0J�

}

7KH GLYHUJHQFH RI WKHVH WHUPV HYHQWXDOO\ DSSHDUV LQ K DQG )Q� +HQFH ZH DUH MXVWLnHG LQ WDNLQJ )Q RI RUGHU x� WR
VKRZ WKLV H[SOLFLWO\ ZULWH ������ DV

�s1 � ��1s1  x*1 ������

,Q DQ\ HYHQW� IRU x VPDOO� WKH s1 GLmHU EXW OLWWOH IURP VLQXVRLGV VR �ZLWKRXW DSSUR[LPDWLRQ� LW LV UHDVRQDEOH WR
H[SUHVV s1 �W� LQ WKH HTXLYDOHQW IRUPV

s1 �W�  U1 �W� VLQ ��1 W� �1 �W��  $1 �W� VLQ�1 W�%1 �W� FRV�1 W ������

DQG

$1 �W�  U1 FRV�1 � %1  U1 VLQ�1

U1  
T
$�1 �%�1 � �1  WDQ

b�

t
$1

%1

u
������

2QH ZD\ WR SURFHHG IROORZV D SK\VLFDO DUJXPHQW EDVHG RQ H[DPLQLQJ WKH WLPH HYROXWLRQ RI WKH HQHUJ\ RI WKH
RVFLOODWRU KDYLQJ DPSOLWXGH s1 �&XOLFN ������ 7KH HQHUJ\ �1 LV WKH VXP RI NLQHWLF DQG SRWHQWLDO HQHUJLHV�

�1 �W�  
�

�
Bs�1 �

�

�
��1s�1 ������

7KH WLPH�DYHUDJHG YDOXHV RI WKH HQHUJ\ DQG SRZHU LQSXW WR WKH RVFLOODWRU� GXH WR WKH DFWLRQ RI WKH IRUFH x*1 �
DUH

K�1 L  
�

~

= W�~

W

�1GW� � Kx*1 Bs1 L  
�

~

= W�~

W

x*1 Bs1GW� ������

&RQVHUYDWLRQ RI HQHUJ\ UHTXLUHV WKDW WKH WLPH�DYHUDJHG UDWH RI FKDQJH RI HQHUJ\ HTXDO WKH WLPH�DYHUDJHG UDWH RI
ZRUN GRQH E\ x*1 RQ WKH RVFLOODWRU�

G

GW
K�1 L  xK*1 Bs1 L ������

)URP ������� WKH YHORFLW\ LV

Bs1  �1U1 FRV ��1 W� �1 � �
K
BU1 VLQ ��1 W� �1 � � B�1U1 FRV ��1 W� �1 �

L
������

)ROORZLQJ .U\ORY DQG %RJROLXERY ������ ZH DSSO\ WKH CVWURQJ
 FRQGLWLRQ WKDW WKH YHORFLW\ LV DOZD\V JLYHQ E\ WKH
IRUPXOD IRU DQ RVFLOODWRU LV IRUFH�IUHH�PRWLRQ�

Bs1  �1U1 FRV ��1 W� �1 � ������

+HQFH ������ LV FRQVLVWHQW ZLWK WKLV UHTXLUHPHQW RQO\ LI

BU1 VLQ ��1 W� �1 � � B�1U1 FRV ��1 W� �1 �  � ������

1RZ XVH WKH GHnQLWLRQV ������� ������� ������ DQG ������ WR nQG

�1  
�

�
��1U�1

x*1 Bs1  x*1�1U1 FRV ��1 W� �1 �
������ D�E
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7KH VWDWHPHQW ?VORZO\ YDU\LQJ DPSOLWXGH DQG SKDVH� PHDQV WKDW WKH IUDFWLRQDO FKDQJHV RI DPSOLWXGH DQG
SKDVH DUH VPDOO LQ RQH F\FOH RI WKH RVFLOODWLRQ DQG GXULQJ WKH LQWHUYDO RI DYHUDJLQJ ~ LI ~ LV DW OHDVW HTXDO WR WKH
SHULRG RI WKH IXQGDPHQWDO PRGH�

~

U1

GU1
GW

~ � �
~

�{

G�1
GW

~ � ������

7KHVH LQHTXDOLWLHV LPSO\ WKDW U1 DQG �1 PD\ EH WUHDWHG DV FRQVWDQWV GXULQJ WKH DYHUDJLQJ FDUULHG RXW LQ ������� 7R
VHH WKLV� LPDJLQH WKDW U1 IRU H[DPSOH� LV H[SDQGHG LQ 7D\ORU VHULHV IRU VRPH WLPH W� LQ WKH LQWHUYDO ~ � W � W� � W�~ �

U1 �W�  U1 �W�� � �Wb W��

t
GU1
GW

u
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� c c c

)RU U1 VORZO\ YDU\LQJ� BU1 GRHVQ
W YDU\ PXFK GXULQJ D SHULRG DQG PD\ EH DVVLJQHG VRPH DYHUDJH YDOXH� 7KH
LQFUHPHQW Wb W� KDV PD[LPXP YDOXH ~ � VR WKH VHFRQG WHUP LV QHJOLJLEOH DFFRUGLQJ WR WKH nUVW RI ������� 7KHUHIRUH
U1 �W� { U1 �W�� IRU DQ\ W� LQ WKH LQWHUYDO RI DYHUDJLQJ DQG WKH DVVHUWLRQ LV SURYHG�

6XEVWLWXWLRQ RI ������ D�E LQ ������ WKHQ JLYHV
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7KH FRUUHVSRQGLQJ HTXDWLRQ IRU WKH SKDVH �1 �W� LV IRXQG E\ VXEVWLWXWLQJ ������ DQG ������ LQ ������ WR JLYH
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1RZ WLPH DYHUDJH WKLV HTXDWLRQ RYHU WKH LQWHUYDO ~ � WKH OHIW�KDQG VLGH LV DSSUR[LPDWHO\ FRQVWDQW IRU WKHRUHP JLYH
DERYH� DQG WKH HTXDWLRQ IRU �1 �W� LV

U1
G�1
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*1 VLQ��1 W� � �1 �GW
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:LWK WKH UHODWLRQV ������� HTXDWLRQV ������ DQG ������ FDQ EH FRQYHUWHG WR HTXDWLRQV IRU $1 DQG %1 �
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*1 FRV�1 W�GW�
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*1 VLQ�1 W�GW�
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:KLFKHYHU SDLU RQH FKRRVHV WR XVH� ������ DQG ������ RU ������ D�E� WKH JHQHUDO IRUPDO SUREOHP RI VROYLQJ D V\VWHP
RI FRXSOHG VHFRQG RUGHU HTXDWLRQV ������ IRU WKH RVFLOODWRUV� KDV EHHQ FRQYHUWHG WR WKH VLPSOHU DSSUR[LPDWH IRUPDO
SUREOHP RI VROYLQJ D V\VWHP RI FRXSOHG nUVW RUGHU HTXDWLRQV� 7KH HVVHQWLDO EDVLV IRU WKDW FRQYHUVLRQ LV WKH UHPRYDO
RI WKH IDVW RVFLOODWRU\ EHKDYLRU ZLWK WKH GHnQLWLRQ ������� D WUDQVIRUPDWLRQ PDGH SRVVLEOH EHFDXVH WKH FKDQJHV RI
DPSOLWXGHV DQG SKDVHV WDNH SODFH RQ D PXFK VORZHU �L�H� ORQJHU� WLPH VFDOH WKDQ GR WKH RVFLOODWLRQV� 7KH SUHVHQFH
DQG UROH RI WZR WLPH VFDOHV LV PRUH HYLGHQW LQ WKH IROORZLQJ DOWHUQDWLYH GHULYDWLRQ�

)URP WKH VHFRQG HTXDOLW\ RI ������� ZH nQG WKH YHORFLW\

Bs1  �1 >$1 FRV�1 Wb%1 VLQ�1 W@ �
K
B$1 VLQ�1 W� B%1 FRV�1 W

L
1RZ HQIRUFH WKH FRQGLWLRQ FRUUHVSRQGLQJ WR �������

B$1 VLQ�1 W� B%1 FRV�1 W  � ������

DQG WKH YHORFLW\ LV

Bs1  �1 >$1 FRV�1 Wb%1 VLQ�1 W@ ������
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6XEVWLWXWLRQ LQ ������ JLYHV
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0XOWLSO\ E\ FRV�1 W DQG VXEVWLWXWH ������ IRU B%1 FRV�1 W WR JLYH
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:H QRZ LQWURGXFH WZR WLPH�VFDOHV� ~I WKH nUVW VFDOH� RI WKH RUGHU RI WKH SHULRG RI WKH IXQGDPHQWDO RVFLOODWLRQ
�LQ IDFW� ZH PLJKW DV ZHOO VHW ~I  �{ ���� DQG ~V� WKH VORZ VFDOH FKDUDFWHUL]LQJ WUDQVLHQW FKDQJHV RI WKH DPSOLWXGHV
DQG SKDVHV RI WKH RVFLOODWLRQV� 7ZR FRUUHVSRQGLQJ GLPHQVLRQOHVV WLPH YDULDEOHV FDQ EH GHnQHG� WI  W ~I DQG
WV  W ~V� 7KXV ZH FRQVLGHU WKH DPSOLWXGHV DQG SKDVHV WR EH IXQFWLRQV RI WKH VORZ YDULDEOH WV ZKLOH WKH IRUFLQJ
IXQFWLRQV *1 GHSHQG RQ ERWK WI DQG WR EHFDXVH WKH\ GHSHQG RQ WKH s1 � �L  �� �� c c c �
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DQG DYHUDJLQJ RYHU WKH IDVW YDULDEOH ZH KDYH
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2Q WKH OHIW�KDQG VLGH� G$1 GW�V LV DVVXPH WR EH VHQVLEO\ FRQVWDQW LQ WKH LQWHUYDO ~I DQG ZH KDYH
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7KRVH SDUWV RI *1 GHSHQGLQJ RQ W�V DUH WDNHQ DOVR WR EH FRQVWDQW DQG LI ZH QRZ UHZULWH WKLV HTXDWLRQ LQ WHUPV RI
GLPHQVLRQDO YDULDEOHV� ZH UHFRYHU ������D ZLWK ~  ~I  �{ �� 6LPLODU FDOFXODWLRQV ZLOO SURGXFH DJDLQ ������E�
1RWH WKDW GXH WR WKH QRQOLQHDU FRXSOLQJ� WKH DPSOLWXGH DQG SKDVHV RI DOO PRGHV QRUPDOO\ FKDQJH RQ URXJKO\ WKH
VDPH VFDOH DV WKDW IRU WKH IXQGDPHQWDO PRGH� WKXV WKH VLQJOH LQWHUYDO RI DYHUDJLQJ ZRUNV IRU DOO PRGHV�

,Q 6HFWLRQ ��� ZH ZLOO XVH D FRQWLQXDWLRQ PHWKRG WR DVVHVV WKH UDQJHV RI SDUDPHWHUV DQG RWKHU FRQGLWLRQV
IRU ZKLFK WKH nUVW RUGHU HTXDWLRQV JLYH DFFXUDWH UHVXOWV ZKHQ FRPSDUHG ZLWK VROXWLRQV WR WKH FRPSOHWH RVFLOODWRU
HTXDWLRQV� ,Q WKH GHYHORSPHQW RI WKH WKHRUHWLFDO PDWWHUV GHVFULEHG LQ WKLV ERRN� WKH VHWV RI nUVW RUGHU HTXDWLRQV
KDYH EHHQ FHQWUDO� 7KH\ UHPDLQ H[WUHPHO\ XVHIXO ERWK IRU WKHRUHWLFDO ZRUN DQG IRU DSSOLFDWLRQV�

���� 7KH 3URFHGXUH IRU ,WHUDWLYH 6ROXWLRQ� 7KH RVFLOODWRU HTXDWLRQV ������ DQG ������ DUH QRW \HW LQ
D IRUP WKDW FDQ EH UHDGLO\ VROYHG EHFDXVH WKH IXQFWLRQV )1 � GHnQHG E\ ������ FRQWDLQ QRW RQO\ S� EXW DOVR WKH
GHSHQGHQW YDULDEOHV |�� 7 � DQG X� LQ WKH IXQFWLRQV K DQG I � :LWK WKH WZR�SDUDPHWHU H[SDQVLRQ DV WKH EDVLV�
WKH LWHUDWLRQ SURFHGXUH SURYLGHV D PHDQV IRU H[SUHVVLQJ )1 LQ WHUPV RI S� RQO\� 7KXV HYHQWXDOO\ WKH RVFLOODWRU
HTXDWLRQV EHFRPH D V\VWHP VROXEOH IRU WKH PRGDO DPSOLWXGHV s1 �W�� 7KHUH DUH RI FRXUVH DSSUR[LPDWLRQV UHTXLUHG�
EXW PDJQLWXGHV RI WKHLU HmHFWV FDQ DOZD\V EH HVWLPDWHG LQ WHUPV RI WKH SDUDPHWHUV � DQG x� 7R DSSUHFLDWH KRZ
WKH SURFHGXUH LV FRQVWUXFWHG� LW LV KHOSIXO DOZD\V WR NHHS LQ PLQG WKH FRUUHVSRQGHQFH EHWZHHQ WKH VPDOOQHVV RI �
DQG x� DQG WKH GLVWRUWLRQV WKH\ UHSUHVHQW RI WKH XQSHUWXUEHG FODVVLFDO DFRXVWLF nHOG�
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7KHUH DUH WZR FKLHI W\SHV RI GLVWRUWLRQV RU SHUWXUEDWLRQV� 7KRVH UHSUHVHQWHG E\ �� DULVLQJ DV QRQOLQHDU HmHFWV RI
nQLWH DPSOLWXGHV��� FODVVLnHG JHQHUDOO\ DV HQHUJ\ WUDQVIHU EHWZHHQ PRGHV� DQG WKRVH PHDVXUHG E\ x� FRQVHTXHQFHV
RI LQWHUDFWLRQV� KHQFH HQHUJ\ WUDQVIHU� EHWZHHQ WKH VWHDG\ DQG XQVWHDG\ nHOGV� (DFK RI WKRVH W\SHV RI SHUWXUEDWLRQV
PD\ EH LGHQWLnHG ZLWKLQ WKH YROXPH LQ TXHVWLRQ DQG DW WKH ERXQGDU\� 4XLWH JHQHUDOO\� WKHQ� ZH PXVW WDNH LQWR
DFFRXQW SHUWXUEDWLRQV RI WKH FODVVLFDO DFRXVWLF nHOG� DVVRFLDWHG ZLWK WKUHH NLQGV RI HQHUJ\ WUDQVIHU� OLQHDU WUDQVIHU
EHWZHHQ WKH PHDQ DQG oXFWXDWLQJ PRWLRQV� QRQOLQHDU WUDQVIHU EHWZHHQ PRGHV� RU PRGH FRXSOLQJ� LQGHSHQGHQW RI
WKH DYHUDJH oRZ nHOG� DQG QRQOLQHDU HQHUJ\ WUDQVIHU EHWZHHQ WKH PHDQ oRZ DQG oXFWXDWLQJ nHOGV� 7KH ZD\ LQ
ZKLFK ZH YLHZ DQG DFFRPPRGDWH WKRVH SHUWXUEDWLRQV GHWHUPLQHV RXU FKRLFH RI EDVLV IXQFWLRQV �1 XVHG LQ WKH
PRGDO H[SDQVLRQ �������

������ /LQHDU (QHUJ\ 7UDQVIHU %HWZHHQ WKH 0HDQ DQG )OXFWXDWLQJ 0RWLRQV� $Q\ FRPEXVWRU GHVLJQHG IRU
VWHDG\� RU DW PRVW VORZO\ YDU\LQJ FRQGLWLRQV RQ WKH DFRXVWLF WLPH VFDOH� PXVW KDYH SURYLVLRQ IRU VXSSO\LQJ UHDFWDQWV
DQG H[KDXVWLQJ SURGXFWV� 7KHUH PXVW WKHUHIRUH EH DYHUDJH oRZ ZLWKLQ WKH YROXPH DQG WKURXJK RSHQLQJV LQ WKH
HQFORVLQJ ERXQGDU\� ,I WKH UHDFWDQWV DUH OLTXLG RU JDVHRXV� WKHQ RSHQLQJV H[LVW IRU ERWK LQoRZ DQG RXWoRZ� ,Q
FRPEXVWRUV IRU VROLG SURSHOODQWV� oRZ HQWHUV DW WKH ERXQGDU\ EXW WKHUH DUH QRW RSHQLQJV IRU WKDW SXUSRVH�

�$� 9ROXPHWULF ,QWHUDFWLRQV

7KH JHQHUDO HTXDWLRQV RI PRWLRQ LQ SULQFLSOH FRQWDLQ DOO LQWHUDFWLRQV EHWZHHQ WKH PHDQ DQG oXFWXDWLQJ PRWLRQV
ZLWKLQ WKH YROXPH� 0DQ\ DUH VKRZQ H[SOLFLWO\ DV WKH EUDFNHWWHG WHUPV > x0@�

j
x0
k
� >|�@� IS�J� c c c GHnQHG LQ 6HFWLRQ

������ 7KRVH WHUPV LQ WKH IRUPV JLYHQ WKHUH DFFRXQW IRU LQWHUDFWLRQV RI WKH PHDQ oRZ YHORFLW\ ZLWK WKH DFRXVWLF
nHOG DQG KDYH ORQJ VHUYHG WKDW SXUSRVH ZHOO LQ LQYHVWLJDWLRQV RI FRPEXVWLRQ LQVWDELOLWLHV� $GGLWLRQDO FRQVLGHUDWLRQ
DUH UHTXLUHG WR WUHDW LQWHUDFWLRQV DVVRFLDWHG ZLWK HQWURS\ DQG YRUWLFLW\ ZDYHV� LQFOXGLQJ WXUEXOHQFH DQG QRLVH� D
VXEMHFW FRYHUHG LQ 6HFWLRQ ������

6SHFLDO HmHFWV DOVR DULVH ZKHQ WKH DYHUDJH WHPSHUDWXUH nHOG LV QRQXQLIRUP� WKH ODVW WHUP LQ ������ UHSUHVHQWV
RQH FRQVHTXHQFH RI QRQXQLIRUP DYHUDJH WHPSHUDWXUH EXW RWKHUV DUH FRQWDLQHG LQ WKH IRUPXOD JLYHQ IRU K� HTXDWLRQ
������� 1RQXQLIRUPLWLHV RI WHPSHUDWXUH FDXVH QRQXQLIRUPLWLHV LQ WKH VSHHG RI VRXQG ZKLFK PD\ EH UHJDUGHG
DV QRQXQLIRUPLWLHV LQ WKH LQGH[ RI UHIUDFWLRQ IRU DFRXVWLF ZDYHV� 7KXV LQ WKH JHQHUDO FRQWH[W RI ZDYH PRWLRQV�
SKHQRPHQD VXFK DV UHIUDFWLRQ DQG GLmUDFWLRQ PXVW DULVH� +RZHYHU� WKH DQDO\VLV FRYHUHG KHUH IRU ZDYH V\VWHPV
VORZO\ YDU\LQJ RQ WKH DFRXVWLF WLPH VFDOH� REVFXUHV ZDYH SKHQRPHQD RI WKDW VRUW� WKH\ KDYH UDUHO\ EHHQ DGGUHVVHG
H[SOLFLWO\ LQ WKH nHOG RI FRPEXVWLRQ LQVWDELOLWLHV DQG WKHQ RQO\ LQ FRQQHFWLRQ ZLWK YHU\ VSHFLDO SUREOHPV� +RZHYHU�
WKH FRQVHTXHQFHV RI UHIUDFWLRQ DQG GLmUDFWLRQ DUH FRQWDLQHG LPSOLFLWO\ LQ GLVWRUWLRQV RI WKH VWUXFWXUH RI WKH VWHDG\
ZDYHV�

,W LV H[WUHPHO\ LPSRUWDQW WKDW ODUJH GLmHUHQFHV LQ WKH DYHUDJH VSHHG RI VRXQG EH DFFRXQWHG IRU DV DFFXUDWHO\
DV SRVVLEOH� 7KDW LV EHVW GRQH E\ LQFOXGLQJ WKHP LQ WKH IXQFWLRQV XVHG LQ WKH PRGDO H[SDQVLRQ� )RUPDOO\
WKDW DPRXQWV WR LQFOXGLQJ DOO WHUPV LQ K UHSUHVHQWLQJ OLQHDU LQWHUDFWLRQV EHWZHHQ WKH DFRXVWLF DQG PHDQ nHOGV�
LQ WKH HTXDWLRQV IRU WKH �P� 7KDW LV� VXFK ODUJH SHUWXUEDWLRQV DUH EHWWHU QRW LQFOXGHG LQ WKH SURFHGXUH EHVW
VXLWHG IRU GHDOLQJ ZLWK VPDOO SHUWXUEDWLRQV� ,Q SUDFWLFH� WKH RQO\ H[DPSOH RI WKLV WDFWLF KDYH EHHQ FRQFHUQHG
ZLWK oRZV LQ GXFWV FRQWDLQLQJ D FRPSDFW ]RQH RI KHDWLQJ WKLQ UHODWLYH WR WKH DFRXVWLF ZDYHOHQJWK� 7KH PRGDO
IXQFWLRQV DUH WKHQ IRUPHG LQ SLHFHZLVH IDVKLRQ� WKH XVXDO ZDYH HTXDWLRQ EHLQJ VROYHG VHSDUDWHO\ IRU WKH WZR UHJLRQV
FKDUDFWHUL]HG E\ GLmHUHQW XQLIRUP WHPSHUDWXUHV XSVWUHDP DQG GRZQVWUHDP RI WKH ]RQH RI KHDWLQJ WUHDWHG DV D
VXUIDFH RI GLVFRQWLQXLW\� 7KHQ WKH IXQFWLRQV DUH MRLQHG ZLWK VXLWDEOH PDWFKLQJ FRQGLWLRQV�

)RU WKH PRVW SDUW� WKHUHIRUH� HQHUJ\ WUDQVIHU EHWZHHQ WKH DFRXVWLF nHOG DQG WKH PHDQ oRZ ZLWKLQ WKH YROXPH
RI D FRPEXVWRU LV GXH WR LQWHUDFWLRQV ZLWK WKH PHDQ YHORFLW\� FKDUDFWHUL]HG E\ WKH SDUDPHWHU x� 7KH DQDO\VLV LV
VWULFWO\ OLPLWHG WR SHUWXUEDWLRQV OLQHDU LQ WKH 0DFK QXPEHU RI WKH PHDQ oRZ �VHH WKH IRRWQRWH LQ WKH SUHFHGLQJ
SDJH��

�%� %RXQGDU\ &RQGLWLRQV

7KH VLWXDWLRQ LQ UHVSHFW WR SURFHVVHV DW WKH ERXQGDU\ LV FRQVLGHUDEO\ PRUH FRPSOLFDWHG DQG LQ IDFW FDQQRW EH
SODFHG LQ D nUP EDVLV ZLWKRXW GHWDLOHG H[DPLQDWLRQ RI DQFLOODU\ SUREOHPV� 2QO\ WZR SRVVLELOLWLHV KDYH VR IDU EHHQ

��5HFDOO WKDW LQ WKLV ZRUN� QRQOLQHDU EHKDYLRU LV PHDVXUHG LQ WHUPV RI WKH DPSOLWXGH � RI WKH XQVWHDG\ PRWLRQV� ,W LV LQWULQVLF

WR WKHLU GHULYDWLRQ �6HFWLRQ �� WKDW WKH JRYHUQLQJ HTXDWLRQV DUH OLQHDU LQ x� L�H� LQ WKH 0DFK QXPEHU RI WKH PHDQ oRZ�
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RI SUDFWLFDO LQWHUHVW� SK\VLFDO RSHQLQJV LQ WKH ERXQGDU\ RI WKH FRPEXVWRU� DQG D EXUQLQJ VXUIDFH� &RQGLWLRQV WR
EH VHW RQ WKH DFRXVWLF nHOG DW DQ RSHQLQJ GHSHQG RQ WKH oRZ nHOG WKURXJK DQG RXWVLGH WKH ERXQGDU\� ,Q FODVVLFDO
DFRXVWLFV ZLWK QR oRZ� DQ RSHQLQJ LQWR DQ DWPRVSKHUH KHOG DW FRQVWDQW SUHVVXUH LV DOPRVW SHUIHFWO\ UHoHFWLQJ�
ZLWK WKH oXFWXDWLQJ SUHVVXUH QHDUO\ ]HUR LQ WKH SODQH RI WKH RSHQLQJ� $ SHUIHFWO\ UHoHFWLQJ ULJLG ZDOO FDXVHV
WKH oXFWXDWLQJ YHORFLW\ WR YDQLVK WKHUH� 7KXV LQ WKRVH WZR OLPLWV� WKH ERXQGDU\ FRQGLWLRQV WR �WK RUGHU RQ WKH
SUHVVXUH nHOG DUH UHVSHFWLYHO\ S�  � DQG AQ c US�  ��

6XEVRQLF oRZ WKURXJK DQ RULnFH SUHVHQWV D ERXQGDU\ FRQGLWLRQ WR DFRXVWLF ZDYHV FORVHU WR WKH FDVH RI QR oRZ�
S� { �� WKDQ WR D ULJLG ZDOO� 2Q WKH RWKHU KDQG� LI WKH LQOHW oRZ LV FKRNHG XSVWUHDP FORVH�� WR WKH RULnFH� RU WKH
RXWOHW oRZ H[KDXVWV WKURXJK D FKRNHG QR]]OH� WKH ERXQGDU\ FRQGLWLRQ LV FORVHU WR WKH IRU D ULJLG ZDOO� AQ cUS� { ��
7KDW LV WKH FDVH IRU SURSXOVLRQ V\VWHPV� ZLWK WKH SRVVLEOH H[FHSWLRQ RI WKH SULPDU\ FRPEXVWLRQ FKDPEHU LQ D JDV
WXUELQH� 7KH DFWXDO ERXQGDU\ FRQGLWLRQV DUH PRUH FRPSOLFDWHG EXW IRU OLQHDU EHKDYLRU FDQ EH UHSUHVHQWHG E\
LPSHGDQFH RU DGPLWWDQFH IXQFWLRQV GHnQHG IRU VWHDG\ ZDYHV� )RU WKH PRUH FRPPRQ FDVH RI FKRNHG oRZV� WKDW
ERXQGDU\ FRQGLWLRQ LV H[SUHVVHG DV

AQ c AX �UV� Z�  $V �UV� Z� AS �UV� Z�  xDV �UV� Z� AS �UV� Z� ������

ZKHUH $V  xDV LV WKH GLPHQVLRQDO DGPLWWDQFH IXQFWLRQ VKRZQ KHUH WR EH SURSRUWLRQDO WR WKH 0DFK QXPEHU RI
WKH DYHUDJH oRZ� �7VLHQ ����� &URFFR DQG &KHQJ ����� &XOLFN ����� ����� *HQHUDOO\� $V LV D FRPSOH[ IXQFWLRQ�

$V  M$VMH
L�$  xMDVMH

L�$ ������

7KH UHSUHVHQWDWLRQ ������ LV EDVHG RQ WKH LGHD WKDW ZKHQ H[SRVHG WR DQ RVFLOODWRU\ oXFWXDWLRQ RI SUHVVXUH�
D SK\VLFDO VXUIDFH UHVSRQGV LQ nUVW DSSUR[LPDWLRQ VXFK WKDW LWV YHORFLW\ QRUPDO WR LWVHOI LV SURSRUWLRQDO WR WKH
LPSUHVVHG SUHVVXUH� SRVVLEO\ ZLWK D SKDVH RU WLPH GHOD\� 7KDW LGHD LV H[WHQGHG LQ WKH SUHVHQW FRQWH[W WR GHVFULEH
oXFWXDWLRQV RI oRZ DW D nFWLRXV VXUIDFH IRUPLQJ SDUW RI WKH ERXQGDU\ HQFORVLQJ WKH FRPEXVWRU YROXPH� RU DW WKH
GRZQVWUHDP HGJH RI WKH FRPEXVWLRQ ]RQH DW D EXUQLQJ VXUIDFH� 7KXV ZH KDYH D VLPSOH DQG GLUHFW ZD\ RI PDNLQJ
H[SOLFLW WKH nUVW WHUP LQ WKH GHnQLWLRQ ������ RI WKH ERXQGDU\ IXQFWLRQ I IRU VWHDG\ ZDYHV�
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$Q HTXLYDOHQW IRUP LV
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$OWKRXJK WKH DGPLWWDQFH IXQFWLRQ LV GHnQHG IRU VWHDG\ ZDYHV LQLWLDOO\� ������ FDQ EH FRQYHUWHG WR D IRUP
DSSUR[LPDWHO\ DSSOLFDEOH WR SUREOHPV KDYLQJ DUELWUDU\ GHSHQGHQFH RQ WLPH� 7KH WLPH GHULYDWLYH RI VRPH IXQFWLRQ

 IRU VWHDG\ ZDYHV� VR ZH FDQ PDNH WKH FRUUHVSRQGHQFH
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7KLV IRUP RI D ERXQGDU\ FRQGLWLRQ ZLOO EH XVHIXO LQ ODWHU DSSOLFDWLRQV�

7KH FKLHI SRLQW KHUH LV WKDW IRU FKRNHG LQOHW DQG H[KDXVW oRZV� WKH IXQFWLRQ I LQ WKH ERXQGDU\ FRQGLWLRQ
AQ c US�  bI LV RI RUGHU x� 7KDW LV� SHUWXUEDWLRQV IURP WKH FRQGLWLRQ GHnQLQJ D ULJLG LPSHUPHDEOH ZDOO DUH DOO
SURSRUWLRQDO WR WKH PDJQLWXGH RI WKH 0DFK QXPEHU RI WKH PHDQ oRZ� &RUUHVSRQGLQJ UHDVRQLQJ DSSOLHV WR WKH
OHVV LPSRUWDQW FDVH RI VXEVRQLF oRZ H[KDXVWLQJ LQWR VXUURXQGLQJV KHOG DW FRQVWDQW SUHVVXUH��� 1RZ ZH VHW WKH

��C&ORVH
 PHDQV ZLWKLQ D VKRUW GLVWDQFH UHODWLYH WR WKH ZDYHOHQJWK RI WKH GRPLQDQW RVFLOODWLRQ�
��/HVV LPSRUWDQW IRU SUDFWLFDO DSSOLFDWLRQV� +RZHYHU WKHUH DUH PDQ\ ODERUDWRU\ GHYLFHV RSHUDWLQJ DW FORVH WR DWPRVSKHULF

SUHVVXUH DQG H[KDXVWLQJ LQWR WKH DWPRVSKHUH IRU ZKLFK WKH FRQGLWLRQ WUHDWHG KHUH LV DSSURSULDWH�
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ERXQGDU\ FRQGLWLRQ E\ XVLQJ ������ HYDOXDWHG DW WKH ERXQGDU\� IRU OLQHDU VWHDG\ ZDYHV ZH KDYH
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$JDLQ ZH PD\ GHnQH DQ DGPLWWDQFH IXQFWLRQ WR HOLPLQDWH U c0�

� LQ IDYRU RI WKH ORFDO SUHVVXUH oXFWXDWLRQ� :H
OHDYH WKH FDOFXODWLRQ WR VSHFLDO DSSOLFDWLRQV�

:H FRQFOXGH WKDW IRU OLQHDU SUREOHPV� SHUWXUEDWLRQV RI WKH FODVVLFDO DFRXVWLFV SUREOHP GXH WR HQHUJ\ WUDQVIHU
EHWZHHQ WKH PHDQ DQG XQVWHDG\ nHOGV DUH UHSUHVHQWHG WR RUGHU x� ERWK ZLWKLQ WKH YROXPH DQG DW WKH ERXQGDU\�
7KLV UHVXOW LV RI FRXUVH FRQVLVWHQW ZLWK WKH RUGHU WR ZKLFK WKH GLmHUHQWLDO HTXDWLRQV DUH YDOLG ZLWKLQ WKH DSSUR[�
LPDWLRQ XVHG KHUH �VHH D UHPDUN IROORZLQJ HTXDWLRQ ������� )RU WKDW UHDVRQ� ZH FDQQRW LQ DQ\ HYHQW FDUU\ WHUPV
RI KLJKHU RUGHU LQ x XQOHVV WKH JRYHUQLQJ HTXDWLRQV XVHG KHUH DUH UH�GHULYHG�

$V DQ H[DPSOH WR LOOXVWUDWH VRPH LPSOLFDWLRQV RI WKH SUHFHGLQJ UHPDUNV� FRQVLGHU WKH FDVH RI oRZ WKURXJK D
XQLIRUP GXFW RI OHQJWK /� VXSSOLHG WKURXJK FKRNHG YDOYHV DQG H[KDXVWLQJ WKURXJK D FKRNHG QR]]OH� 6XSSRVH WKDW
E\ VRPH PHDQV� IRU H[DPSOH E\ LQVWDOOLQJ D VSHDNHU� RVFLOODWLRQV FDQ EH H[FLWHG DQG VXVWDLQHG LQ WKH GXFW� ,I WKHUH
ZHUH QR oRZ DQG ULJLG SODWHV ZHUH SODFHG DW ERWK HQGV �]  �� /�� FODVVLFDO CRUJDQ SLSH
 DFRXVWLF PRGHV ZRXOG EH
IRXQG H[SHULPHQWDOO\� KDYLQJ IUHTXHQFLHV �1  Q�xD /�� 7KH YHORFLW\ DQG SUHVVXUH GLVWULEXWLRQV IRU WKHVH VWHDG\
D[LDO PRGHV DUH SURSRUWLRQDO WR VLQ N1[ DQG FRV N1[ UHVSHFWLYHO\� 6XSSRVH ZH VHW� IRU H[DPSOH�

S��]� W�  AS� FRV N1] FRV�1 W ������

ZKHUH �1  xDN1 � 7KH XQSHUWXUEHG DFRXVWLF PRPHQWXP HTXDWLRQ�
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LV VDWLVnHG ZLWK ������ LI X� KDV RQO\ WKH D[LDO FRPSRQHQW�

X��]� W�  
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7KH YHORFLW\ nHOG KDV QRGHV �X�  �� DW WKH HQGV DQG WKH SUHVVXUH nHOG KDV DQWL�QRGHV� UHDFKLQJ PD[LPXP
DPSOLWXGH AS� ZKHQ W  �� �{ �1 � �{ �1 � c c c � 1RZ VXSSRVH WKDW DYHUDJH oRZ LV LQWURGXFHG DQG WKDW WKH FURVV�
VHFWLRQDO DUHDV DYDLODEOH IRU WKH oRZ XSVWUHDP DQG GRZQVWUHDP DUH VPDOO IUDFWLRQV RI WKH FURVV�VHFWLRQDO DUHD RI
WKH GXFW� 7KHQ WKH DYHUDJH 0DFK QXPEHUV DW ]  �� / DUH VPDOO �x ~ ��� +HQFH WKH GLVWRUWLRQV RI WKH FODVVLFDO
RUJDQ SLSH PRGHV DUH VPDOO� ,Q SDUWLFXODU� WKH PRGHV RI WKH YHORFLW\ nHOG DUH VOLJKWO\ GLVSODFHG E\ WKH VDPH
DPRXQWV GRZQVWUHDP RI WKHLU XQSHUWXUEHG SRVLWLRQV DW [  �� /� 7KXV WKH ZDYHOHQJWK DQG IUHTXHQF\ RI WKH
PRGHV DUH XQFKDQJHG DQG WKH XQSHUWXUEHG PRGH VKDSHV DUH FORVH DSSUR[LPDWLRQV WR WKH DFWXDO VKDSHV ZLWK WKH
oRZ� DV VNHWFKHG LQ )LJXUH ����

0 LL / 2 

NODES

)LJXUH ���� )XQGDPHQWDO /RQJLWXGLQDO 0RGH� 9HORFLW\ 0RGH 6KDSH� ^ ^ ^ ^ &ODVVLFDO �QR oRZ��
__ 'XFW ZLWK oRZ FKRNHG XSVWUHDP DQG GRZQVWUHDP

,I WKH 0DFK QXPEHUV DW WKH HQWUDQFH �]  �� DQG DW WKH H[LW �]  /� DUH QRW VPDOO� WKHQ WKH QRGHV RI WKH
YHORFLW\ ZDYH DUH GLVSODFHG E\ ODUJHU DPRXQWV� EXW WKH ZDYHOHQJWK� DQG KHQFH WKH IUHTXHQF\� VXmHU RQO\ VPDOO
FKDQJHV� 7KLV EHKDYLRU VXJJHVWV ZKDW LV WUXH TXLWH JHQHUDOO\ LQ SUDFWLFH� WKDW WKH SURFHVVHV LQ D FRPEXVWLRQ
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FKDPEHU KDYH UHODWLYHO\ VPDOO HmHFWV LQ WKH IUHTXHQFLHV RI WKH QRUPDO PRGHV� &RQVHTXHQWO\� DV ZH ZLOO HPSKD�
VL]H UHSHDWHGO\� FRPSDULVRQ RI REVHUYHG IUHTXHQFLHV ZLWK WKRVH SUHGLFWHG LV QRW D XVHIXO EDVLV IRU DVVHVVLQJ WKH
FRUUHFWQHVV RI WKH WKHRU\ LQ TXHVWLRQ�

������ (QHUJ\ 7UDQVIHU %HWZHHQ 0RGHV� 1RQOLQHDU 0RGH &RXSOLQJ� ,I WKH IXQFWLRQV �1 XVHG LQ WKH PRGDO
H[SDQVLRQ DUH WKRVH FRPSXWHG DFFRUGLQJ WR FODVVLFDO DFRXVWLFV� WKHQ LQ JHQHUDO OLQHDU FRXSOLQJ EHWZHHQ PRGHV
ZLOO DSSHDU LQ WKH ULJKW�KDQG VLGHV RI WKH V\VWHPV ������ DQG ������� :KHQ WKH PHDQ oRZ nHOG LV QRQXQLIRUP�
LQWHUDFWLRQV EHWZHHQ WKH PHDQ DQG oXFWXDWLQJ nHOGV ZLOO FDXVH OLQHDU PRGH FRXSOLQJ SURSRUWLRQDO WR WKH DYHUDJH
0DFK QXPEHU� )RUPDOO\ VXFK FRQWULEXWLRQV DUH LQFOXGHG DPRQJ WKRVH GLVFXVVHG LQ WKH SUHFHGLQJ VHFWLRQ� L�H� WKH\
DUH RI RUGHU x�

,Q SULQFLSOH� OLQHDU FRXSOLQJ EHWZHHQ PRGHV FDQ EH IRUPDOO\ HOLPLQDWHG E\ WUDQVIRUPDWLRQ WR D QHZ VHW RI PRGDO
H[SDQVLRQ IXQFWLRQV E\ GLDJRQDOL]LQJ WKH PDWUL[ RI FRHpFLHQWV �&XOLFN ������ 7KHUH PD\ EH VRPH DSSOLFDWLRQV IRU
ZKLFK WKH OLQHDU FRXSOLQJ VKRXOG EH H[SOLFLWO\ WUHDWHG� EXW KHUH ZH DVVXPH WKDW HLWKHU OLQHDU FRXSOLQJ LV DEVHQW
RQ SK\VLFDO JURXQGV RU KDV EHHQ HOLPLQDWHG E\ VXLWDEOH WUDQVIRUPDWLRQ�

+HQFH HQHUJ\ WUDQVIHU EHWZHHQ PRGHV LV RI RUGHU �� RU KLJKHU DQG LV QHFHVVDULO\ QRQOLQHDU� FDOFXODWLRQV LQ WKH
QH[W VHFWLRQ VKRZ WKDW ZH FDQ ZULWH WKH V\VWHP ������ VFKHPDWLFDOO\ LQ WKH IRUP

�s1 � ��1s1  bx �'1 Bs1 �(1s1 � � )1/
1 ������

7KH IXQFWLRQ )1/
1 FRQWDLQV DOO QRQOLQHDU SURFHVVHV� $FFRUGLQJ WR LWV GHYHORSPHQW LQ 6HFWLRQ � FRQVLVWV RI D VXP

RI JURXSV RI WHUPV RI RUGHU �� ��� c c c � x�� x��� c c c � ,Q JHQHUDO� )1 FDQQRW EH UHSUHVHQWHG E\ D GLDJRQDO PDWUL[�
1RQOLQHDU FRXSOLQJ RI WKH PRGHV DOZD\V H[LVWV DQG� DPRQJ RWKHU FRQVHTXHQFHV� LV DQ LPSRUWDQW SURFHVV LQ WKH
HYROXWLRQ RI OLQHDU XQVWDEOH PRWLRQV LQWR VWDEOH OLPLW F\FOHV�

������ =HURWK DQG )LUVW 2UGHU 6ROXWLRQV WR WKH 2VFLOODWRU (TXDWLRQ� :H GHIHU WR D ODWHU VHFWLRQ DQDO\VLV
LQFOXGLQJ QRQOLQHDU HQHUJ\ WUDQVIHU RI RUGHU x�� DQG ZH DVVXPH WKDW WKH DYHUDJH WHPSHUDWXUH LV DSSUR[LPDWHO\
XQLIRUP� VR WKH ODVW WHUP RI ������ LV QHJOLJLEOH� 7KH SUREOHP FRPHV GRZQ WR VROYLQJ ������ IRU WKH s1 �W��
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5HFDOO WKDW WKH OHIW�KDQG VLGH RI ������ IROORZV XSRQ LQVHUWLQJ LQ WKH OLQHDU ZDYH RSHUDWRU WKH PRGDO H[SDQVLRQ
������ IRU S��
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7KH LWHUDWLYH SURFHGXUH LV D ZD\ RI H[SUHVVLQJ WKH GULYLQJ IRUFHV )1 LQ WHUPV RI WKH DPSOLWXGHV sP� VR ������
EHFRPHV D V\VWHP RI HTXDWLRQV IRU WKH DPSOLWXGHV� $V ZH KDYH H[SODLQHG HDUOLHU �6HFWLRQ ���� ZH XVH � DV D
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PHDVXUH RI WKH VL]H RI WKH SUHVVXUH GLVWXUEDQFH DQG ZULWH DOZD\V

S�  �S��U�� W� ������

+RZHYHU� ZH PXVW DOORZ WKH RWKHU GHSHQGHQW YDULDEOHV YDU\ ZLWK � LQ D PRUH FRPSOLFDWHG PDQQHU� LW LV UHDVRQDEOH
DW WKLV SRLQW WR DVVXPH GHSHQGHQFH DV D SRZHU VHULHV LQ ��
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DQG VR IRUWK� $OO FRPSRQHQWV RI WKH oXFWXDWLRQV� S�� 0�� 0�� c c c � 7�� 7�� c c c EHFRPH GLVWRUWHG E\ WKH PHDQ
oRZ� 7KDW SRVVLELOLW\ LV WDNHQ LQWR DFFRXQW E\ ZULWLQJ
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,W LV DSSDUHQW WKDW WKH QXPEHU RI IXQFWLRQV WR EH GHWHUPLQHG UDSLGO\ JHWV RXW RI KDQG DV PRUH WHUPV DUH UHWDLQHG
LQ WKH VHULHV H[SDQVLRQ� +RZHYHU WR WKH RUGHU ZH FKRRVH WR LQYHVWLJDWH KHUH� WKDW GLpFXOW\ GRHVQ
W DSSHDU� IRU
WKH IROORZLQJ UHDVRQ� ([DPLQH D W\SLFDO WHUPV LQ K VD\ WKH nUVW LQ HDFK RI WKH EUDFNHWV�
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$FFRUGLQJ WR WKH H[SHULHQFHV UHODWHG LQ 6HFWLRQ �� FRPEXVWLRQ LQVWDELOLWLHV PD\ EH UHJDUGHG DV XQVWHDG\
PRWLRQV FORVHO\ DSSUR[LPDWHG DV FODVVLFDO DFRXVWLFDO PRWLRQV ZLWK SHUWXUEDWLRQV GXH XOWLPDWHO\ WR FRPEXVWLRQ
SURFHVVHV� 7KDW YLHZ� LQLWLDOO\ DQ HPSULFDO FRQFOXVLRQ� PRWLYDWHG WKH JHQHUDO IRUP RI WKH DQDO\WLFDO IUDPHZRUN
FRQVWUXFWHG LQ 6HFWLRQ �� 5HODWLYHO\ OLWWOH NQRZOHGJH RI FODVVLFDO DFRXVWLFV LV UHTXLUHG WR XQGHUVWDQG DQG DSSO\
WKDW FRQVWUXFWLRQ IRUPDOO\�

+RZHYHU� LQWHUSUHWDWLRQ RI WKH GHWDLOV RI REVHUYHG EHKDYLRU� DQG HmHFWLYH XVH RI WKH WKHRU\ WR GHYHORS DFFXUDWH
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SXUSRVH RI WKLV VHFWLRQ LV WR SURYLGH D FRQGHQVHG VXPPDU\ RI WKH EDVLF SDUWV RI WKH VXEMHFW PRVW UHOHYDQW WR WKH
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XQVWHDG\ PRWLRQV LQ D SXUH QRQ�UHDFWLQJ JDV DW UHVW� 7KH JRYHUQLQJ HTXDWLRQV DUH ���� IRU 3UREOHP 2� &ODVVLFDO
$FRXVWLFV� OHDGLQJ WR WKH FRUUHVSRQGLQJ ZDYH HTXDWLRQ DQG LWV ERXQGDU\ FRQGLWLRQ� HTXDWLRQV ���� ZLWK K� DQG
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4H � UDWH RI HQHUJ\ DGGLWLRQ E\ H[WHUQDO VRXUFHV �HQHUJ\�YROXPH�V�

7KXV WKH IXQFWLRQ ��� FRQWDLQV DOO SURFHVVHV FDXVLQJ FKDQJHV RI PRPHQWXP RI WKH JDV� H[FHSW IRU WKDW GXH WR
LQWHUQDO SUHVVXUH GLmHUHQFHV� DQG � UHSUHVHQWV DOO VRXUFHV RI HQHUJ\ DGGLWLRQ� 7KH OLQHDUL]HG IRUPV RI WKH VRXUFH
WHUPV ZLOO EH FRQVWUXFWHG DV UHTXLUHG IRU VSHFLnF SUREOHPV� )RU PRVW RI WKLV VHFWLRQ ZH ZLOO WUHDW RQO\ SUREOHPV
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7KLV UHVXOW LV TXLWH JHQHUDO� LQ SDUWLFXODU� LWV GHULYDWLRQ GLG QRW LQYROYH XVLQJ WKH VSHFLDO FKDUDFWHULVWLFV RI D
SHUIHFW JDV�
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(TXDWLRQV ����� D�E DUH UHFRYHUHG ZKHQ WKH VHFRQG RUGHU WHUPV DUH QHJOHFWHG�

������ 7KH 9HORFLW\ 3RWHQWLDO� ,W LV RIWHQ FRQYHQLHQW WR LQWURGXFH VFDODU DQG YHFWRU SRWHQWLDOV j DQG $ IURP
ZKLFK WKH YHORFLW\ LV IRXQG E\ GLmHUHQWLDWLRQ�
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,Q JHQHUDO� ERWK SRWHQWLDOV DUH UHTXLUHG LI WKH PHDQ YHORFLW\ LV QRQ�]HUR RU VRXUFHV DUH SUHVHQW LQ WKH oRZ� 7KH
ERXQGDU\ FRQGLWLRQV PD\ DOVR LQGXFH QRQ�]HUR URWDWLRQDO oRZ� +HUH RQO\ WKH VFDODU SRWHQWLDO LV UHTXLUHG IRU VPDOO
DPSOLWXGH PRWLRQV EHFDXVH LQ WKDW OLPLW� WKH FODVVLFDO DFRXVWLF PRPHQWXP LV ������ WDNLQJ WKH FXUO ZLWK XQLIRUP
DYHUDJH GHQVLW\ JLYHV
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7KH FRQGLWLRQV XQGHU ZKLFK WKH DFRXVWLF nHOG FDQ EH FRPSOHWHO\ GHVFULEHG E\ D YHORFLW\ SRWHQWLDO DORQH DUH
SUHFLVH DQG� VR IDU DV SUREOHPV LQYROYLQJ FRPEXVWLRQ DUH FRQFHUQHG� YHU\ UHVWULFWLYH� $Q\ DQDO\VLV RU WKHRU\ EDVHG
RQ WKH YHORFLW\ SRWHQWLDO DORQH PXVW DOVR LQFOXGH GHPRQVWUDWLRQ WKDW WKH YHFWRU SRWHQWLDO FDQ EH LJQRUHG� L�H� VHW
HTXDO WR D FRQVWDQW RU ]HUR� ,Q JHQHUDO� WKH SUHVHQFH RI D QRQ�XQLIRUP PHDQ oRZ nHOG DQG YDULRXV NLQGV RI VRXUFHV
LQ WKH SUREOHPV ZH DUH FRQFHUQHG ZLWK LQ WKLV ZRUN� UHTXLUH WKDW WKH YHORFLW\ nHOG EH GHULYHG IURP ERWK VFDODU
DQG YHFWRU SRWHQWLDOV� 8VH RI WKH XQVWHDG\ SUHVVXUH DV WKH SULPDU\ oRZ YDULDEOH SURYLGHV D VLPSOHU DSSURDFK IRU
PDQ\ SXUSRVHV� EXW� DV ZH ZLOO nQG ODWHU� DSSDUHQWO\ SRVVHVVHV XQDYRLGDEOH IXQGDPHQWDO OLPLWDWLRQV�
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RI HQHUJ\ GHQVLW\ DQG WKH LQWHQVLW\_L�H� WKH oRZ RI HQHUJ\_IRU FODVVLFDO DFRXVWLF ZDYHV� 7KH GHnQLWLRQV DUH RQO\
DSSUR[LPDWH XQGHU WKH PRUH FRPSOLFDWHG FRQGLWLRQV H[LVWLQJ LQ D FRPEXVWRU EXW WKH JHQHUDO LGHDV UHPDLQ�
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oRZ RI VRPHWKLQJ �WKH LQWHQVLW\� WKURXJK WKH FORVHG ERXQGDU\ RI WKDW YROXPH� ,QWHJUDWH WKH HQHUJ\ HTXDWLRQ RYHU
D YROXPH n[HG LQ VSDFH� DQG DSSO\ *DXVV
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7KLV UHODWLRQ PXVW EH ZULWWHQ WR VHFRQG RUGHU LQ WKH LVHQWURSLF oXFWXDWLRQV� IRU H[DPSOH�
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LV WKH DFRXVWLF HQHUJ\ SHU XQLW YROXPH DQG S�X� LV WKH LQWHQVLW\� WKH oX[ RI DFRXVWLF HQHUJ\ WKURXJK DQ DUHD
QRUPDO WR WKH GLUHFWLRQ RI SURSDJDWLRQ �HQHUJ\�DUHD�6��

7KH nUVW WHUP RQ WKH ULJKW�KDQG VLGH RI ������ LV WKLUG RUGHU LQ WKH oXFWXDWLRQV DQG PXVW EH GURSSHG� +HQFH
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���� 7KH *URZWK RU 'HFD\ &RQVWDQW� ,Q SUDFWLFH� GXH WR QDWXUDO GLVVLSDWLYH SURFHVVHV� IUHHO\ SURSDJDWLQJ
ZDYHV DQG RVFLOODWLRQV LQ D FKDPEHU ZLOO GHFD\ LQ VSDFH DQG WLPH LI WKHUH LV QR H[WHUQDO VRXUFH RU HQHUJ\� ,I WKHUH
LV DQ LQWHUQDO VRXUFH RI HQHUJ\� ZDYHV PD\ EH XQVWDEOH� KDYLQJ DPSOLWXGHV LQFUHDVLQJ LQ WLPH� 7KH EDVLF PHDVXUH
RI WKH JURZWK RU GHFD\ RI ZDYHV LV WKH FRQVWDQW DSSHDULQJ LQ WKH H[SRQHQW GHVFULELQJ WKH VLQXVRLGDO VSDWLDO DQG
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ZKHUH � �e GHQRWHV FRPSOH[ FRQMXJDWH�

+HQFH ZH KDYH WKH LPSRUWDQW LQWHUSUHWDWLRQV ZKLFK VHUYH DV WKH EDVLV IRU PHDVXULQJ YDOXHV RI m�
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7KH VLJQ RI m LV D PDWWHU RI GHnQLWLRQ DQG KDV QR IXQGDPHQWDO VLJQLnFDQFH� ,I WKH WLPH GHSHQGHQFH LV WDNHQ WR
EH HL���Lm�W WKHQ m � � PHDQV WKDW ZDYHV DUH DPSOLnHG�

7KH IRUPXODV ������ GHnQH ORFDO YDOXHV RI WKH JURZWK FRQVWDQW� ,W LV RIWHQ PRUH PHDQLQJIXO WR NQRZ WKH YDOXH
IRU WKH HQWLUH YROXPH RI WKH V\VWHP LQ TXHVWLRQ� IRXQG E\ XVLQJ

5 K�LG9 UDWKHU WKDQ K�L�

m  
�

�
5 K�LG9 G

GW

=
K�LG9 ������

���� %RXQGDU\ &RQGLWLRQV� 5HoHFWLRQV IURP D 6XUIDFH� ,Q WKH DEVHQFH RI RWKHU VRXUFHV� WKH OLQHDUL]HG
ERXQGDU\ FRQGLWLRQ RQ WKH SUHVVXUH DW D VXUIDFH LV WKH nUVW WHUP RI ���� E�� KHUH LQ GLPHQVLRQDO IRUP�
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7KH DFRXVWLF VXUIDFH LPSHGDQFH ]D LV GHnQHG E\

X� c AQ  �
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DQG WKH DFRXVWLF VXUIDFH DGPLWWDQFH \D LV WKH UHFLSURFDO RI WKH DGPLWWDQFH�
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7KHQ IRU KDUPRQLF PRWLRQV� S�  ASHbL�W� ZH FDQ UHZULWH ������ DV
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7KH XQLWV RI LPSHGDQFH DUH �SUHVVXUH�YHORFLW\� s �GHQVLW\ d YHORFLW\�� +HQFH IRU WKH PHGLXP� WKH SURGXFW x|xD LV
FDOOHG WKH FKDUDFWHULVWLF LPSHGDQFH� KDYLQJ YDOXH �� J�FP��V� DW VWDQGDUG FRQGLWLRQV� 'LPHQVLRQOHVV IRUPV DUH
GHnQHG DV�

DFRXVWLF LPSHGDQFH UDWLR� rD  
]D
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DFRXVWLF DGPLWWDQFH UDWLR� sD  
�

rD
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,Q JHQHUDO� LPSHGDQFH IXQFWLRQV DUH FRPSOH[� WKH UHDO DQG LPDJLQDU\ SDUWV DUH FDOOHG�

5H�]D� � DFRXVWLF UHVLVWDQFH

,P�]D� � DFRXVWLF UHDFWDQFH
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)URP ������ DQG ������� WKH VXUIDFH DGPLWWDQFH LV
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DQG WKH GLPHQVLRQOHVV VXUIDFH DGPLWWDQFH UDWLR LV
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ZKHUH 0 �
Q LV WKH oXFWXDWLRQ RI WKH 0DFK QXPEHU QRUPDO WR WKH VXUIDFH�

,I WKH VXUIDFH LV LPSHUPHDEOH� WKH YHORFLW\ DW WKH VXUIDFH LV WKH YHORFLW\ RI WKH VXUIDFH LWVHOI� +RZHYHU� LI
WKH VXUIDFH LV SHUPHDEOH� RU� DV IRU D EXUQLQJ SURSHOODQW� PDVV GHSDUWV WKH VXUIDFH� WKHQ WKH LPSHGDQFH DQG
DGPLWWDQFH IXQFWLRQV DUH GHnQHG LQ WHUPV RI WKH ORFDO YHORFLW\ oXFWXDWLRQV SUHVHQWHG�� WR WKH DFRXVWLF nHOG� QR
PDWWHU ZKDW WKHLU RULJLQ�

4XLWH JHQHUDOO\ WKHQ� WKH DGPLWWDQFH IXQFWLRQ UHSUHVHQWV WKH SK\VLFDO UHVSRQVH RI SURFHVVHV DW WKH VXUIDFH�
,W LV RI FRXUVH DQ DVVXPSWLRQ WKDW LQ UHVSRQVH WR DQ LPSUHVVHG SUHVVXUH oXFWXDWLRQ� WKH oXFWXDWLRQ RI YHORFLW\
QRUPDO WR WKH VXUIDFH LV SURSRUWLRQDO WR WKH SUHVVXUH FKDQJH� $OWHUQDWLYH GHnQLWLRQV RI TXDQWLWLHV UHSUHVHQWLQJ
WKH DFRXVWLF ERXQGDU\ FRQGLWLRQ DW D VXUIDFH ZLOO DULVH ZKHQ ZH FRQVLGHU VSHFLDO VLWXDWLRQV�

������ 5HoHFWLRQV RI 3ODQH :DYHV DW D 6XUIDFH� &RQnQHPHQW RI ZDYHV LQ D FKDPEHU WR IRUP PRGHV QHFHVVDULO\
LQYROYHV UHoHFWLRQV DW WKH ERXQGDU\ VXUIDFHV� ,Q VROLG SURSHOODQW URFNHWV WKH SURFHVVHV FDXVLQJ UHoHFWLRQ DUH
FRPSOLFDWHG� EHLQJ UHVSRQVLEOH QRW RQO\ IRU FRQnQLQJ WKH ZDYHV EXW DOVR DUH WKH GRPLQDQW PHDQV IRU WUDQVIHUULQJ
HQHUJ\ WR WKH RVFLOODWLQJ nHOG LQ WKH FKDPEHU� (YHQ DW LQHUW VXUIDFHV� PRUH WKDQ WKH VLPSOH SURFHVV RI UHoHFWLRQ
LV LQYROYHG� 9LVFRXV VWUHVVHV DQG KHDW FRQGXFWLRQ LQ WKH UHJLRQ DGMDFHQW WR D VXUIDFH FDXVH GLVVLSDWLRQ RI HQHUJ\�
GLVFXVVHG LQ 6HFWLRQ ����

+HUH ZH DVVXPH WKDW DOO DFWLYLW\ DW WKH VXUIDFH FDQ EH UHSUHVHQWHG E\ D FRPSOH[ LPSHGDQFH RU DGPLWWDQFH
IXQFWLRQ� 7KH FDOFXODWLRQ IROORZV WKDW GLVFXVVHG E\ 0RUVH DQG ,QJDUG ������� :H FRQVLGHU UHoHFWLRQ RI D SODQDU
ZDYH� )LJXUH ���� DOORZLQJ IRU WKH SRVVLELOLW\ RI XQHTXDO DQJOHV RI LQFLGHQFH DQG UHoHFWLRQ� DQG IRU VLPSOLFLW\ ZH

��)RU EXUQLQJ SURSHOODQWV� FDUH PXVW EH WDNHQ ZLWK GHnQLWLRQ RI WKH VXUIDFH DW ZKLFK WKH ERXQGDU\ FRQGLWLRQ LV LPSRVHG� 8VXDOO\

WKH YHORFLW\ DW WKH CHGJH
 RI WKH FRPEXVWLRQ ]RQH LQ WKH JDV SKDVH LV WKH PRVW FRQYHQLHQW FKRLFH� 7KXV WKH DGPLWWDQFH SUHVHQWHG WR

WKH DFRXVWLF nHOG LV QRW WKDW DW WKH EXUQLQJ VXUIDFH LWVHOI�
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DVVXPH WKDW WKHUH LV QR WUDQVPLWWHG ZDYH� 7KH LQFLGHQW ZDYH WUDYHOV LQ WKH GLUHFWLRQ GHnQHG E\ WKH XQLW YHFWRU
ANL DQG WKH ZDYHQXPEHU YHFWRU LV
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�{

w
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:H FDQ UHSUHVHQW WKH DFRXVWLF SUHVVXUH DQG YHORFLW\ LQ WKLV SODQH ZDYH E\

)LJXUH ���� 5HoHFWLRQ RI D 3ODQH :DYH� 3ODQH ZDYHV SURSDJDWLQJ LQ GLUHFWLRQ N  �{
w
AN
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6LPLODU IRUPXODV KROG IRU WKH UHoHFWHG ZDYH ZLWK NL UHSODFHG E\ NU O\LQJ LQ WKH GLUHFWLRQ GHnQHG E\ WKH XQLW
YHFWRU ANU� 7KH UHSUHVHQWDWLRQV DUH WKHUHIRUH�

,QFLGHQW :DYH 5HoHFWHG :DYH

S�L  XL�zL� S�U  JU�zU�

X�L  ANL
�
x|xD
JL�zL� X�U  ANU

�
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zL  NL c Ub �W zU  NU c Ub �W

 N�[ VLQ tL b \ FRV tL�b �W  N�[ VLQ tU b \ FRV tU�b �W

%HFDXVH WKH IUHTXHQF\ LV WKH VDPH IRU WKH LQFLGHQW DQG UHoHFWHG ZDYHV� VR DUH WKH PDJQLWXGHV RI WKH ZDYHQXP�
EHUV�

MNLM  �

xD
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5HoHFWLRQ LV DVVXPHG WR RFFXU DW \  �� %\ GHnQLWLRQ RI ]D� WKH VXUIDFH LPSHGDQFH� ZLWK WKH QRUPDO YHORFLW\
RXWZDUG IURP WKH VXUIDFH HTXDO WR X\  X cAM  bX c AQ ZKHUH AQ LV WKH XQLW RXWZDUG QRUPDO YHFWRU�

]D  

t
S�

X�\

u
\ �

 x|xD
JL�N[ VLQ tL b �W� � JU�N[ VLQ tU b �W�

FRV tLJL�N[ VLQ tL b �W�b FRV tUJU�N[ VLQ tU b �W�
������

,Q JHQHUDO ]D LV YDULDEOH DORQJ WKH VXUIDFH� 6XSSRVH WKDW LQ IDFW ]D LV FRQVWDQW� LQGHSHQGHQW RI [� 7KDW FDQ EH
WUXH LI

tL  tU  t

JU�z�  nJL�z�
������
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7KHQ ������ EHFRPHV

]D FRV t  x|xD
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DQG WKH FRPSOH[ UHoHFWLRQ FRHpFLHQW n LV UHODWHG WR WKH VXUIDFH LPSHGDQFH E\

n  
]D FRV t b x|xD
]D FRV t � x|xD

������

7KLV UHVXOW LV VSHFLDO EHFDXVH QR WUDQVPLWWHG ZDYH KDV EHHQ DFFRXQWHG IRU� )RU H[DPSOH� LI ]D  x|xD_SHUIHFW
LPSHGDQFH PDWFKLQJ H[LVWV DW WKH LQWHUIDFH_������ JLYHV n  � ZKHQ t  �� VR WKHUH LV QR UHoHFWHG ZDYH� 7KDW LV
WUXH LQ RQH VHQVH EHFDXVH LQ SK\VLFDO WHUPV ]D  x|xD PHDQV WKDW WKH VDPH JDV H[LVWV LQ ERWK VLGHV RI WKH LQWHUIDFH�
7KXV ZH DUH VLPSO\ GHVFULELQJ ZDYH SURSDJDWLRQ LQ D FRQWLQXRXV PHGLXP� 2Q WKH RWKHU KDQG� WKH SK\VLFDO SLFWXUH
WUHDWHG KHUH DFFRPPRGDWHV QR WUDQVPLWWHG ZDYH� ZKLFK PHDQV WKDW ZKHQ WKHUH LV QR UHoHFWLRQ� SURFHVVHV PXVW
H[LVW DW WKH LQWHUIDFH SURYLGLQJ SHUIHFW DEVRUSWLRQ�

1RZ VXSSRVH t � � EXW ]D  x|xD� 7KHQ ������ JLYHV n QRQ�]HUR� L�H� SDUWLDO DEVRUSWLRQ DQG VRPH RI WKH
LQFLGHQW ZDYH LV UHoHFWHG�

���� :DYH 3URSDJDWLRQ LQ 7XEHV� 1RUPDO 0RGHV� 7KH VLPSOHVW IRUP RI FRPEXVWRU LV D VWUDLJKW WXEH�
KDYLQJ JHQHUDOO\ QRQ�XQLIRUP FURVV�VHFWLRQ DQG QRW QHFHVVDULO\ D[LV\PPHWULF� $OWKRXJK WKH FKDQJHV RI FURVV�
VHFWLRQ PD\ EH DEUXSW_HYHQ GLVFRQWLQXRXV_H[SHULHQFH KDV VKRZQ WKDW JRRG UHVXOWV PD\ EH REWDLQHG E\ DVVXPLQJ
WKDW WKH YHORFLW\ oXFWXDWLRQV DUH XQLIRUP DW HYHU\ VHFWLRQ DQG SDUDOOHO WR WKH D[LV� WKH oRZ LV WUHDWHG DV RQH�
GLPHQVLRQDO� 7KH JRYHUQLQJ HTXDWLRQV DUH JLYHQ LQ $SSHQGL[ %� HTXDWLRQV �%���^�%��� ZLWK QR VRXUFHV�
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������ :DYHV LQ 7XEHV�

�D� 1RUPDO 0RGHV IRU D 7XEH &ORVHG DW %RWK (QGV

5HVXOWV IRU D WXEH FORVHG DW ERWK HQGV QRW RQO\ FRQWDLQ PDQ\ LGHDV EDVLF WR JHQHUDO RVFLOODWLRQV LQ FKDPEHUV�
EXW DOVR DUH ZLGHO\ XVHIXO IRU SUDFWLFDO DSSOLFDWLRQV� )RU D WXEH FORVHG E\ ULJLG ZDOOV� WKH ERXQGDU\ FRQGLWLRQV
DW WKH HQGV DUH WKDW WKH YHORFLW\ PXVW YDQLVK� 7KH PRPHQWXP HTXDWLRQ ������ WKHQ VWDWHV WKDW DFFHOHUDWLRQ DQG
WKHUHIRUH WKH SUHVVXUH JUDGLHQW PXVW YDQLVK DW WKH HQGV IRU DOO WLPH�

#S�

#[
 � [  �� /� DOO W ������

*HQHUDO OLQHDU PRWLRQV ZLWKLQ WKH WXEH FDQ EH FRQVWUXFWHG DV VXSHUSRVLWLRQV RI QRUPDO PRGHV GHnQHG LQ
JHQHUDO E\ WZR SURSHUWLHV�

�L� VLQXVRLGDO YDULDWLRQV LQ WLPH

�LL� WKH PRWLRQ DW DQ\ SRLQW EHDUV DOZD\V D n[HG SKDVH UHODWLRQ ZLWK WKDW DW DQ\ RWKHU SRLQW LQ
WKH YROXPH
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7KRVH FRQGLWLRQV LPSO\ KHUH WKDW WKH SUHVVXUH FDQ EH H[SUHVVHG DV

S��[� W�  AS�[�HbLxDNW ������

ZKHUH N LV WKH FRPSOH[ ZDYHQXPEHU� UHODWHG LQ JHQHUDO WR WKH FRPSOH[ IUHTXHQF\ E\ WKH IRUPXOD

xDN  � � Lm ������

%HFDXVH WKHUH DUH QR GLVVLSDWLYH SURFHVVHV LQ WKLV SUREOHP� m  � VR WKH ZDYHQXPEHU LV UHDO� 6XEVWLWXWLRQ RI
������ LQ ������ ZLWK 6 LQGHSHQGHQW RI [ JLYHV

G�AS

G[�
� N�AS  � ������

$ VROXWLRQ WR ������ VDWLVI\LQJ ������ DW [  � LV AS  $ FRV N[� 7R VDWLVI\ WKH FRQGLWLRQ DW [  /� FRV N/  ��
7KHQ N FDQ DVVXPH RQO\ FHUWDLQ YDOXHV NO� FDOOHG FKDUDFWHULVWLF RU HLJHQ YDOXHV���

NO  O
{

/
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&RUUHVSRQGLQJ WR HDFK NO LV D FKDUDFWHULVWLF IXQFWLRQ� RU HLJHQIXQFWLRQ�

ASO
xS�
 $O FRV�NO[� ������

)RU WKH SUREOHPV ZH WUHDW LQ WKLV ERRN� WKH PRWLRQV UHSUHVHQWHG E\ WKH NO� ASO� DQG AXO DUH XVXDOO\ FDOOHG QRUPDO
PRGHV� xDNO  �O EHLQJ WKH QRUPDO RU PRGDO IUHTXHQF\� DQG ASO� AXO DUH WKH PRGH VKDSHV RI SUHVVXUH DQG YHORFLW\�
$OO RI WKHVH WHUPV DUH XVHG IRU WZR� DQG WKUHH�GLPHQVLRQDO PRWLRQV DV ZHOO�

$ QRUPDO PRGH LV FKDUDFWHUL]HG E\ LWV IUHTXHQF\ DQG WKH VSDWLDO GLVWULEXWLRQV� RU CVKDSHV
 RI DOO GHSHQGHQW
YDULDEOHV� 7KH PRGH VKDSH IRU WKH YHORFLW\ LV GHULYHG IURP WKH PRGH VKDSH ������ E\ LQWHJUDWLQJ WKH DFRXVWLF
PRPHQWXP HTXDWLRQ ������ ZULWWHQ IRU AXO�
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RU� ZULWWHQ DV WKH 0DFK QXPEHU RI WKH PRGH�
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�E� 1RUPDO 0RGHV IRU D 7XEH 2SHQ DW %RWK (QGV

,Q WKLV FDVH� WKH SUHVVXUH LV DVVXPHG n[HG DW WKH HQGV� IRU H[DPSOH EHFDXVH WKH WXEH LV LPPHUVHG LQ D ODUJH

UHVHUYRLU KDYLQJ FRQVWDQW SUHVVXUH� DQG S�  �� )RU LVHQWURSLF PRWLRQV� |�
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� DQG WKH FRQWLQXLW\

HTXDWLRQ ������ LV
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+HQFH LI S� LV n[HG� WKH YHORFLW\ JUDGLHQW PXVW YDQLVK DW WKH HQGV� 6HW S�  $HbLxDNW VLQ N[ DQG VXEVWLWXWH LQ ������
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��2QO\ IRU O w � GR ZH nQG ZDYH PRGHV� )RU O  �� D TXDOLWDWLYHO\ GLmHUHQW PRGH H[LVWV IRU ZKLFK WKH SUHVVXUH LV XQLIRUP LQ WKH

YROXPH EXW SXOVDWHV DW D IUHTXHQF\ ZHOO EHORZ WKDW IRU WKH IXQGDPHQWDO ZDYH PRGH� 7KH YHORFLW\ LV SUDFWLFDOO\ ]HUR DQG WKH RVFLOODWRU

LV VXVWDLQHG E\ VRPH VRUW RI H[WHUQDO DFWLRQ� $ SURVDLF H[DPSOH LV WKH ORZ IUHTXHQF\ VRXQG RQH FDQ FUHDWH E\ EORZLQJ DFURVV WKH

QDUURZ RSHQLQJ DW WKH QHFN RI D ERWWOH� ,Q WKLV FDVH WKH PRGH LV FDOOHG WKH +HOPKROW] PRGH DQG WKH ERWWOH LV EHKDYLQJ DV D +HOPKROW]

UHVRQDWRU�
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7KH OHIW�KDQG VLGH YDQLVKHV �DQG KHQFH #X� #[  �� DW [  � IRU DQ\ N� EXW DW [  /� ZH PXVW KDYH VLQ NO/  ��
+HQFH NO  ��O � ��
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DQG WKH QRUPDO PRGH VKDSH DQG IUHTXHQF\ DUH
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DQG WKH PRGH VKDSH IRU WKH YHORFLW\ LV
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�F� 1RUPDO 0RGHV IRU D 7XEH &ORVHG DW 2QH (QG DQG 2SHQ DW WKH 2WKHU

5HDVRQLQJ VLPLODU WR WKH DERYH OHDGV LQ WKLV FDVH WR WKH QRUPDO PRGHV ZKHQ WKH WXEH LV FORVHG DW [  ��
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������ 1RUPDO 0RGHV IRU 7XEHV +DYLQJ 'LVFRQWLQXLWLHV RI &URVV�6HFWLRQDO $UHD� &RPEXVWRUV KDYLQJ GLVFRQWLQ�
XRXV DUHD GLVWULEXWLRQV DUH FRPPRQO\ XVHG LQ VROLG SURSHOODQW URFNHWV DQG LQ YDULRXV ODERUDWRU\ GHYLFHV� &RQVLGHU
WKH H[DPSOH VNHWFKHG LQ )LJXUH ���� 7KH ERXQGDU\ FRQGLWLRQV DW WKH HQGV DUH�
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)LJXUH ���� $ 8QLIRUP 7XEH +DYLQJ D 6LQJOH 'LVFRQWLQXLW\�

3RVVLEOH VROXWLRQV LQ WKH UHJLRQV WR WKH OHIW DQG ULJKW RI WKH GLVFRQWLQXLW\ DUH�

AS

xS
 $ FRV N[ �� � [ � /�

AS

xS
 % VLQ N�n/b [� �/ � [ � n/�

������ D�E

1RWH WKDW N  � xD LV WKH VDPH WKURXJKRXW WKH WXEH EHFDXVH WKH PRWLRQ RFFXUV HYHU\ZKHUH DW WKH VDPH
IUHTXHQF\�

&RPSOHWLQJ WKH SUREOHP FRPHV GRZQ WR GHWHUPLQLQJ WKH FRQGLWLRQV IRU PDWFKLQJ WKH VROXWLRQV� 7ZR DUH
UHTXLUHG�

�L� FRQWLQXLW\ RI SUHVVXUH�

OLP
���

>AS�/b ��b AS�/� ��@  �

ZKLFK JLYHV

$ FRV N/  % VLQ�n b ��N/ ������
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�LL� FRQWLQXLW\ RI DFRXVWLF PDVV oRZ�
,QWHJUDWH WKH ZDYH HTXDWLRQ �IRU KDUPRQLF PRWLRQV� DFURVV WKH GLVFRQWLQXLW\�= /��
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%HFDXVH AS LV FRQWLQXRXV� WKLV UHODWLRQ EHFRPHV
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7KXV� ZLWK x| FRQVWDQW DQG GAS
G[
z AX�
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$IWHU VXEVWLWXWLQJ WKH ZDYHIRUPV ������ D�E� DQG XVLQJ ������ ZH nQG WKH WUDQVFHQGHQWDO HTXDWLRQ IRU WKH
PRGDO ZDYHQXPEHUV�

6�
6�
WDQ NO/  FRW NO�n b ��/ ������

7KLV PHWKRG RI VROYLQJ D SUREOHP ZLWK GLVFRQWLQXLWLHV LV RQO\ DSSUR[LPDWH� D SUDFWLFDO TXHVWLRQ LV� KRZ
ODUJH DUH WKH HUURUV" 7R JDLQ VRPH LGHD RI WKH HUURUV LQFXUUHG� WHVWV DW DPELHQW WHPSHUDWXUH �CFROG oRZ WHVWV
�
ZHUH FDUULHG RXW E\ 0DWKLV� 'HUU DQG &XOLFN ������ IRU WKH JHRPHWU\ RI D 7�EXUQHU XVHG IRU PHDVXULQJ WKH
FRPEXVWLRQ UHVSRQVH RI EXUQLQJ VROLG SURSHOODQWV� 5HVXOWV DUH VKRZQ LQ )LJXUH ���� 7KH PHDVXUHG YDOXHV RI
ERWK WKH IUHTXHQFLHV DQG WKH PRGH VKDSHV DUH VXUSULVLQJO\ ZHOO�SUHGLFWHG E\ WKLV WKHRU\� 7KH SULQFLSDO UHDVRQ
LV WKDW WKH LQoXHQFH RI D GLVFRQWLQXLW\ LV FRQnQHG WR D UHODWLYHO\ VPDOO UHJLRQ QHDU WKH FKDQJH RI DUHD� EXW WKH
FKDUDFWHULVWLFV RI WKH QRUPDO PRGHV GHSHQG RQ WKH PRWLRQ LQ WKH HQWLUH YROXPH�

)LJXUH ���� &RPSDULVRQ RI ([SHULPHQWDO DQG 7KHRUHWLFDO 5HVXOWV IRU 1RUPDO )UHTXHQFLHV LQ D
7�%XUQHU �$PELHQW 7HPSHUDWXUH�

���� 1RUPDO $FRXVWLF 0RGHV DQG )UHTXHQFLHV IRU D &KDPEHU� :H QRZ FRQVLGHU D YROXPH RI DQ\
VKDSH HQFORVHG E\ D ULJLG ERXQGDU\ DQG FRQWDLQLQJ D XQLIRUP JDV DW UHVW� 8QVWHDG\ VPDOO DPSOLWXGH PRWLRQV
WKHUHIRUH VDWLVI\ WKH OLQHDU ZDYH HTXDWLRQ ����� D�E DQG LWV ERXQGDU\ FRQGLWLRQ ������ D�E�E UHTXLULQJ WKDW WKH
YHORFLW\ QRUPDO WR WKH ERXQGDU\ YDQLVK DW DOO WLPHV� %\ WKLV GHnQLWLRQ JLYHQ LQ 6HFWLRQ ������ QRUPDO PRGHV
DUH VROXWLRQV WR WKLV SUREOHP ZKLFK RVFLOODWH VLQXVRLGDOO\ LQ WLPH DQG KDYH n[HG SKDVH UHODWLRQV WKURXJKRXW WKH
YROXPH� :H DVVXPH WKH IRUP�� S�  �HbLxDNW� 7KH IRUPDO SUREOHP LV WR nQG � VDWLVI\LQJ WKH VFDODU ZDYH HTXDWLRQ�
DOVR FDOOHG WKH +HOPKROW] ZDYH HTXDWLRQ� ZLWK YDQLVKLQJ QRUPDO JUDGLHQW DW WKH VXUIDFH�
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7KH YHORFLW\ SRWHQWLDO j VDWLVnHV WKH VDPH SDLU RI HTXDWLRQV� D UHVXOW UHoHFWHG E\ HTXDWLRQ ������ ZKLFK IRU VLQXVRLGDO PRWLRQV PHDQV
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7KHUH DUH PDQ\ ZHOO�ZULWWHQ ERRNV FRYHULQJ WKLV SUREOHP DQG LWV VROXWLRQ� IRU H[DPSOH +LOGHEUDQG �������
0RUVH DQG )HVKEDFK ������� DQG 0RUVH DQG ,QJDUG ������� 7KH VLPSOHVW DSSURDFK LV EDVHG RQ WKH PHWKRG RI
VHSDUDWLRQ RI YDULDEOHV� DSSOLFDEOH IRU FORVHG IRUP VROXWLRQV LQ WKLUWHHQ FRRUGLQDWH V\VWHPV� VHH� H�J�� 0RUVH DQG
)HVKEDFK ������� ,Q SUDFWLFDO DSSOLFDWLRQV WR FRPEXVWRUV� RQO\ UHFWDQJXODU DQG FLUFXODU F\OLQGULFDO FKDPEHUV DUH
LPSRUWDQW�

������ 1RUPDO 0RGHV IRU 5HFWDQJXODU &KDPEHUV� 7KH ZDYH HTXDWLRQ LQ &DUWHVLDQ FRRUGLQDWHV LV
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WKH PHWKRG RI VHSDUDWLRQ RI YDULDEOHV OHDGV WR D VROXWLRQ KDYLQJ WKH IRUP
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7KH GLVWULEXWLRQV RI SUHVVXUH WKHUHIRUH KDYH WKH VDPH IRUP LQ DOO GLUHFWLRQV� RI FRXUVH WKH FRPSRQHQWV ������ D�E�F
FDQ DVVXPH DQ\ RI WKH DOORZHG YDOXHV� DQG WKH IUHTXHQF\ LV JLYHQ E\ ������� �  xDN�

������ 1RUPDO 0RGHV IRU D &LUFXODU &\OLQGULFDO &KDPEHU� /HW [ EH WKH SRODU D[LV �)LJXUH ���� DQG WKH ZDYH
HTXDWLRQ LQ FLUFXODU F\OLQGULFDO FRRUGLQDWHV LV

�

U

#

#U

t
U
#�

#U

u
�
�

U�
#��

#t�
�

#��

#[�
� N��  � ������

)LJXUH ���� &LUFXODU &\OLQGULFDO &RRUGLQDWHV

7KH ERXQGDU\ FRQGLWLRQ UHTXLUHV WKDW AQ c U� YDQLVK DW WKH HQGV DQG RQ WKH ODWHUDO ERXQGDU\�
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7R VDWLVI\ WKH ERXQGDU\ FRQGLWLRQV� WKH YDOXHV RI NO DUH LQWHJUDO PXOWLSOHV RI { / DV DERYH DQG WKH �PQ DUH
WKH URRWV RI WKH GHULYDWLYH RI WKH %HVVHO IXQFWLRQ�
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)LJXUH ��� VKRZV WKH ORZHVW VL[ PRGHV LQ WKH WUDQVYHUVH SODQHV� DQG WKH LGHQWLI\LQJ YDOXHV RI Q DQG P� 0RUH
H[WHQGHG UHVXOWV DUH JLYHQ LQ VWDQGDUG WH[WV DQG FROOHFWLRQV RI VSHFLDO IXQFWLRQV�
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)LJXUH ���� 7KH )LUVW 6L[ 7UDQVYHUVH 0RGHV LQ D &LUFXODU &\OLQGHU
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$OO SUREOHPV RI XQVWHDG\ PRWLRQ LQ FRPEXVWLRQ V\VWHPV FDQ EH GLYLGHG LQWR WKH WZR FODVVHV� OLQHDUL]HG DQG
QRQOLQHDU� )URP WKH HDUOLHVW GLVFRYHULHV RI WKHLU WUDQVLHQW EHKDYLRU XQWLO WKH ODWH ����V CFRPEXVWLRQ LQVWDELOLWLHV

LPSOLHG VPDOO DPSOLWXGH XQVWHDG\ �DQG XQZDQWHG� PRWLRQV JURZLQJ RXW RI D FRQGLWLRQ RI OLQHDU LQVWDELOLW\� (YHQ
ZLWK WKH H[SDQGLQJ DZDUHQHVV WKDW WKH QRQOLQHDU SURSHUWLHV PXVW EH XQGHUVWRRG DV ZHOO� WKH OLQHDU EHKDYLRU
UHPDLQV DQ HVVHQWLDO SDUW RI XQGHUVWDQGLQJ DOO DVSHFWV RI FRPEXVWLRQ LQVWDELOLWLHV� LQFOXGLQJ WKH FRQVHTXHQFHV RI
QRQOLQHDU SURFHVVHV�

7KH OLWHUDWXUH RI OLQHDU FRPEXVWLRQ LQVWDELOLWLHV FRQWDLQV PDQ\ SDSHUV GHDOLQJ ZLWK VSHFLDO SUREOHPV� 7KHUH
VHHPV RIWHQ WR EH D WHQGHQF\ WR UHJDUG WKH UHVXOWV DV VRPHKRZ GLVFRQQHFWHG� +RZHYHU� DSSDUHQW GLmHUHQFHV DULVH
FKLHo\ IURP WKH GLmHUHQFHV LQ WKH SURFHVVHV DFFRXQWHG IRU DQG LQ WKH FKRLFHV RI PRGHOV IRU WKRVH SURFHVVHV� 6R
ORQJ DV WKH SUREOHPV DUH GRPLQDWHG E\ RVFLOODWLQJ EHKDYLRU LQ FRPEXVWRUV� SUREDEO\ PRVW� LI QRW SUDFWLFDOO\ DOO
RI WKH UHVXOWV FDQ EH REWDLQHG LQ HTXLYDOHQW IRUPV E\ VXLWDEOH DSSOLFDWLRQV RI WKH PHWKRGV H[SODLQHG KHUH� 7KDW
VWDWHPHQW LV QRW DV RXWUDJHRXV DV LW PD\ VHHP� IROORZLQJ DV LW GRHV IURP WKH JHQHUDOLW\ RI WKH H[SDQVLRQ SURFHGXUHV
DQG WKH PHWKRG RI DYHUDJLQJ FRYHUHG LQ 6HFWLRQ ��

���� 6ROXWLRQ IRU WKH 3UREOHP RI /LQHDU 6WDELOLW\� %\ CVROXWLRQ
 ZH PHDQ KHUH IRUPXODV IRU FDOFXODWLQJ
WKH DPSOLWXGHV sQ�W� RI PRGHV UHWDLQHG LQ WKH H[SDQVLRQ IRU WKH SUHVVXUH nHOG� S

��U� W�  xShsQ�W��Q�U�� 7KH
DPSOLWXGHV VDWLVI\ WKH RVFLOODWRU ZDYH HTXDWLRQV ������
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Q VWDQGV IRU WKH JHQHUDOL]HG CIRUFH
 DVVRFLDWHG ZLWK WKH H[HUFLVH RI FRQWURO� DQG )Q LV WKH VSDWLDO DYHUDJH

RI WKDW SDUW �VRPHWLPHV FDOOHG WKH CSURMHFWLRQ
 RQ WKH EDVLV IXQFWLRQ �Q� RI WKH LQWHUQDO SURFHVVHV DmHFWLQJ WKH
PRWLRQ RI WKH QWK RVFLOODWRU� JLYHQ E\ �������
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Q EHFDXVH ZH DUH FRQFHUQHG RQO\ ZLWK WKH LQWHUQDO EHKDYLRU RI WKH V\VWHP� ,Q JHQHUDO� WKH )Q

FRQWDLQ FRQWULEXWLRQV DVVRFLDWHG ZLWK WKH PRWLRQV RI RVFLOODWRUV RWKHU WKDQ WKH QWK_L�H� WKH PRGHV DUH FRXSOHG�
)RU DQDO\VLV RI OLQHDU VWDELOLW\ ZH DUH MXVWLnHG LQ LJQRULQJ WKDW FRXSOLQJ� IRU UHDVRQV JLYHQ E\ &XOLFN ������� (DFK
)Q LV WKHUHIRUH D OLQHDU IXQFWLRQ RI WKH DPSOLWXGH DQG YHORFLW\ RI WKH RVFLOODWRU� KDYLQJ WKH IRUP
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%HFDXVH WKH HTXDWLRQV DUH XQFRXSOHG� WKH QRUPDO PRGHV �Q IRU WKH FRUUHVSRQGLQJ FODVVLFDO DFRXVWLF SUREOHP DUH
DOVR WKH QRUPDO PRGHV IRU WKH OLQHDU SUREOHP RI FRPEXVWRU G\QDPLFV� 7KH JHQHUDO SUREOHP RI GHWHUPLQLQJ OLQHDU
VWDELOLW\ KDV WKHUHIRUH FRPH GRZQ WR WKH SUREOHP RI GHWHUPLQLQJ WKH VWDELOLW\ RI WKH QRUPDO PRGHV� ,Q WKH XVXDO
IDVKLRQ ZH DVVXPH VLQXVRLGDO WLPH GHSHQGHQFH ZLWK FRPSOH[ IUHTXHQF\�
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ZKHUH ZH WDNH WKH ��� VLJQ RQ WKH UDGLFDO WR JLYH D SRVLWLYH UHDO IUHTXHQF\� +HQFH WKH DPSOLWXGHV DUH
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7KH QWK PRGH LV VWDEOH RI
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7KDW LV� WKH FRHpFLHQW RI BsQ LQ WKH H[SUHVVLRQ IRU )Q PXVW EH SRVLWLYH IRU WKH Q
WK PRGH WR EH VWDEOH�

1RZ DFFRUGLQJ WR WKH PHWKRGV RI )RXULHU DQDO\VLV� DQ DUELWUDU\ GLVWXUEDQFH DW VRPH LQLWLDO WLPH �VD\ W  ��
LQ WKH FKDPEHU FDQ EH V\QWKHVL]HG RI WKH QRUPDO PRGHV� 7KH WLPH�HYROXWLRQ RI WKH GLVWXUEDQFH LV WKHUHIRUH
GHWHUPLQHG E\ WKH sQ�W�� ,Q SDUWLFXODU� DQ DUELWUDU\ GLVWXUEDQFH LQ D FRPEXVWRU LV VWDEOH LI �DQG RQO\ LI� DOO RI
WKH QRUPDO PRGHV DUH VWDEOH DQG ZH DUULYH DW WKH JHQHUDO UHVXOW IRU WKH OLQHDU VWDELOLW\ RI D FRPEXVWRU�

�L� :ULWH WKH OLQHDUL]HG IXQFWLRQ IRU WKH IRUFH DFWLQJ RQ WKH QWK RVFLOODWRU �VSDWLDOO\ DYHUDJHG
DFRXVWLF PRGH� LQ WKH IRUP
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Q DUH QHJDWLYH�

/LQHDU 6WDELOLW\ �� ) Bs
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7KH SUHFHGLQJ FDOFXODWLRQ DQG LWV FRQFOXVLRQ� LOOXVWUDWH IXUWKHU D SRLQW nUVW PDGH LQ 6HFWLRQ �� :H KDYH IRXQG
D PHDQV RI FRPSXWLQJ WKH OLQHDU VWDELOLW\ RI D FRPEXVWRU ZLWKRXW NQRZLQJ WKH OLQHDU PRWLRQV WKHPVHOYHV� 7KH
FRPSOH[ IUHTXHQF\ ����� LV LQ IDFW WKH IUHTXHQF\ IRU WKH DFWXDO OLQHDU PRGHV LQFOXGLQJ WKH LQoXHQFHV RI DOO WKH
SURFHVVHV DFFRXQWHG IRU� %XW FDOFXODWLRQ RI WKH ) s

Q DQG ) Bs
Q ZLWK WKH IRUPXOD ����� UHTXLUHV NQRZOHGJH RQO\ RI

WKH XQSHUWXUEHG QRUPDO PRGHV_WKHLU IUHTXHQFLHV �Q DQG VKDSHV �Q�U�� 7KH IRUPDO VWDWHPHQW RI WKLV SURSHUW\
LV WKDW WKH HLJHQYDOXHV �lQ� WR DQ\ RUGHU LQ WKH UHOHYDQW H[SDQVLRQ SDUDPHWHU �KHUH x0U � x� FDQ EH FRPSXWHG
NQRZLQJ WKH HLJHQIXQFWLRQV ��Q� RQO\ WR RQH OHVV RUGHU� 7KH HLJHQYDOXHV lQ DUH KHUH JLYHQ WR nUVW RUGHU LQ WKH
0DFK QXPEHU RI WKH DYHUDJH oRZ EXW RQO\ WKH XQSHUWXUEHG FODVVLFDO HLJHQIXQFWLRQV �Q DUH UHTXLUHG� 7KLV LV WKH
EDVLF FKDUDFWHULVWLF RI WKH H[SDQVLRQ SURFHGXUHV ZLWK VSDWLDO DYHUDJLQJ WKDW PDNHV WKH PHWKRG GHYLVHG KHUH VR
XVHIXO LQ SUDFWLFH�

���� $Q $OWHUQDWLYH &DOFXODWLRQ RI /LQHDU 6WDELOLW\� $Q HTXLYDOHQW FDOFXODWLRQ RI WKH UHVXOW IRU OLQHDU
VWDELOLW\ PDNHV GLUHFW XVH RI WKH IRUPXOD IRU WKH ZDYHQXPEHU� :ULWH
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SDUDPHWHU DQG WHUPV RI KLJKHU RUGHU PXVW EH GURSSHG��� ZH LJQRUH m� ZLWK UHVSHFW WR ��� 7KHQ WKH UHDO DQG
LPDJLQDU\ SDUWV RI WKH ODVW HTXDWLRQ JLYH
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ZKHUH � KDV EHHQ VHW HTXDO WR �Q LQ WKH ULJKW�KDQG VLGHV WR HQVXUH WKDW KLJKHU RUGHU WHUPV DUH QRW UHWDLQHG�
1RZ WDNH WKH VTXDUH URRW RI WKH nUVW HTXDWLRQ DQG DJDLQ GURS KLJKHU RUGHU WHUPV WR nQG
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&RPSDULVRQ RI ������ D�E DQG ���� JLYHV WKH FRQQHFWLRQV EHWZHHQ WKH WZR UHSUHVHQWDWLRQV RI WKH IRUFLQJ IXQFWLRQ���
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*HQHUDOO\ )Q ZLOO FRQWDLQ VHYHUDO SURFHVVHV� HDFK RI ZKLFK ZLOO GHSHQG OLQHDUO\ RQ sQ DQG
GsQ
GW
DQG DSSHDUV

DGGLWLYHO\ LQ )Q� +HQFH IRUPXODV FRUUHVSRQGLQJ WR ������ D�E DSSO\ WR HDFK RI WKH LQGLYLGXDO SURFHVVHV� 7KH\ DUH
RIWHQ XVHIXO� LI RQO\ IRU FKHFNLQJ FRUUHFWQHVV� LQ GHWDLOHG FDOFXODWLRQV�

���� $Q ([DPSOH� /LQHDU 6WDELOLW\ ZLWK 'LVWULEXWHG 6RXUFHV RI +HDW DQG 0RWLRQ RI WKH %RXQG�

DU\� $V D nUVW DSSUR[LPDWLRQ WR SUREOHPV RI FRPEXVWLRQ LQVWDELOLWLHV LW LV XVHIXO WR LJQRUH DOO SURFHVVHV LQYROYLQJ
LQWHUDFWLRQV EHWZHHQ WKH XQVWHDG\ DQG VWHDG\ nHOGV� DQG IRFXV DWWHQWLRQ RQ WKH WZR JHQHULF FDXVHV RI LQVWDELOL�
WLHV� WLPH�GHSHQGHQW HQHUJ\ DGGLWLRQ DQG PRWLRQV RI WKH ERXQGDU\� :LWK VXLWDEOH LQWHUSUHWDWLRQ WKH VHFRQG PD\
UHSUHVHQW WKH LQoXHQFH RI XQVWHDG\ FRPEXVWLRQ RI D VROLG SURSHOODQW� 7KHQ LQ GLPHQVLRQDO YDULDEOHV WKH OLQHDUL]HG
SUHVVXUH DQG PRPHQWXP HTXDWLRQV ������� D�H�G DQG ������� D�H�E� DQG WKH ERXQGDU\ FRQGLWLRQ ������ RQ WKH
SUHVVXUH oXFWXDWLRQV DUH
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7KH H[SDQVLRQ SURFHGXUH DQG DSSOLFDWLRQ RI VSDWLDO DYHUDJLQJ OHDGV WR WKH H[SOLFLW RVFLOODWRU HTXDWLRQV �������
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)LJXUH ���� $ 7XEH ZLWK 'LVWULEXWHG +HDW $GGLWLRQ DQG DQ 2VFLOODWLQJ 3LVWRQ WR 'ULYH :DYHV

$V D VLPSOH H[DPSOH� FRQVLGHU WKH RQH�GLPHQVLRQDO SUREOHP RI ZDYHV H[FLWHG LQ D WXEH nWWHG ZLWK D SLVWRQ�
)LJXUH ���� DQG ZLWK GLVWULEXWHG KHDW DGGLWLRQ SURYLGHG E\ DQ HOHFWULFDOO\ KHDWHG FRLO� 2QO\ ORQJLWXGLQDO PRGHV
DUH DFFRXQWHG IRU� DQG
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ZKHUH 6F  {5� LV WKH FURVV�VHFWLRQ DUHD RI WKH WXEH� :H LJQRUH DQ\ DYHUDJH PRWLRQ LQ WKH WXEH� DQG VXSSRVH
WKDW WKH DYHUDJH WKHUPRG\QDPLF SURSHUWLHV DUH PDLQWDLQHG FRQVWDQW DQG XQLIRUP E\ VXLWDEOH VWHDG\ KHDW ORVVHV
WKURXJK WKH ZDOOV RI WKH WXEH� 7KH KHDW DGGLWLRQ DQG PRWLRQ RI WKH SLVWRQ DUH VLQXVRLGDO� KDYLQJ SKDVHV �4 DQG
�Q ZLWK UHVSHFW WR SUHVVXUH RVFLOODWLRQV�
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7DNH WKH UHDO DQG LPDJLQDU\ SDUWV WR nQG
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,QWHUQDO IHHGEDFN� DQG KHQFH D FRQGLWLRQ IRU LQVWDELOLW\� H[LVWV RI HLWKHU RU ERWK MAB4M DQG MAXSM GHSHQG RQ WKH
oXFWXDWLQJ SUHVVXUH �RU YHORFLW\�� )RU H[DPSOH� VHW

MAB4M  T�AsQ�Q  T�AsQ FRV NQ[
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7R nUVW RUGHU LQ VPDOO TXDQWLWLHV ZH nQG WKH UHVXOWV IRU WKH IUHTXHQF\ DQG GHFD\ RU JURZWK FRQVWDQW�

�  �Q �$T� VLQ�4 b%X� VLQ�X

m  $T� FRV�4 b%X� FRV�X
������ D�E

5HPDUNV�

�L� WKH QWK PRGH LV XQVWDEOH LI $T� FRV�4 ! %X� FRV�X

�LL� WKH nUVW WHUP LQ m LV DQ H[DPSOH RI 5D\OHLJK
V FULWHULRQ GLVFXVVHG LQ 6HFWLRQ ����

D� LI � � �X �
{
� WKHQ D QHFHVVDU\ FRQGLWLRQ IRU LQVWDELOLW\ LV � � �4 �

{
� �

E� LQVWDELOLW\ RI WKH QWK PRGH LV HQFRXUDJHG LI MAB4�[�M FRV NQ[ LV ODUJHU�
L�H� LI WKH KHDW DGGLWLRQ LV JUHDWHU ZKHUH WKH PRGH VKDSH RI WKH SUHVVXUH�

,W LV LPSRUWDQW DOVR WR QRWLFH WKDW GXH WR WKH VSDWLDO DYHUDJLQJ� RQH FDQQRW GLVWLQJXLVK WKH XOWLPDWH HmHFWV
RI YROXPHWULF DQG VXUIDFH SURFHVVHV� 7KHUH LV DQ HTXLYDOHQFH RI WKH LQoXHQFHV RI WKH YDULRXV SURFHVVHV� WKHLU
LPSRUWDQFH LQ UHVSHFW WR SRVLWLRQ ZLWKLQ WKH FKDPEHU EHLQJ GRPLQDWHG E\ WKHLU ORFDWLRQ ZLWK UHVSHFW WR WKH PRGH
VKDSHV� 7KDW FKDUDFWHULVWLF KDV IDU�UHDFKLQJ FRQVHTXHQFHV�

���� 5D\OHLJK
V &ULWHULRQ DQG /LQHDU 6WDELOLW\� $V SDUW RI KLV UHVHDUFK RQ WKH H[FLWDWLRQ RI DFRXVWLF
ZDYHV E\ KHDW DGGLWLRQ LQ FKDPEHUV� /RUG 5D\OHLJK ������ ����� IRUPXODWHG WKH IROORZLQJ H[SODQDWLRQ IRU WKH
SURGXFWLRQ RI WRQHV LQ D 5LMNH WXEH�

?,I KHDW EH SHULRGLFDOO\ FRPPXQLFDWHG WR� DQG DEVWUDFWHG IURP� D PDVV RI DLU YLEUDWLQJ �IRU H[DPSOH�
LQ D F\OLQGHU ERXQGHG E\ D SLVWRQ� WKH HmHFW SURGXFHG ZLOO GHSHQG XSRQ WKH SKDVH RI WKH YLEUDWLRQ
DW ZKLFK WKH WUDQVIHU RI KHDW WDNHV SODFH� ,I KHDW EH JLYHQ WR WKH DLU DW WKH PRPHQW RI JUHDWHVW
FRQGHQVDWLRQ� RU EH WDNHQ IURP LW DW WKH PRPHQW RI JUHDWHVW UDUHIDFWLRQ� WKH YLEUDWLRQ LV HQFRXUDJHG�
2Q WKH RWKHU KDQG� LI KHDW EH JLYHQ DW WKH PRPHQW RI JUHDWHVW UDUHIDFWLRQ� RU DEVWUDFWHG DW WKH
PRPHQW RI JUHDWHVW FRQGHQVDWLRQ� WKH YLEUDWLRQ LV GLVFRXUDJHG��

7KDW SDUDJUDSK KDV EHFRPH SUREDEO\ WKH PRVW ZLGHO\ FLWHG H[SODQDWLRQ IRU WKH SUHVHQFH RI FRPEXVWLRQ LQVWDELOLWLHV
JHQHUDOO\� )RU HDV\ UHIHUHQFH� WKH H[SODQDWLRQ KDV ORQJ EHHQ UHIHUUHG WR DV ?5D\OHLJK
V &ULWHULRQ��

,W LV LPSRUWDQW WR UHDOL]H WKDW 5D\OHLJK DGGUHVVHG RQO\ WKH FRQGLWLRQV XQGHU ZKLFK XQVWHDG\ KHDW DGGLWLRQ
CHQFRXUDJHV
 RVFLOODWLRQV� L�H� LV D GHVWDEOLOL]LQJ LQoXHQFH� 2WKHU SURFHVVHV� VWDELOL]LQJ RU GHVWDELOL]LQJ DUH QHLWKHU
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H[FOXGHG QRU LQFOXGHG� DQG WKHUH LV FHUWDLQO\ QR LPSOLFDWLRQ WKDW VDWLVIDFWLRQ RI WKH FULWHULRQ LV HLWKHU D QHFHVVDU\
RU D VXpFLHQW FRQGLWLRQ IRU LQVWDELOLW\ WR H[LVW� 6HYHUDO SXEOLVKHG H[DPSOHV H[LVW RI TXDQWLWDWLYH UHDOL]DWLRQV RI
WKH FULWHULRQ �3XWQDP ����� &KX ����� =LQQ ����� &XOLFN ����� ������ 7KH SXUSRVH RI WKLV VHFWLRQ LV WR HVWDEOLVK
D JHQHUDOL]HG IRUP RI 5D\OHLJK
V &ULWHULRQ E\ XVLQJ WKH DQDO\VLV EDVHG RQ VSDWLDO DYHUDJLQJ�

7KH PDLQ LGHD LV WKDW D SRVLWLYH FKDQJH RI WKH WLPH�DYHUDJHG HQHUJ\ RI D PRGDO RVFLOODWRU LQ D F\FOH RI
RVFLOODWLRQ LV H[DFWO\ HTXLYDOHQW WR WKH SULQFLSOH RI OLQHDU LQVWDELOLW\� WKDW WKH JURZWK FRQVWDQW VKRXOG EH SRVLWLYH
IRU D PRWLRQ WR EH XQVWDEOH� 7R HVWDEOLVK WKH FRQQHFWLRQ ZH XVH WKH RVFLOODWRU HTXDWLRQV�
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DQG WKH FKDQJH RI HQHUJ\ LQ RQH F\FOH LV WKH LQWHJUDO RYHU RQH SHULRG RI WKH UDWH DW ZKLFK ZRUN LV GRQH E\ WKH
IRUFH )Q�
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8QGHU WKH LQWHJUDO� )Q DQG BsQ PXVW EH UHDO TXDQWLWLHV� KHUH ZH XVH WKH UHDO SDUWV RI ERWK IXQFWLRQV�
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:H PHDVXUH DOO SKDVHV ZLWK UHVSHFW WR WKH SUHVVXUH� VR AsQ LV UHDO DQG� EHLQJ WKH PD[LPXP DPSOLWXGH� LV SRVLWLYH�
6XEVWLWXWLRQ LQ WKH RVFLOODWRU HTXDWLRQV JLYHV
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6XEVWLWXWLRQ RI ������D�E OHDGV WR WKH IRUPXOD
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ZKLFK HVWDEOLVKHV WKH GHVLUHG FRQQHFWLRQ EHWZHHQ 5D\OHLJK
V FULWHULRQ DQG OLQHDU VWDELOLW\�

��
�Q LV QRW WKH HQHUJ\ RI WKH QWK DFRXVWLF PRGH� ZKLFK LV JLYHQ E\ WKH LQWHJUDO RI ������ RYHU WKH YROXPH RI WKH FKDPEHU�
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5HPDUNV�

�L� 3RVLWLYH mQ �WKH V\VWHP LV OLQHDUO\ XQVWDEOH� LPSOLHV WKDW WKH DYHUDJH HQHUJ\ RI WKH RVFLOODWRU
LQFUHDVHV� DQG YLFH�YHUVD�

�LL� 5D\OHLJK
V RULJLQDO FULWHULRQ LV HTXLYDOHQW WR WKH SULQFLSOH RI OLQHDU LQVWDELOLW\ LI RQO\ KHDW
H[FKDQJH LV DFFRXQWHG IRU DQG LV QHLWKHU D QHFHVVDU\ QRU D VXpFLHQW FRQGLWLRQ IRU H[LVWHQFH
RI D FRPEXVWLRQ LQVWDELOLW\�

�LLL� 7KH H[WHQGHG IRUP ������ RI 5D\OHLJK
V FULWHULRQ LV H[DFWO\ HTXLYDOHQW WR WKH SULQFLSOH RI OLQHDU
LQVWDELOLW\�

3XWQDP ������ KDV PDGH WKH ZLGHVW XVH RI 5D\OHLJK
V &ULWHULRQ LQ SUDFWLFDO VLWXDWLRQV� +LV ERRN DQG SDSHUV
JLYH PDQ\ H[DPSOHV RI DSSO\LQJ WKH &ULWHULRQ DV DQ DLG WR PDNLQJ FKDQJHV RI GHVLJQ WR DYRLG RVFLOODWLRQV JHQHUDWHG
E\ KHDW UHOHDVH� SDUWLFXODUO\ LQ SRZHU JHQHUDWLQJ DQG KHDWLQJ V\VWHPV�

,Q WKH SDVW nIWHHQ \HDUV PDQ\ JURXSV KDYH EHHQ PDNLQJ GLUHFW REVHUYDWLRQV RQ ODERUDWRU\ V\VWHPV WR FKHFN
WKH YDOLGLW\ RI WKH &ULWHULRQ
V LPSOLFDWLRQV� 7KH NH\ VWHS LV EDVHG RQ WKH DVVXPSWLRQ WKDW UDGLDWLRQ E\ FHUWDLQ
LQWHUPHGLDWH VSHFLHV LQ K\GURFDUERQ UHDFWLRQV �&+ DQG 2+ DUH WKH PRVW FRPPRQ LQGHQWLnHUV� FDQ EH LQWHUSUHWHG
DV D PHDVXUH RI WKH UDWH RI FKHPLFDO UHDFWLRQV WDNLQJ SODFH DQG KHQFH RI WKH UDWH DW ZKLFK HQHUJ\ LV UHOHDVHG�
6LPXOWDQHRXV PHDVXUHPHQW ZH PDGH RI WKH VSDWLDO GLVWULEXWLRQ RI UDGLDWLRQ LQ D V\VWHP� DQG RI WKH SUHVVXUH
RVFLOODWLRQV� WKH UHVXOWV WKHQ DOORZ DW OHDVW D TXDOLWDWLYH DVVHVVPHQW RI WKH H[WHQW WR ZKLFK WKH RVFLOODWLRQV DUH
EHLQJ GULYHQ E\ WKH HQHUJ\ UHOHDVHG LQ WKH FRPEXVWLRQ nHOG� RU ZKHWKHU RWKHU PHFKDQLVPV PD\ EH DFWLYH�

,W VHHPV WKDW WKH nUVW UHSRUW RI WKDW VRUW RI HmRUW DSSHDUHG LQ D 3K�'� WKHVLV �6WHUOLQJ� ����� 6WHUOLQJ DQG
=XNRVNL� ������ )LJXUH ��� LV D VNHWFK RI WKH GXPS FRPEXVWRU XVHG DV WKH WHVW GHYLFH� DQG )LJXUH ��� VKRZV WKH
PDLQ UHVXOW�

VPremixed
CH   / Air4 Exhaust  to

Atmosphere

)LJXUH ���� 7KH &DOWHFK 'XPS &RPEXVWRU �6WHUOLQJ �����

���� ([SOLFLW )RUPXODV )RU /LQHDU 6WDELOLW\� 7KH WHUP CVWDELOLW\ RI PRWLRQV
 KDV VHYHUDO LQWHUSUHWDWLRQV
IRU oRZV LQ FRPEXVWLRQ FKDPEHUV� LQFOXGLQJ�

�L� WKH VWDELOLW\ RI ODPLQDU DYHUDJH oRZ ZKHQ YLVFRXV DQG LQHUWLDO SURSHUWLHV RI WKH PHGLXP
GRPLQDWH� OHDGLQJ WR WXUEXOHQFH� D nHOG RI GLVWULEXWHG YRUWLFLW\ LI WKH VWHDG\ oRZ LV XQVWDEOH�

�LL� WKH VWDELOLW\ RI VKHDU OD\HUV� FRPPRQO\ SURGXFLQJ ODUJH VFDOH YRUWH[ PRWLRQV ZKHQ D VKHDU
OD\HU LV XQVWDEOH�

�LLL� WKH VWDELOLW\ RI ODPLQDU oDPH IURQWV� UHVSRQVLEOH IRU RQH VRXUFH RI WXUEXOHQW FRPEXVWLRQ ZKHQ
IURQWV DUH XQVWDEOH�

�LY� WKH VWDELOLW\ RI VPDOO GLVWXUEDQFHV ZKLFK� ZKHQ WKH FRPSUHVVLELOLW\ DQG LQHUWLD RI WKH PHGLXP
GRPLQDWH� FDQ GHYHORS LQWR DFRXVWLF ZDYHV�

,Q WHUPV RI WKH PRGHV RI PRWLRQ PHQWLRQHG LQ 6HFWLRQ ��� DQG GLVFXVVHG IXUWKHU LQ 6HFWLRQ ���� WKH SKHQRPHQD
�L�^�LLL� DUH FODVVLnHG DV ZDYHV RI YRUWLFLW\ DQG WKH IRXUWK FRPSULVHV DFRXVWLF ZDYHV� +HUH ZH DUH FRQFHUQHG RQO\
ZLWK WKH VWDELOLW\ RI DFRXVWLF ZDYHV� 7KH UHVXOWV DUH YHU\ JHQHUDO� DFFRPPRGDWLQJ DOO UHOHYDQW SURFHVVHV DQG
DSSOLFDEOH� LQ SULQFLSOH� WR DQ\ FRPEXVWLRQ FKDPEHU� (YHQWXDOO\ WKH REVWDFOHV WR VXFFHVVIXO DSSOLFDWLRQV DUH
DVVRFLDWHG DOPRVW HQWLUHO\ ZLWK SUREOHPV RI PRGHOLQJ� ,Q WKH nUVW LQVWDQFH� WKH IRUPDO UHVXOWV JLYHQ KHUH HVWDEOLVK
H[SOLFLWO\ ZKDW PRGHOLQJ LV UHTXLUHG�

������ /LQHDU 6WDELOLW\ LQ 7KUHH 'LPHQVLRQV� 7KH IRUPXODV ������ D�E DUH JHQHUDO� UHVWULFWHG RQO\ E\ WKH
DSSUR[LPDWLRQV XVHG LQ IRUPXODWLQJ WKH DQDO\WLFDO IUDPHZRUN� +HQFH WKH SUREOHP RI REWDLQLQJ UHVXOWV VSHFLnF WR
DQ\ JLYHQ SUREOHP FRPHV GRZQ WR nQGLQJ H[SOLFLW IRUPV IRU ) s

Q DQG ) Bs
Q � L�H� HYDOXDWLQJ WKH LQWHJUDOV GHnQLQJ )Q�
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)LJXUH ���� ([SHULPHQWDO &RQnUPDWLRQ RI 5D\OHLJK
V &ULWHULD �6WHUOLQJ DQG =XNRVNL� �����

HTXDWLRQ ������ 7KH IXQFWLRQV K DQG I DUH JLYHQ E\ ������ DQG ������ WR VHFRQG RUGHU LQ WKH oXFWXDWLRQV� +HUH ZH
QHHG RQO\ WKH OLQHDU SDUWV� WHUPV RI RUGHU x�� :LWK x DQG � DEVRUEHG LQ WKH GHnQLWLRQV RI WKH YDULDEOHV� ZH KDYH
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1RWH WKDW ZH KDYH UHPRYHG WKH H[SRQHQWLDO WLPH IDFWRU IRU OLQHDU KDUPRQLF PRWLRQV DQG ������ FRQWDLQV WKH

DPSOLWXGHV RI oXFWXDWLRQV� GHQRWHG E\ A� �� 7ZR UHPDUNV DUH LPSRUWDQW�

�L� WKH PHDQ oRZ nHOG PD\ EH URWDWLRQDO �Ud x0� �� DQG VRXUFHV DUH DFFRPPRGDWHG �Uc x0� ���
�LL� RZLQJ WR WKH RUGLQDU\ SURFHGXUH GLVFXVVHG LQ 6HFWLRQ �� WKH VXEVWLWXWLRQV RI FODVVLFDO DFRXVWLF

PRGH VKDSHV DUH UHTXLUHG LQ WKH ULJKW�KDQG VLGH�
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ZKHUH ABsQ  LxDNQsQ�
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N�  N�Q �
xD�

xS(�Q

�
LxSxDNQ

==
o

�
A0

AsQ
�
�

o
x0oQ

�
c AQoQG6

� L�o b ��
NQ
xD
xS

= b
U c x0

c
��QG9 b L

NQ
xD

= A�

AsQ
�QG9

b

= A�

AsQ
c U�QG9

� ������

,W LV LPSRUWDQW WR XQGHUVWDQG WKDW LQ WKH UHVXOW XQVWHDG\ JDVG\QDPLFV �DFRXVWLFV� DQG LQWHUDFWLRQV EHWZHHQ
WKH DFRXVWLFV DQG WKH PHDQ oRZ DUH DFFRXQWHG IRU CH[DFWO\
 WR 2� x0U��

7KH UHDO DQG LPDJLQDU\ SDUWV RI ������� ZULWWHQ V\PEROLFDOO\ DV HTXDWLRQV ������ D�E DQG ������ D�E DUH VXPV
RI FRQWULEXWLRQV IURP WKH YDULRXV SURFHVVHV DFFRXQWHG IRU� )RU H[DPSOH� WKH IRUPXOD IRU WKH JURZWK FRQVWDQW
DSSHDUV LQ WKH IRUP

m  �m�FRPEXVWLRQ � �m�PHDQ IORZ DFRXVWLFV � �m�QR]]OH � c c c

6LPLODU UHVXOWV FDQ EH GHULYHG IRU WKH FDVH ZKHQ WKH RQH�GLPHQVLRQDO DSSUR[LPDWLRQ LV XVHG� 7KH UHTXLUHG EDVLV
IRU WKH FDOFXODWLRQV LV JLYHQ E\ &XOLFN ������� 7KH UHVXOWV IRU WKH IUHTXHQF\ DQG JURZWK FRQVWDQW DUH�
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7ZR UHPDUNV RQ LQWHUSUHWDWLRQ

�L� WKH nUVW WZR WHUPV LQ WKH IRUPXOD IRU m UHSUHVHQW WKH G\QDPLFDO UHVSRQVH RI WKH HQFORVLQJ
VXUIDFH DQG WKH QHW HmHFW RI OLQHDU LQWHUDFWLRQV EHWZHHQ WKH DFRXVWLF nHOG DQG WKH PHDQ oRZ�

�LL� WKH ODVW WHUP UHSUHVHQWV D GLVVLSDWLYH SURFHVV FRPPRQO\ FDOOHG CoRZ WXUQLQJ
 GXH WR LQHODVWLF
DFFHOHUDWLRQ RI WKH LQFRPLQJ oRZ� LQLWLDOO\ QRUPDO WR WKH VXUIDFH� WR WKH ORFDO D[LDO YHORFLW\
SDUDOOHO WR WKH VXUIDFH� 7KLV SURFHVV JHQHUDWHV XQVWHDG\ YRUWLFLW\ DW WKH VXUIDFH� WKH UHVXOW
VKRZQ KHUH GRHV QRW FDSWXUH WKH HQWLUH FRQWULEXWLRQ� 6HH )ODQGUR ������ DQG 0XOKRWUD
�������
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7KHVH UHVXOWV IRU OLQHDU VWDELOLW\ KDYH EHHQ DSSOLHG H[WHQVLYHO\ WR SUREOHPV RI FRPEXVWLRQ LQVWDELOLWLHV LQ VROLG
SURSHOODQW URFNHWV� 7KHLU YDOLGLW\ KDV ORQJ EHHQ FRQnUPHG� +RZHYHU� WKHLU DFFXUDF\ GHSHQGV HQWLUHO\ RQ WKH
DFFXUDF\ RI PRGHOLQJ SURFHVVHV UDWKHU WKDQ WKH JDVG\QDPLFV VKRZQ H[SOLFLWO\ LQ ������^�������

'XH WR WKH ODUJH XQFHUWDLQWLHV DVVRFLDWHG ZLWK PRGHOLQJ VRPH SURFHVVHV� LW LV GLpFXOW_LQ IDFW LPSRVVLEOH DW
WKLV WLPH_WR PDNH DQ HQWLUHO\ VDWLVIDFWRU\ FRPSDULVRQ EHWZHHQ WKHRUHWLFDO UHVXOWV DQG PHDVXUHPHQWV� +HQFH
WKH EHVW ZD\ WR FKHFN WKHRU\ LV WR FRPSDUH UHVXOWV REWDLQHG KHUH ZLWK UHVXOWV RI QXPHULFDO VLPXODWLRQV� DOO IRU
WKH VDPH SUREOHP� (YHQ WKLV SURFHGXUH LV LPSHUIHFW EHFDXVH GLmHUHQW DSSUR[LPDWLRQV PXVW EH PDGH LQ WKH WZR
DSSURDFKHV_LW LV LPSRVVLEOH WR VROYH WKH CVDPH
 SUREOHP QXPHULFDOO\ DQG ZLWK WKH DQDO\VLV JLYHQ KHUH�

5HVXOWV RI DQ H[DPSOH IRU D VROLG SURSHOODQW URFNHW DUH VKRZQ LQ )LJXUHV ���^���� 7KH FDOFXODWLRQV ZHUH FDUULHG
RXW IRU QRQOLQHDU EHKDYLRU� )LJXUH ��� VKRZV WKH GHYHORSPHQW RI WKH XQVWDEOH PRWLRQ LQWR D VWDEOH OLPLW F\FOH
DQG )LJXUH ��� LV D FRPSDULVRQ RI WKH VSHFWUD RI WKH ZDYHIRUPV LQ WKH OLPLW F\FOH� 7KH DSSUR[LPDWH DQDO\VLV
FDQ EH FDUULHG RXW RQO\ IRU D nQLWH QXPEHU RI PRGHV� $V D FRQVHTXHQFH� DOWKRXJK WKH IUHTXHQFLHV DUH DFFXUDWHO\
SUHGLFWHG� WKH DPSOLWXGHV KDYH JUHDWHU HUURUV IRU WKH KLJKHU PRGHV� )LJXUH ��� VKRZV RQH HmHFW RI WUXQFDWLQJ WKH
PRGDO H[SDQVLRQ� )RU WKLV H[DPSOH WKH HmHFW LV QRW ODUJH_WKH WZR�PRGH DSSUR[LPDWLRQ VHHPV TXLWH DGHTXDWH�
7KDW LV QRW DOZD\V WUXH� D PDWWHU GLVFXVVHG LQ WKH IROORZLQJ 6HFWLRQ�

�D� $SSUR[LPDWH $QDO\VLV �E� 1XPHULFDO 6LPXODWLRQ

)LJXUH ���� *URZWK RI 8QVWDEOH 0RWLRQV $FFRUGLQJ WR �D� WKH $SSUR[LPDWH $QDO\VLV� DQG �E�
D 1XPHULFDO 6LPXODWLRQ
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�E�

)LJXUH ���� &RPSDULVRQ RI WKH 6SHFWUD IRU WKH :DYHIRUPV LQ )LJXUH ���

)LJXUH ���� (mHFW RI 7UXQFDWLRQ LQ WKH :DYHIRUPV
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,W LV OLQHDU EHKDYLRU� HVSHFLDOO\ OLQHDU VWDELOLW\� WKDW LV PRVW HDVLO\ XQGHUVWRRG DQG WKHUHIRUH KDV GRPLQDWHG
GLVFXVVLRQV RI FRPEXVWLRQ LQVWDELOLWLHV� $OPRVW QR DWWHQWLRQ KDV EHHQ SDLG WR QRQOLQHDU EHKDYLRU LQ ZRUNV RQ
FRQWURO RI FRPEXVWLRQ LQVWDELOLWLHV� 2QH MXVWLnFDWLRQ IRU WKDW GHnFLHQF\ KDV EHHQ WKH YLHZ WKDW LI FRQWURO RI WKH
RVFLOODWLRQV ZRUNV SURSHUO\� LW VKRXOG VWRS WKH JURZWK EHIRUH WKH DPSOLWXGH UHDFKHV D ODUJH YDOXH� 7KHUH DUH VHYHUDO
UHDVRQV ZK\ WKDW UHDVRQLQJ LV oDZHG�

q LI WKH JURZWK UDWHV DUH XQXVXDOO\ ODUJH WKH FRQWURO V\VWHP PD\ QRW KDYH D VXpFLHQWO\ ODUJH
EDQGZLGWK WR EH HmHFWLYH�

q EHFDXVH FRPEXVWLRQ V\VWHPV DUH LQWULQVLFDOO\ QRQOLQHDU GHVLJQ RI D FRQWURO V\VWHP EDVHG RQO\
RQ OLQHDU EHKDYLRU PD\ SURGXFH D FRQWURO V\VWHP IDU IURP RSWLPDO�

q OLQHDU FRQWURO GHPDQGV DFWXDWLRQ DW WKH IUHTXHQF\ RI WKH RVFLOODWLRQ WR EH FRQWUROOHG� ZKLOH
QRQOLQHDU FRQWURO RI SDUWLFXODU W\SHV DUH HmHFWLYH DW ORZHU IUHTXHQFLHV� DQ H[DPSOH LV GHVFULEHG
LQ 6HFWLRQ ��

q REVHUYHG QRQOLQHDU EHKDYLRU FRQWDLQV PXFK LQIRUPDWLRQ DERXW SURSHUWLHV RI WKH V\VWHP LQ
TXHVWLRQ DQG LQ WKH LQWHUHVWV RI XQGHUVWDQGLQJ VKRXOG QRW EH LJQRUHG�

([LVWLQJ H[DPSOHV RI FRQWUROOLQJ FRPEXVWLRQ LQVWDELOLWLHV KDYH DOPRVW WRWDOO\ LJQRUHG LVVXHV RI QRQOLQHDU EH�
KDYLRU� ,Q QR GHPRQVWUDWLRQ� HLWKHU LQ WKH ODERUDWRU\ RU IXOO�VFDOH� KDYH WKH DPSOLWXGHV RI WKH RVFLOODWLRQV EHHQ
SUHGLFWHG RU LQWHUSUHWHG HLWKHU EHIRUH RU DIWHU FRQWURO KDV EHHQ H[HUFLVHG� +HQFH QRWKLQJ KDV EHHQ OHDUQHG DERXW
ZK\ WKH LQLWLDOO\ XQVWDEOH PRWLRQV UHDFK WKH DPSOLWXGHV WKH\ GLG� RU� ZK\ WKH FRQWURO V\VWHP DmHFWHG WKHP LQ WKH
REVHUYHG ZD\� ,Q IDFW IHZ DWWHPSWV H[LVW WR GHWHUPLQH TXDQWLWDWLYHO\ WKH VWDELOLW\ RI PRWLRQV� +HQFH WKH VXEMHFW
RI FRQWUROOLQJ WKH G\QDPLFV RI FRPEXVWLRQ V\VWHPV KDV ODUJHO\ EHHQ D PDWWHU RI H[HUFLVLQJ WKH SULQFLSOHV RI FRQWURO
ZLWK OLWWOH DWWHQWLRQ SDLG WR WKH FKDUDFWHULVWLFV RI WKH V\VWHPV �CSODQWV
� EHLQJ FRQWUROOHG� ,W VHHPV WKDW IROORZLQJ
WKLV VWUDWHJ\ LV OLNHO\ QRW WKH PRVW IUXLWIXO ZD\ RI DFKLHYLQJ PHDQLQJIXO SURJUHVV� (VSHFLDOO\� WKLV LV QRW D VRXQG
DSSURDFK WR GHYHORSLQJ WKH EDVLV IRU GHVLJQLQJ FRQWURO V\VWHPV� 7KH FXUUHQW VWDWH RI WKH DUW LV WKDW IHHGEDFN
FRQWURO LV GHVLJQHG DQG DSSOLHG LQ DG KRF IDVKLRQ IRU V\VWHPV DOUHDG\ EXLOW DQG H[KLELWLQJ LQVWDELOLWLHV�

$ FHQWUDO FRQFHUQ RI D FRQWUROV GHVLJQHU LV FRQVWUXFWLRQ RI D CUHGXFHG RUGHU
 PRGHO RI WKH V\VWHP� :KDW
WKDW UHDOO\ PHDQV LQ WKH SUHVHQW FRQWH[W LV WKH QHHG WR FRQYHUW WKH SDUWLDO GLmHUHQWLDO HTXDWLRQV RI FRQVHUYDWLRQ
GHYHORSHG LQ 6HFWLRQ �� WR D nQLWH V\VWHP RI RUGLQDU\ GLmHUHQWLDO HTXDWLRQV� 7KH DQDO\VLV GHYHORSHG LQ 6HFWLRQ � DQG
� DFFRPSOLVKHV H[DFWO\ WKDW SXUSRVH� ,W LV QRW WKH RQO\ DSSURDFK SRVVLEOH �H�J� SURSHU RUWKRJRQDO GHFRPSRVLWLRQ
KDV EHHQ H[DPLQHG EULHo\� EXW WKH PHWKRG RI PRGDO H[SDQVLRQ DQG VSDWLDO DYHUDJLQJ KDV PDQ\ IDYRUDEOH SURSHUWLHV
DQG KDV EHHQ SURYHQ WR ZRUN ZHOO�

7KH PDLQ SXUSRVHV RI WKLV VHFWLRQ DUH WR TXRWH D IHZ UHVXOWV GLVSOD\LQJ VRPH DVSHFWV RI WKH QRQOLQHDU EHKDYLRU
DULVLQJ IURP JDVG\QDPLFV� DQG WR LOOXVWUDWH VRPH FRQVHTXHQFHV RI WUXQFDWLQJ WKH PRGDO H[SDQVLRQ� WKDW LV� ZKDW
PLJKW EH WKH FRQVHTXHQFHV RI UHGXFLQJ WKH RUGHU RI WKH PRGHO� $QRWKHU LPSRUWDQW LVVXH ZH ZLOO H[DPLQH EULHo\
LV WKH DSSOLFDWLRQ RI WLPH�DYHUDJLQJ� $V WKH FDOFXODWLRQV LQ 6HFWLRQ � VKRZHG� WKH JUHDW DGYDQWDJH RI WLPH�
DYHUDJLQJ LV WKDW LW UHSODFHV 1 VHFRQG RUGHU RVFLOODWRU HTXDWLRQ E\ �1 nUVW RUGHU HTXDWLRQV� 7KDW WUDQVIRUPDWLRQ
HQRUPRXVO\ UHGXFHV WKH FRVW RI REWDLQLQJ VROXWLRQV� DLGV WKHRUHWLFDO ZRUN� DQG SURYLGHV D VLPSOLnHG UHSUHVHQWDWLRQ
IRU DSSOLFDWLRQ RI IHHGEDFN FRQWURO� %XW DV IRU WUXQFDWLRQ� WKH TXHVWLRQ DULVHV� +RZ DFFXUDWH DUH WKH UHVXOWV DQG
ZKDW DUH WKH OLPLWV RI WKH YDOLGLW\ RI WLPH�DYHUDJLQJ"

2QO\ WKH QRQOLQHDULWLHV GXH WR JDVG\QDPLFV DUH WUHDWHG LQ WKLV VHFWLRQ� 7KH UHVXOWV PXVW EH YLHZHG ZLWK
WKDW FDYHDW� SDUWLFXODUO\ EHFDXVH WKH IRUPV RI WKH QRQOLQHDULWLHV DUH YHU\ VSHFLDO� LI RQO\ EHFDXVH WKH GRPLQDQW
FRXSOLQJ DFWV WR FDXVH HQHUJ\ WR oRZ IURP ORZ WR KLJK IUHTXHQF\ ZDYHV� WKH WHQGHQF\ ZKLFK SURGXFHV WKH IDPLOLDU
VWHHSHQLQJ RI FRPSUHVVLYH GLVWXUEDQFHV LQWR VKRFN ZDYHV�

���� 7KH 7ZR�0RGH $SSUR[LPDWLRQ� 7KLV LV WKH VLPSOHVW FODVV RI SUREOHPV IRU ZKLFK QRQOLQHDU PRGH
FRXSOLQJ LV DFFRPPRGDWHG� (DFK PRGH LV FKDUDFWHUL]HG E\ WZR FRQVWDQWV� m �HQHUJ\ JDLQ RU ORVV� DQG t �IUHTXHQF\
VKLIW�� 7KH HQHUJ\ JDLQ RU ORVV PD\ EH QRQOLQHDU_WKDW LV� m FRXOG LQ SULQFLSOH GHSHQG RQ DPSOLWXGH_EXW KHUH
ERWK m DQG t DUH WDNHQ WR EH FRQVWDQW� FKDUDFWHUL]LQJ HQWLUHO\ WKH OLQHDU SURFHVVHV� $V D UHVXOW RI VHYHUDO ZRUNV



��

LQ WKH SDVW IHZ \HDUV� WKH WZR PRGH DSSUR[LPDWLRQ LV TXLWH ZHOO XQGHUVWRRG �$ZDG DQG &XOLFN� ����� 3DSDUL]RV
DQG &XOLFN� ����� <DQJ DQG &XOLFN ����� -DKQNH DQG &XOLFN� ����� &XOLFN� ������

)LJXUH ���� (QHUJ\ )ORZ LQ WKH 7ZR 0RGH $SSUR[LPDWLRQ

2QO\ JDVG\QDPLF QRQOLQHDULWLHV WR VHFRQG RUGHU DUH DFFRXQWHG IRU KHUH� 7KHLU VSHFLDO IRUP DOORZV WKH FRQYH�
QLHQW FORVHG IRUP VROXWLRQV WR WKH WLPH�DYHUDJHG HTXDWLRQV� nUVW IRXQG E\ $ZDG ������� 7KH UHVXOWV SURYLGH PXFK
EDVLF XQGHUVWDQGLQJ ZKLFK LV DSSOLFDEOH WR PRUH FRPSOLFDWHG QRQOLQHDU SUREOHPV� )RU H[DPSOH� FRQWUDU\ WR RQH
V
H[SHFWDWLRQ EDVHG RQ WKH EHKDYLRU RI VKRFN ZDYHV� QRQOLQHDU EHKDYLRU LQ WKH SUHVHQW FRQWH[W QHHG QRW LQYROYH
ODUJH DPSOLWXGHV� DQG WKH SUHVVXUH RVFLOODWLRQ PD\ DSSHDU WR EH D FOHDQ VLQXVRLG� IUHH RI VLJQLnFDQW KDUPRQLF
FRQWHQW� 7KH EDVLF UHDVRQ LV WKDW KHUH WKH WZR�PRGH V\VWHP ERWK JDLQV DQG ORVHV HQHUJ\� HDFK LQWHUDFWLRQ ZLWK
WKH HQYLURQPHQW LV QHFHVVDU\� ,Q WKH DEVHQFH RI WKH QRQOLQHDU PRGDO FRXSOLQJ� RU VRPH RWKHU OLQHDU SURFHVV� OLPLW
F\FOHV FDQQRW H[LVW� 0RUHRYHU� ERWK VWDEOH DQG XQVWDEOH OLPLW F\FOHV H[LVW�

7UXQFDWLRQ RI WKH PRGDO H[SDQVLRQ WR WZR PRGHV LQWURGXFHV HUURUV EHFDXVH WKH oRZ RI HQHUJ\ WR KLJKHU PRGHV
LV EORFNHG� 7KH DPSOLWXGH RI WKH KLJKHVW PRGH LV WKHUHIRUH JUHDWHU WKDQ WKH FRUUHFW YDOXH LQ RUGHU WR SURYLGH WKH
KLJKHU OLQHDU UDWH RI HQHUJ\ ORVV UHTXLUHG WR VXVWDLQ D OLPLW F\FOH� 7KH H[DPSOH LQ 6HFWLRQ ����� VKRZV WKLV HmHFW�

,W
V DQ LQWHUHVWLQJ IHDWXUH RI WKH WZR�PRGH DSSUR[LPDWLRQ WKDW QRQOLQHDU LQVWDELOLW\ WR VWDEOH OLPLW F\FOHV
VHHPV QRW WR H[LVW� $OWKRXJK QR ULJRURXV SURRI H[LVWV� H[SHULHQFH ZLWK PDQ\ H[DPSOHV KDV VKRZQ WKDW FRQFOXVLRQ
WR EH TXLWH JHQHUDOO\ WUXH LI RQO\ WKH DFRXVWLF �JDVG\QDPLFV� QRQOLQHDULWLHV DUH DFFRXQWHG IRU� C7ULJJHULQJ
 RU
SXOVLQJ WR VWDEOH OLPLW F\FOHV GRHV RFFXU IRU VSHFLDO IRUPV RI QRQOLQHDU HQHUJ\ JDLQ IURP WKH HQYLURQPHQW �L�H�
H[WLQFWLRQ IURP WKH PHDQ oRZ RU VXSSO\ IURP FRPEXVWLRQ SURFHVVHV��

,I ZH LJQRUH OLQHDU PRGH FRXSOLQJ DQG DFFRXQW IRU DFRXVWLF QRQOLQHDULWLHV WR VHFRQG RUGHU� WKH RVFLOODWRU
HTXDWLRQV FDQ EH SXW LQ WKH IRUP
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ZKHUH )1/
Q UHSUHVHQWV RWKHU QRQOLQHDU FRQWULEXWLRQV� 7KH FRHpFLHQWV $QLM � %QLM DUH GHnQHG DV LQWHJUDOV LQYROYLQJ

WKH EDVLV IXQFWLRQV �QLM � +HQFH WKHLU YDOXHV DUH n[HG SULPDULO\ E\ WKH JHRPHWU\ RI WKH FKDPEHU LQ TXHVWLRQ�
6HH &XOLFN ������ IRU DGGLWLRQDO GHWDLOV RI WKH GHULYDWLRQ RI ������ ,W LV H[WUHPHO\ LPSRUWDQW WKDW WKH QRQOLQHDU
JDVG\QDPLF WHUPV LQYROYH QR FURVV�SURGXFWV BsLsM DQG DOVR �QRW REYLRXV KHUH� QR CVHOI�FRXSOLQJ
� WHUPV SURSRUWLRQDO
WR Bs�Q RU s�Q� 7KRVH SURSHUWLHV DUH WKH IRUPDO UHDVRQV WKDW QRQOLQHDU LQVWDELOLWLHV GR QRW H[LVW LI RQO\ WKHVH
QRQOLQHDULWLHV DUH LQFOXGHG�

(TXDWLRQ ����� VLPSOLI\ FRQVLGHUDEO\ IRU ORQJLWXGLQDO PRGHV� 'XH WR RUWKRJRQDOLW\ DQG VSHFLDO SURSHUWLHV RI
WKH FRV NQ]� WKH GRXEOH VXP EHFRPHV D VLQJOH VXP DQG ����� FDQ EH SXW LQ WKH IRUP�
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7KH WLPH�DYHUDJHG IRUPV RI ����� DUH
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ZKHUH DV LQ 6HFWLRQ �� sQ  $Q FRV�QW � %Q VLQ�QW� )RU ORQJLWXGLQDO PRGHV� WKH IUHTXHQFLHV DUH DOO LQWHJUDO
PXOWLSOHV RI WKH IXQGDPHQWDO� D SURSHUW\ WKDW LV FUXFLDO WR WKH IRUPV RI ����� D�E� )RU H[DPSOH� IRU WUDQVYHUVH
PRGHV LQ D F\OLQGULFDO FKDPEHU� WKH QRQOLQHDU WHUPV FRQWDLQ IDFWRUV UHSUHVHQWLQJ PRGXODWLRQ�

)RU WZR PRGHV� WKH IRXU nUVW RUGHU HTXDWLRQV DUH
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7KH JUHDW DGYDQWDJH RI WKLV V\VWHP RI HTXDWLRQV LV WKDW VRPH XVHIXO H[DFW UHVXOWV FDQ EH IRXQG� 2QH ZD\ WR nQG
WKHP LV WR FKDQJH LQGHSHQGHQW YDULDEOHV WR WKH DPSOLWXGH DQG SKDVHV �bQ� �Q� RI WKH WZR PRGHV E\ ZULWLQJ
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ZKHUH bQ  
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$�Q �%�Q� 7KH JRYHUQLQJ HTXDWLRQV IRU b��b� DQG WKH HmHFWLYH UHODWLYH SKDVH �  ��� b �� DUH
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7KH SUREOHP RI OLQHDU VWDELOLW\ LV VROYHG GLUHFWO\�

m�� m� � ��� VPDOO DPSOLWXGH PRWLRQV DUH VWDEOH �����

1RQOLQHDU EHKDYLRU LQ JHQHUDO SRVHV WZR EDVLF TXHVWLRQV�

�L� :KDW DUH WKH FRQGLWLRQV IRU H[LVWHQFH RI OLPLW F\FOHV"
�LL� :KDW DUH WKH FRQGLWLRQV WKDW WKH OLPLW F\FOHV DUH VWDEOH"

6WDELOLW\ RI D OLPLW F\FOH RI FRXUVH LV D PDWWHU HQWLUHO\ VHSDUDWH IURP WKH OLQHDU VWDELOLW\ RI VPDOO DPSOLWXGH
PRWLRQV� :H DUH FRQFHUQHG KHUH ZLWK D V\VWHP H[HFXWLQJ D VWHDG\ OLPLW F\FOH� ,I WKH OLPLW F\FOH LQ VWDEOH� WKHQ LI
VOLJKWO\ GLVWXUEHG� WKH PRWLRQ ZLOO HYHQWXDOO\ UHWXUQ WR LWV LQLWLDO IRUP

�D� ([LVWHQFH RI /LPLW &\FOHV

,Q WKLV WLPH�DYHUDJHG IRUPXODWLRQ� H[LVWHQFH RI OLPLW F\FOHV FRUUHVSRQGV WR H[LVWHQFH RI VWDWLRQDU\ RU HTXLOLE�
ULXP SRLQWV RI WKH V\VWHP ����� D�E�F�
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 ��� WUDQVFHQGHQWDO DOJHEUDLF HTXDWLRQV
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7KH VROXWLRQV DUH
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)RU b�� WR EH UHDO� bm�m� PXVW EH SRVLWLYH� LPSO\LQJ WKDW WKH FRQVWDQWV m�� m� PXVW KDYH RSSRVLWH VLJQV� 7KH
SK\VLFDO LQWHUSUHWDWLRQ LV WKDW LI WKH nUVW PRGH LV XQVWDEOH� IRU H[DPSOH� m ! �� WKHQ WKH VHFRQG PRGH PXVW EH
VWDEOH �m� � ��� WKH UDWH RI HQHUJ\ oRZ LQWR WKH nUVW PRGH PXVW HTXDO WKH UDWH RI ORVV IURP WKH VHFRQG PRGH LQ
RUGHU WKDW WKH DPSOLWXGHV EH FRQVWDQW LQ WLPH� 7KH WUDQVIHU UDWH XSZDUGV GXH WR FRXSOLQJ PXVW KDYH WKH VDPH
YDOXH� 6LPLODU UHDVRQLQJ H[SODLQV WKH FDUH ZKHQ WKH VHFRQG JUDGH LV XQVWDEOH� UHTXLULQJ WKDW WKH nUVW PRGH WR EH
VWDEOH�

�E� 6WDELOLW\ RI /LPLW &\FOHV

7R GHWHUPLQH WKH VWDELOLW\ RI WKH OLPLW F\FOHV� WKH YDULDEOHV DUH ZULWWHQ DV bL  bL� � b
�

L� �  �R � �� DQG
VXEVWLWXWHG LQ WKH JRYHUQLQJ HTXDWLRQV ����� D�E�F� 7KH OLQHDUL]HG HTXDWLRQV IRU WKH GLVWXUEDQFHV DUH WKHQ VROYHG
IRU FKDUDFWHULVWLF YDOXH w LQ WKH DVVXPHG IRUPV b�L  b

�

L�H
wW� c c c � )RU VWDELOLW\� DQ LQLWLDO GLVWXUEDQFH PXVW GHFD\�

$SSO\LQJ WKDW UHTXLUHPHQW SURGXFHV UHJLRQV RI VWDELOLW\ LQ WKH SODQH RI WKH SDUDPHWHUV nR  �t�b�t��
� �m���m��

�

DQG m� m�� VKRZQ LQ )LJXUH ���

)LJXUH ���� 5HJLRQV RI 6WDELOLW\ IRU 7ZR 0RGHV� 7LPH�$YHUDJHG (TXDWLRQV

7KHUH LV SUHVHQWO\ QR EDVLV IRU XQGHUVWDQGLQJ ZK\ VWDEOH OLPLW F\FOHV RFFXU RQO\ IRU WKH VSHFLDO UDQJHV RI
SDUDPHWHUV VKRZQ LQ )LJXUH ���� 0RUHRYHU� LW LV LPSRVVLEOH DW WKLV VWDJH WR XQGHUVWDQG WKH H[WHQW WR ZKLFK WKH
VKDSHV RI WKH UHJLRQV RI VWDELOLW\ GHSHQG RQ WKH XVH RI WLPH�DYHUDJHG HTXDWLRQV DQG RQ WUXQFDWLRQ WR WZR PRGHV�
,W LV LPSRUWDQW IRU ERWK SUDFWLFDO DQG WKHRUHWLFDO UHDVRQV WR DVVHVV DQG TXDQWLI\ DV IDU DV SRVVLEOH WKH FRQVHTXHQFHV
RI WLPH�DYHUDJLQJ DQG WUXQFDWLRQ� &RQVLGHUDEOH SURJUHVV KDV EHHQ PDGH LQ WKDW GLUHFWLRQ E\ XVLQJ D FRQWLQXDWLRQ
PHWKRG WR VROYH WKH V\VWHPV RI RVFLOODWRU HTXDWLRQV� 6RPH UHVXOWV DUH GLVFXVVHG LQ WKH IROORZLQJ VHFWLRQ�
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+HUH LW LV XVHIXO WR H[DPLQH VHYHUDO VSHFLDO FDVHV� )LJXUH ��� VKRZV WKDW LI WKH SDUDPHWHUV DUH FKRVHQ VR WKDW
WKH RSHUDWLQJ SRLQW OLHV ZLWK WKH UDQJH IRU VWDEOH OLPLW F\FOHV DQG WKH nUVW PRGH LV XQVWDEOH� WUXQFDWLRQ PD\ KDYH
UHODWLYHO\ VPDOO HmHFWV� 2Q WKH RWKHU KDQG� LI WKH OLPLW F\FOH LV XQVWDEOH ZLWKLQ WKH WZR�PRGH DSSUR[LPDWLRQ ZLWK
DQ XQVWDEOH nUVW PRGH� LW PD\ EHFRPH VWDEOH �ZLWK WKH VDPH YDOXHV RI m�� m�� t�� t�� LI PRUH VWDEOH PRGHV DUH
DFFRXQWHG IRU�

)LJXUH ���� (mHFWV RI 7UXQFDWLRQ IRU D 6WDEOH /LPLW &\FOH�)LUVW 0RGH 8QVWDEOH

)LJXUH ���� 'HYHORSPHQW RI D 6WDEOH /LPLW &\FOH ZKHQ WKH 6HFRQG 0RGH LV 8QVWDEOH

)LJXUH ��� LV LQWHUHVWLQJ IRU D TXLWH GLmHUHQW UHDVRQ� ,Q WKLV FDVH WKH VHFRQG PRGH LV XQVWDEOH� DQG WKH PRWLRQ
HYROYHV WR D VWDEOH OLPLW F\FOH� +RZHYHU� XQOLNH WKH H[DPSOH LQ )LJXUH ���� WKH DPSOLWXGHV GR QRW JURZ VPRRWKO\
DQG PRQRWRQLFDOO\ WR WKHLU YDOXHV LQ WKH OLPLW F\FOH� 7KHLU HUUDWLF EHKDYLRU LV GXH WR WKH IDFW WKDW ZLWK WKH VHFRQG
PRGH XQVWDEOH� HQHUJ\ PXVW oRZ IURP KLJK IUHTXHQF\ WR ORZ IUHTXHQF\� 7KDW LV FRQWUDU\ WR WKH GLUHFWLRQ RI oRZ
LPSRVHG QDWXUDOO\ E\ WKH oXLG PHFKDQLFV �RI WKH VWHHSHQLQJ RI D FRPSUHVVLYH GLVWXUEDQFH LQWR D VKRFN ZDYH�� 7KH
FRQoLFW EHWZHHQ WKH QDWXUDO DFWLRQ RI WKH QRQOLQHDU FRXSOLQJ RQ WKH RQH KDQG DQG WKH oRZ RI HQHUJ\ LPSRVHG E\
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HQHUJ\ H[FKDQJH ZLWK WKH HQYLURQPHQW FDXVHV WKH DPSOLWXGHV RI WKH WZR PRGHV WR ZDQGHU GXULQJ WKH WUDQVLHQW
SKDVH EHIRUH nQDOO\ UHDFKLQJ WKHLU XOWLPDWH YDOXHV�

���� $SSOLFDWLRQ RI D &RQWLQXDWLRQ 0HWKRG� 0XFK RI WKH ZRUN GXULQJ WKH SDVW GHFDGH DW &DOWHFK RQ
FKDPEHU G\QDPLFV KDV EHHQ GLUHFWHG WR XQGHUVWDQGLQJ WKH H[WHQW WR ZKLFK QRQOLQHDU EHKDYLRU FDQ EH H[SODLQHG RQ
WKH EDVLV RI QRQOLQHDU JDVG\QDPLFV� 7KH UHDVRQLQJ LV WKDW nUVW ZH NQRZ WKH PRGHO RI JDVG\QDPLFV_WKH 1DYLHU�
6WRNHV HTXDWLRQV IRU FRPSUHVVLEOH oRZ_VR ZH FDQ GR DFFXUDWH DQDO\VLV� DQG VHFRQG� WKRVH IHDWXUHV WKDW FDQQRW
EH H[SODLQHG PXVW EH GXH WR RWKHU FDXVHV VR� E\ HOLPLQDWLRQ ZH KDYH VRPH JXLGHOLQHV IRU ZKDW ZH VKRXOG VHHN LQ
RWKHU SURFHVVHV� ([SHULHQFH KDV VKRZQ WKDW CRWKHU SURFHVVHV
 LV WKLV FRQWH[W PRVW SUREDEO\ PHDQV FRPEXVWLRQ�

7R FDUU\ RXW WKLV SURJUDP ZLWK QXPHULFDO VLPXODWLRQV_DIWHU DOO� IHZ H[DFW UHVXOWV H[LVW_ZRXOG EH D IRUPL�
GDEOH WDVN EHFDXVH RI WKH QXPEHU RI FKDUDFWHULVWLF SDUDPHWHUV� 7KH SDUDPHWHU VSDFH FRPSULVHV WKRVH GHnQLQJ
WKH JHRPHWU\ RI D FKDPEHU DQG WZR SDUDPHWHUV �mQ� tQ� FKDUDFWHUL]LQJ OLQHDU EHKDYLRU RI HDFK PRGH� 7KH HmHFW
UHTXLUHG WR VHDUFK WKH SDUDPHWHU VSDFH LV PXFK UHGXFHG E\ DSSO\LQJ D FRQWLQXDWLRQ PHWKRG� 7KH SURFHGXUH LV
DQ HpFLHQW V\VWHP PHDQV RI ORFDWLQJ YDOXHV RI SDUDPHWHUV IRU ZKLFK WKH G\QDPLFDO EHKDYLRU VXmHUV D TXDOLWDWLYH
FKDQJH� L�H� ELIXUFDWLRQ SRLQWV� 7KH VLPSOHVW_DOPRVW WULYLDO_H[DPSOH LV WKH +RSI ELIXUFDWLRQ SRLQW ZKLFK DULVHV
ZKHQ IRU D VWDEOH V\VWHP RQH RI WKH YDOXHV mQ FKDQJHV IURP D QHJDWLYH WR D SRVLWLYH YDOXH� WKH V\VWHP EHFRPHV
OLQHDUO\ XQVWDEOH DQG XQGHU VXLWDEOH FRQGLWLRQV WKH PRWLRQ GHYHORSV LQWR D VWDEOH OLPLW F\FOH� ,Q IDFW� OLQHDU
LQVWDELOLW\ LV QRW DOZD\V VXFK D VLPSOH PDWWHU� :H KDYH IRXQG FDVHV ZLWK VSHFLDO VRUWV RI QRQOLQHDU SURFHVVHV WKDW
D +RSI ELIXUFDWLRQ PD\ RFFXU ZKHQ WKH FULWLFDO YDOXH RI WKH FULWLFDO mQ LV QRQ�]HUR�

7KH HVVHQWLDO LGHD RI D FRQWLQXDWLRQ PHWKRG DSSOLHG WR OLPLW F\FOHV LV LOOXVWUDWHG LQ )LJXUH ��� ZKHUH WKH
YDULDEOHV RI WKH PRWLRQ DUH [�W� DQG x LV WKH SDUDPHWHU LQ TXHVWLRQ� WKH ELIXUFDWLRQ SDUDPHWHU� $ FRQWLQXDWLRQ
PHWKRG LV D FRPSXWDWLRQDO �QXPHULFDO� VFKHPH IRU IROORZLQJ� LQ WKLV FDVH� WKH FKDQJHV RI D SHULRG VROXWLRQ_D
OLPLW F\FOH_DV WKH YDOXHV RI RQH RU PRUH SDUDPHWHUV DUH FKDQJHG� $ SLFWXUH OLNH )LJXUH ��� LV LPSRVVLEOH WR GUDZ
IRU PRUH WKDQ WKUHH FRRUGLQDWHV VR WKH FRQYHQWLRQDO GLVSOD\ RI LQIRUPDWLRQ LV D ELIXUFDWLRQ GLDJUDP LQ ZKLFK WKH
DPSOLWXGH RI RQH YDULDEOH LQ WKH OLPLW F\FOH LV SORWWHG YHUVXV WKH SDUDPHWHUV YDULHG DV WKH FRQWLQXDWLRQ PHWKRG LV
DSSOLHG� )LJXUH ��� VKRZV WZR H[DPSOHV� D +RSI ELIXUFDWLRQ� DOVR FDOOHG D VXSHUFULWLFDO ELIXUFDWLRQ DQG D VXEFULWLFDO
ELIXUFDWLRQ ZLWK D WXUQLQJ SRLQW� 7KRVH DUH WKH WZR W\SHV RI ELIXUFDWLRQ PRVW FRPPRQ LQ WKH SUHVHQW FRQWH[W�

)LJXUH ���� 6FKHPDWLF ,OOXVWUDWLRQ RI WKH &RQWLQXDWLRQ 0HWKRG $SSOLHG WR /LPLW &\FOHV

)LJXUH ���� 7ZR ([DPSOHV RI %LIXUFDWLRQ

7KXV D ELIXUFDWLRQ GLDJUDP LV D ORFXV RI HTXLOLEULXP SRLQW WUDFHG DV WKH ELIXUFDWLRQ SDUDPHWHU LV FKDQJHG�
$V D SUDFWLFDO PDWWHU� DSSOLFDWLRQ RI D FRQWLQXDWLRQ PHWKRG LV PRUH V\VWHPDWLF DQG FKHDSHU WR XVH WKDQ XVH RI
QXPHULFDO VLPXODWLRQV� :H KDYH VXFFHVVIXOO\ XVHG D FRQWLQXDWLRQ PHWKRG �'RHGHO HW DO� ����D�E� 'RHGHO HW DO�

����� WR LQYHVWLJDWH IRXU FODVVHV RI SUREOHPV�
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�L� FRQVHTXHQFHV RI WLPH�DYHUDJLQJ
�LL� FRQVHTXHQFHV RI WUXQFDWLQJ WKH PRGDO H[SDQVLRQ
�LLL� LQoXHQFHV RI WKH OLQHDU SDUDPHWHUV �mQ� tQ� RQ QRQOLQHDU EHKDYLRU
�LY� SXOVHG LQVWDELOLWLHV� WKH FRQGLWLRQV IRU H[LVWHQFH RI VWDEOH OLPLW F\FOHV LQ D OLQHDUO\ VWDEOH

V\VWHP�

7KH SUREOHPV �L� DQG �LL� DUH FHQWUDO WR WKH PDWWHU RI FRQVWUXFWLQJ UHGXFHG�RUGHU PRGHOV� +HQFH LW LV LPSRUWDQW
WR HPSKDVL]H WKDW LQ RXU YLHZ� DSSOLFDWLRQ RI WKH FRQWLQXDWLRQ PHWKRG WR LQYHVWLJDWH WKH FRQVHTXHQFHV RI WLPH�
DYHUDJLQJ DQG WUXQFDWLRQ LV SDUW RI WKH SURFHGXUH IRU HVWDEOLVKLQJ WKH YDOLGLW\ RI UHGXFHG RUGHU PRGHOV ZLWKLQ WKH
IUDPHZRUN RI DQDO\VLV EDVHG RQ PRGDO H[SDQVLRQ DQG VSDWLDO DYHUDJLQJ�

7KH FRQWLQXDWLRQ PHWKRG LV D SRZHUIXO PHDQV IRU LQYHVWLJDWLQJ PDQ\ QRQOLQHDU SUREOHPV LQ WKH FODVVLF OLVWHG
DERYH� )RU PRUH H[WHQVLYH GLVFXVVLRQV VHH -DKQNH DQG &XOLFN ������� %XUQOH\ ������� %XUQOH\ DQG &XOLFN �������
DQG $QDQWKNULVKQDQ DQG &XOLFN ������� $V DQ LOOXVWUDWLRQ ZH TXRWH KHUH VRPH UHVXOWV IRU OLPLW F\FOHV IRU V\VWHPV
RI ORQJLWXGLQDO PRGHV ZKHQ RQO\ WKH JDVG\QDPLFDO QRQOLQHDULWLHV DUH DFFRXQWHG IRU� :H DUH LQWHUHVWHG LQ WKH
FRQVHTXHQFHV RI WUXQFDWLRQ ZLWK WLPH�DYHUDJLQJ�

,Q 6HFWLRQ ��� ZH FLWHG D IHZ UHVXOWV IRU WKH OLPLWLQJ FDVH RI WZR PRGHV GHVFULEHG E\ WKH IRXU HTXDWLRQV IRXQG
ZLWK WLPH�DYHUDJLQJ� )LJXUH ��� VKRZV WKH VSHFLDO H[DPSOH RI DV HmHFW RI WUXQFDWLQJ WKH VHULHV H[SDQVLRQ IRU WKH
WLPH�DYHUDJHG V\VWHP� LQFUHDVLQJ WKH QXPEHU RI PRGHV DSSDUHQWO\ ZLGHQV WKH UHJLRQ RI VWDELOLW\� ,Q IDFW� XVH RI
WKH FRQWLQXDWLRQ PHWKRG KDV HVWDEOLVKHG WKH UHVXOW WKDW WKH H[LVWHQFH IRU UHJLRQ RI VWDELOLW\ IRU OLPLW F\FOHV ZLWK
WZR PRGHV LV GXH WR WUXQFDWLRQ� :KHQ WKH nUVW PRGH LV XQVWDEOH� VWDEOH OLPLW F\FOHV H[LVW IRU DOO YDOXHV RI m� LI
PRUH WKDQ WZR PRGHV DUH WDNHQ LQWR DFFRXQW� 7KDW LV WUXH HYHQ LI WKH RULJLQDO RVFLOODWRU HTXDWLRQV DUH XVHG�

)LJXUH ��� VKRZV WKDW LI WLPH�DYHUDJLQJ LV QRW XVHG� WKHUH LV D WXUQLQJ SRLQW LQ WKH ELIXUFDWLRQ GLDJUDP� ,I

)LJXUH ���� (mHFW RI 7LPH�$YHUDJLQJ IRU 7ZR 0RGHV

PRUH WKDQ WZR PRGHV DUH DFFRXQWHG IRU� WKH ERXQGDU\ RI VWDELOLW\ SHUVLVWV IRU WKH WLPH�DYHUDJHG HTXDWLRQV EXW
GRHV QRW DSSHDU LI PRUH WKDQ WZR PRGHV DUH LQFOXGHG� )LJXUH ��� LV WKH UHVXOW IRU WKH WLPH�DYHUDJHG HTXDWLRQV
DQG )LJXUH ��� VKRZV WKH FDVH RI � PRGHV FRPSXWHG IRU WKH IXOO RVFLOODWRU HTXDWLRQV�

,W VHHPV WUXH WKDW LI WKH V\VWHP LV RQO\ VOLJKWO\ XQVWDEOH� WKHQ WKH V\VWHP RI WLPH�DYHUDJHG HTXDWLRQV IRU
WZR�ORQJLWXGLQDO PRGHV LV D JRRG DSSUR[LPDWH PRGHO IRU LQYHVWLJDWLQJ QRQOLQHDU EHKDYLRU� +RZHYHU� LI RQH LV
JHQHUDOO\ LQWHUHVWHG LQ SURGXFLQJ UHGXFHG RUGHU PRGHOV� WKH HmHFWV RI WUXQFDWLRQ DQG WLPH�DYHUDJLQJ VKRXOG EH
LQYHVWLJDWHG� $SSO\LQJ D FRQWLQXDWLRQ PHWKRG VHHPV WR EH WKH EHVW DSSURDFK IRU GRLQJ VR�
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)LJXUH ���� 6WDELOLW\ %RXQGDULHV E\ 7UXQFDWLRQ RI WKH 7LPH�$YHUDJHG (TXDWLRQV

)LJXUH ���� 0D[LPXP $PSOLWXGH RI s� LQ 7KH /LPLW &\FOH� )RXU 0RGHV� &RPSDULVRQ RI 5HVXOWV
IRU WKH )XOO 2VFLOODWRU DQG WKH 7LPH�$YHUDJHG (TXDWLRQV

���� +\VWHUHVLV DQG &RQWURO RI &RPEXVWLRQ ,QVWDELOLWLHV� 7KH H[LVWHQFH RI K\VWHUHVLV LQ WKH G\QDPLFDO
EHKDYLRU RI FRPEXVWLRQV LV ERWK DQ LQWHUHVWLQJ SKHQRPHQRQ WR LQYHVWLJDWLRQ DQG D FKDUDFWHULVWLF WKDW KDV SRWHQ�
WLDOO\ LPSRUWDQW SUDFWLFDO FRQVHTXHQFHV� ,W VHHPV WKDW WKH nUVW HYLGHQFH IRU K\VWHUHVLV LQ FRPEXVWRUV ZDV IRXQG
E\ 5XVVLDQ UHVHDUFKHUV FRQFHUQHG ZLWK LQVWDELOLWLHV LQ OLTXLG URFNHWV �1DWDQ]RQ HW DO ����� 1DWDQ]RQ ������ ,Q
WKDW FDVH� 1DWDQ]RQ DQG KLV FR�ZRUNHUV SURSRVHG ELIXUFDWLRQ RI VWHDG\ VWDWHV RI FRPEXVWLRQ� DQG WKH DVVRFLDWHG
K\VWHUHVLV� DV D SRVVLEOH H[SODQDWLRQ IRU WKH UDQGRP RFFXUUHQFHV RI FRPEXVWLRQ LQVWDELOLWLHV� 7KH 5XVVLDQ ZRUNHUV
ZHUH LQ D VSHFLDO VLWXDWLRQ DmRUGLQJ WKHP WKH RSSRUWXQLW\ WR PDNH VXFK REVHUYDWLRQV� 7KH ODUJH 5XVVLDQ ERRVWHUV
ZHUH GHVLJQHG WR XVH PDQ\ �XS WR WKLUW\�WKUHH� OLTXLG URFNHW HQJLQHV LQ D VLQJOH VWDJH� +HQFH ODUJH QXPEHUV RI
QRPLQDOO\ LGHQWLFDO HQJLQHV ZHUH PDQXIDFWXUHG DQG WHVWHG IRU RSHUDWLRQDO XVH� 6XpFLHQW GDWD ZHUH REWDLQHG WKDW
VWDWLVWLFDO DQDO\VLV RI WKH EHKDYLRU FRXOG EH FDUULHG RXW� +HQFH D EDVLV H[LVWHG IRU LGHQWLI\LQJ UDQGRP EHKDYLRU�
7KH LGHD LV WKH IROORZLQJ�
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,Q D OLTXLG URFNHW PDQ\ ]RQHV RI UHFLUFXODWLRQ DUH FUHDWHG DW WKH LQMHFWRU ZKHUH MHWV RI OLTXLG IXHO DQG�RU
R[LGL]HU HQWHU WKH FKDPEHU� $V DQ DSSUR[LPDWLRQ� RQH PD\ UHJDUG D UHFLUFXODWLRQ ]RQH DV D FKHPLFDO UHDFWRU
ZKRVH EHKDYLRU LV NQRZQ WR EH ZHOO�FKDUDFWHUL]HG E\ WKH WHPSHUDWXUH RI WKH LQFRPLQJ JDVHV HQWUDLQHG IURP WKH
HQYLURQPHQW� DQG WKH DYHUDJH WHPSHUDWXUH ZLWKLQ WKH ]RQH� $ IDLUO\ VLPSOH FDOFXODWLRQ EDVHG RQ FRQVLGHUDWLRQ
RI HQHUJ\ DQG PDVV oRZV OHDGV WR WKH UHVXOWV VNHWFKHG LQ )LJXUH ����� 7KH XSSHU DQG ORZHU EUDQFKHV RI WKH

)LJXUH ����� +\VWHUHVLV /RRS IRU D 5HFLUFXODWHG =RQH ,GHDOL]HG DV D 6LPSOH &KHPLFDO 5HDFWRU

K\VWHUHVLV ORRS UHSUHVHQW GLmHUHQW EUDQFKHV RI VWDEOH FRPEXVWLRQ� 7KRVH VWDWHV KDYH GLmHUHQW LQoXHQFHV RQ WKH
VWDWH RI FRPEXVWLRQ LQ WKH FKDPEHU� ,W ZDV 1DWDQ]RQ
V DVVHUWLRQ WKDW WKH VWDWH DVVRFLDWHG ZLWK WKH ORZHU EUDQFK
LQ )LJXUH ���� �WKH FROG UHFLUFXODWLRQ ]RQH� LV PRUH XQVWDEOH DQG SURQH WR OHDG WR FRPEXVWLRQ LQVWDELOLWLHV� :KLFK
EUDQFK LV UHDFKHG GHSHQGV RQ WKH KLVWRU\ RI WKH HQJLQH� VWDUWLQJ IURP LJQLWLRQ RU VRPH RWKHU VRUW RI DEUXSW
WUDQVLHQW� 7KH nQDO VWDWH RI D UHFLUFXODWLRQ ]RQH WKHUHIRUH GHSHQGV RQ UDQGRP CDFFLGHQWV
 RI KLVWRU\� 7KHUHIRUH
UDQGRP RFFXUHQFHV RU FRPEXVWLRQ LQVWDELOLWLHV PD\ EH REVHUYHG� )LJXUH ���� LV D VNHWFK RI D SRVVLEOH UHFLUFXODWLRQ
]RQH DQG DGMDFHQW oRZ RI D IXHO RU R[LGL]HU MHW� WKLV PRGHO KDV EHHQ XVHG DV WKH EDVLV IRU QXPHULFDO FDOFXODWLRQV
VXSSRUWLQJ 1DWDQ]RQ
V SURSRVDO�

)LJXUH ����� 6NHWFK RI D 5HFLUFXODWLRQ =RQH IRUPHG E\ D -HW RI )XHO RU 2[LGL]HU

,Q WKH PLG�����
V UHVHDUFK ZLWK D GXPS FRPEXVWRU DW &DOWHFK UHYHDOHG WKH SUHVHQFH RI D GLmHUHQW NLQG RI
K\VWHUHVLV RI G\QDPLFDO VWDWHV RI FRPEXVWLRQ �6PLWK� ����� 6WHUOLQJ� ������ 7KH FRPEXVWRU KDV EHHQ GHVFULEHG LQ
6HFWLRQ �� )LJXUH ���� )LJXUH ��� VKRZV WKH LQOHW UHJLRQ DQG WKH UHFLUFXODWLRQ ]RQH DW WKH GXPS SODQH GXULQJ VWHDG\
FRPEXVWLRQ� 7KH FRPEXVWRU VKRZHG FRPEXVWLRQ LQVWDELOLWLHV LQ WKH QHLJKERUKRRG RI WKH VWDELOLW\ ERXQGDU\ GHnQHG
LQ WKH SODQH RI oRZ UDWH DQG HTXLYDOHQFH UDWLR� )LJXUH �����D�� )LJXUH �����E� VKRZV WKH K\VWHUHVLV ORRS� REVHUYHG
DV GHSHQGHQFH RI WKH OHYHO LI SUHVVXUH RVFLOODWLRQ RQ HTXLYDOHQW UDWLR ZLWK WKH WRWDO oRZ UDWH KHOG FRQVWDQW� 7KLV
VRUW RI EHKDYLRU KDV EHHQ REVHUYHG DOVR LQ RWKHU GXPS FRPEXVWRUV �-� &RKHQ� 875&� DQG *� 5LFKDUGV� 0(7&� DV
ZHOO DV DV LQ D oDPH�GULYHQ 5LMNH WXEH �6H\ZHUW� ����� DQG LQ DQ HOHFWULFDOO\ GULYHQ 5LMNH WXEH �0DWYHHY� ������

0RUH UHFHQW ZRUNV �.QRRS HW DO� ����� ,VHOOD HW DO� ����� KDYH HVWDEOLVKHG WKH SK\VLFDO QDWXUH RI WKH
K\VWHUHVLV LQ WKLV FDVH DQG KDYH VKRZQ KRZ DFWLYH FRQWURO FDQ EH XVHG WR H[WHQG WKH UDQJH RI VWHDG\ RSHUDWLRQ
LQWR WKH K\VWHUHWLF UHJLRQ� +LJK VSHHG nOPV KDYH FRQnUPHG WKDW WKH XSSHU EUDQFK RI WKH ORRS LV DVVRFLDWHG
ZLWK VKHGGLQJ RI ODUJH YRUWLFHV ZKLFK� FDXVLQJ SHULRGLF FRPEXVWLRQ RI HQWUDLQHG UHDFWDQWV VXVWDLQ KLJK DPSOLWXGH
SUHVVXUH RVFLOODWLRQV� 7KH ORZHU EUDQFK LV DVVRFLDWHG ZLWK UHODWLYHO\ TXLHW FRPEXVWLRQ LQ D VKHDU OD\HU VKHG IURP
WKH OLS DW WKH LQOHW�
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�D� �E�

)LJXUH ����� �D� 6WDELOLW\ %RXQGDU\ DQG �E� DQ ,GHDOL]HG +\VWHUHVLV /RRS IRU WKH &DOWHFK 'XPS &RPEXVWRU

)DPLOLDU FRQVLGHUDWLRQV RI G\QDPLFDO EHKDYLRU VXJJHVW WKDW LW VKRXOG EH SRVVLEOH WR DFKLHYH SXOVHG WUDQVLWLRQV
EHWZHHQ WKH WZR EUDQFKHV RI VWDEOH G\QDPLFDO VWDWHV� 7KRVH SURFHVVHV ZHUH GHPRQVWUDWHG E\ .QRRS HW DO DQG
,VHOOD HW DO E\ LQMHFWLQJ SXOVHV RI IXHO DW WKH LQOHW SODQH� 6LQJOH SXOVHV RI IXHO DOZD\V FDXVH WUDQVLWLRQ IURP WKH
XSSHU WR WKH ORZHU EUDQFK� 7KXV ZLWK VXLWDEOH VHQVLQJ DQG DFWXDWLRQ LW LV SRVVLEOH DOZD\V WR PDLQWDLQ WKH ORZ
OHYHO RI RVFLOODWLRQV �HmHFWLYHO\ CQRLVH
� ZLWKLQ WKH ]RQH ZKHUH K\VWHUHVLV H[LVWV�

7KLV LV D IRUP RI QRQOLQHDU FRQWURO� $OWKRXJK LW KDV EHHQ GHPRQVWUDWHG RQO\ IRU WKH UDQJH RI HTXLYDOHQFH UDWLR
FRYHULQJ WKH ]RQH RI K\VWHUHVLV� LW LV DQ LPSRUWDQW GHPRQVWUDWLRQ RI DFWLYH FRQWURO DW D IUHTXHQF\ IDU OHVV WKDQ WKH
IUHTXHQF\ RI WKH RVFLOODWLRQV� 7KDW LV D VLJQLnFDQW FKDUDFWHULVWLF EHFDXVH LI WKH UHGXFHG EDQGZLGWK UHTXLUHG RI WKH
FRQWURO V\VWHP� SDUWLFXODUO\ WKH DFWXDWLRQ�

���� 5HSUHVHQWLQJ 1RLVH LQ $QDO\VLV RI &RPEXVWRU '\QDPLFV� (YHQ D VPDOO ODERUDWRU\ FRPEXVWRU
UDGLDWHV FRQVLGHUDEOH QRLVH� JHQHUDWHG E\ WXUEXOHQW PRWLRQV �RIWHQ FDOOHG CFRPEXVWLRQ QRLVH
� ZLWKLQ WKH FKDPEHU�
6HH� IRU H[DPSOH� WKH VSHFWUXP UHSURGXFHG HDUOLHU DV )LJXUH ���� 7KH VFDOLQJ ODZV DUH QRW NQRZQ� EXW LW LV REYLRXV
WR DQ\ E\VWDQGHU WKDW D IXOO�VFDOH FRPEXVWRU RI DQ\ VRUW LV QRLV\ LQGHHG� 3UHVHQWO\ LW LV QRW ZHOO XQGHUVWRRG
KRZ LPSRUWDQW QRLVH LV WR WKH EHKDYLRU RI FRPEXVWLRQ LQVWDELOLWLHV RU WR WKH DSSOLFDWLRQ RI IHHGEDFN FRQWURO� 7KH
SXUSRVH RI WKLV VHFWLRQ LV WR LQWURGXFH D PHDQV IRU LQYHVWLJDWLQJ WKRVH PDWWHUV ZLWKLQ WKH IUDPHZRUN GHYHORSHG
LQ 6HFWLRQV � DQG ��

7KHUH DUH WKUHH VRUWV RI SUREOHPV WKDW ZLOO DULVH�

�L� IRUPDO FRQVWUXFWLRQ RI QRLVH �VWRFKDVWLF� VRXUFHV LQ WKH IUDPHZRUN RI VSDWLDOO\ DYHUDJHG HTXD�
WLRQV IRU XQVWHDG\ PRWLRQV LQ D FRPEXVWRU�

�LL� PRGHOOLQJ WKH QRLVH VRXUFHV�
�LLL� VROYLQJ WKH VWRFKDVWLF GLmHUHQWLDO HTXDWLRQV�

7KH nUVW VWHS� DV H[SODLQHG LQ 6HFWLRQ ���� LV WR DSSO\ WKH SULQFLSOH RI VSOLWWLQJ VPDOO GLVWXUEDQFHV LQWR WKH
WKUHH EDVLF PRGHV RI SURSDJDWLRQ� DFRXVWLF ZDYHV� YRUWLFLW\ ZDYHV� DQG HQWURS\ ZDYHV� $OO RI WKH GLVFXVVLRQ VR IDU
LQ WKHVH OHFWXUHV KDV EHHQ GHYRWHG WR WKH DFRXVWLF nHOG� 1RLVH LV DVVRFLDWHG ZLWK WKH UDQGRP PRWLRQV FRPSULVLQJ
PDLQO\ YRUWLFLW\ EXW DOVR HQWURS\ �RU WHPSHUDWXUH� ZDYHV LQ D FRPEXVWLRQ FKDPEHU� 2XU FRQFHUQ LQ WKH SUHVHQW
FRQWH[W LV GLUHFWHG FKLHo\ WR LQWHUDFWLRQV RI WKRVH PRWLRQV ZLWK WKH DFRXVWLF nHOG� 7KH IRUPDO UHSUHVHQWDWLRQ ZLOO
EH UHODWLYHO\ VLPSOH DQG LQWXLWLYHO\ SHUVXDVLYH� EXW PRGHOOLQJ WKH GHWDLOV UHPDLQV WR EH DFFRPSOLVKHG� 1XPHULFDO
UHVXOWV UHTXLUH DVVXPSWLRQV WKDW FDQQRW EH MXVWLnHG D SULRUL�
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)ROORZLQJ WKH SULQFLSOH RI VSOLWWLQJ� ZH ZULWH WKH oRZ YDULDEOHV DV VXPV RI WKH WKUHH FRQWULEXWLRQV� RQH HDFK
FRUUHVSRQGLQJ WR WKH WKUHH PRGHV RI PRWLRQ�

S�  S�D � S�l � S�V

lll�  lll�D �lll
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l �lll
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V

V�  V�D � V�l � V�V

X�  X�D � X�l � X�V

������ D�E�F�G

6XEVFULSWV � �D� � �l� � �V GHQRWH DFRXVWLF� YRUWLFDO DQG HQWURSLF FRQWULEXWLRQV� 2QFH DJDLQ� WKH RUGHULQJ
SURFHGXUH H[SODLQHG LQ 6HFWLRQV � DQG � DOORZV XV WR GHULYH PHDQLQJIXO UHVXOWV E\ FRQVLGHULQJ RQO\ WKH nUVW RUGHU
FRPSRQHQWV� +HQFH ZH DVVXPH WKDW RQO\ WKH DFRXVWLF ZDYHV FRQWDLQ SUHVVXUH oXFWXDWLRQ� RQO\ WKH ZDYHV RI
YRUWLFLW\ FRQWDLQ YRUWLFLW\ oXFWXDWLRQV� DQG RQO\ WKH HQWURS\ ZDYHV KDYH oXFWXDWLRQV RI HQWURS\� 7KH YHORFLW\
nHOG SRVVHVVHV FRQWULEXWLRQV IURP DOO WKUHH PRGHV�

7KH LGHD WKHQ LV WR VXEVWLWXWH WKH DVVXPHG JHQHUDO IRUPV RI WKH YDULDEOHV DQG VXEVWLWXWH LQ WKH SULPLWLYH
HTXDWLRQV RI PRWLRQ H[SDQGHG WR WKLUG RUGHU LQ WKH oXFWXDWLRQV� 7KHQ IRUP WKH QRQOLQHDU HTXDWLRQ IRU WKH
SUHVVXUH DQG DSSO\ VSDWLDO DYHUDJLQJ� 7KLV SURFHGXUH ZDV nUVW UHSRUWHG E\ &XOLFN HW DO� ������ EXW LQ UHYLVHG DQG
FRUUHFWHG IRUP E\ %XUQOH\ ������ DQG %XUQOH\ DQG &XOLFN ������� (YHQWXDOO\ RQH nQGV WKH RVFLOODWRU HTXDWLRQV�
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DQG VLPLODU GHnQLWLRQV IRU WKH UHPDLQLQJ LQWHJUDOV ,�� 6HH WKH UHIHUHQFHV IRU GHWDLOV�

7KHQ WKH XQVWHDG\ YHORFLW\ nHOG LV VSOLW DFFRUGLQJ WR ������ D�E�F�G� (YHQWXDOO\ UH�DUUDQJHPHQW DQG DSSOLFDWLRQ
RI WKH DVVXPSWLRQV GLVFXVVHG DERYH OHDGV WR WKH UHVXOW
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ZKHUH WKH zYQL� zQL DQG fQ DUH VWRFKDVWLF VRXUFHV GHnQHG DV LQWHJUDOV RYHU WKH YRUWLFDO DQG HQWURSLF oXFWXDWLRQV RI
WKH YHORFLW\� 6HH WKH UHIHUHQFHV FLWHG DERYH IRU GHWDLOV�

1R PRGHOLQJ EDVHG RQ H[SHULPHQWDO� WKHRUHWLFDO RU SKHQRPHQRORJLFDO JURXQGV KDV EHHQ DFFRPSOLVKHG� ([SOLFLW
UHVXOWV KDYH EHHQ REWDLQHG E\ DSSUR[LPDWLQJ WKH VWRFKDVWLF VRXUFHV DV ZKLWH QRLVH SURFHVVHV KDYLQJ SURSHUWLHV
FKRVHQ WR EH UHDOLVWLF� L�H� WKH UHVXOWV VHHP WR EH UHDVRQDEO\ FRQVLVWHQW ZLWK DYDLODEOH PHDVXUHPHQWV RI DFWXDO
EHKDYLRU�

7ZR W\SHV RI VWRFKDVWLF LQoXHQFHV DULVH LQ �������

�L� fQL� f
Y
QL UHSUHVHQW VWRFKDVWLF LQoXHQFHV RQ WKH CVSULQJ
 RU QDWXUDO IUHTXHQF\ RI WKH Q

WK PRGH
DQG RQ WKH GDPSLQJ RU JURZWK UDWH� 7KHVH DUH IRUPDOO\ UHIHUUHG WR DV CPXOWLSOLFDWLYH QRLVH
VRXUFHV
 EHFDXVH WKH\ DSSHDU DV IDFWRUV PXOWLSO\LQJ WKH GHSHQGHQW YDULDEOHV� WKH GLVSODFHPHQW
DQG YHORFLW\ RI WKH QWK RVFLOODWRU�

�LL� fQ UHSUHVHQWV D VWRFKDVWLF GULYLQJ VRXUFH FDXVLQJ H[FLWDWLRQ RI WKH QWK RVFLOODWRU HYHQ LQ
WKH DEVHQFH RI GULYLQJ E\ FRPEXVWLRQ SURFHVVHV� WKH fQ DUH IRUPDOO\ FDOOHG CDGGLWLYH QRLVH
VRXUFHV
�
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,W LV HYLGHQW IURP WKH IRUP RI ������ WKDW WKH UDQGRP FKDUDFWHU RI WKH VWRFKDVWLF VRXUFHV ZLOO DSSHDU DV
UDQGRP oXFWXDWLRQV LPSRVHG RQ WKH DPSOLWXGHV sQ�W� RI WKH DFRXVWLF PRGHV� H[DFWO\ WKH VRUW RI EHKDYLRU IRXQG
H[SHULPHQWDOO\� 7KXV� )RXULHU V\QWKHVLV RI WKH SUHVVXUH nHOG� WKH PRGDO H[SDQVLRQ� FRQWLQXHV WR VHUYH DV D JRRG
DSSUR[LPDWH UHSUHVHQWDWLRQ RI WKH GHWHUPLQLVWLF UHVXOWV FDQ EH REWDLQHG E\ UHWDLQLQJ RQO\ D VPDOO QXPEHU RI
WHUPV�

5HVXOWV ZHUH REWDLQHG nUVW IRU WKH VLPSOHVW� FDVH RI WZR PRGHV� ZLWK QRLVH VRXUFHV RQO\ LQ WKH IXQGDPHQWDO
PRGH� 1RQOLQHDU JDVG\QDPLF FRXSOLQJ WUDQVIHU VWRFKDVWLF EHKDYLRU WR WKH VHFRQG PRGH� &RPSXWDWLRQV KDYH EHHQ
FDUULHG RXW ZLWK D 0RQWH�&DUOR PHWKRG WR JLYH SUREDELOLW\ GHQVLW\ IXQFWLRQV� ZLWK WKH HTXDWLRQV ZULWWHQ LQ WKH
6WUDWRQRYLFK IRUP RI VWRFKDVWLF GLmHUHQWLDO HTXDWLRQV �%XUQOH\� ������ )LJXUH ���� VKRZV WKH SUHVVXUH WUDFH DQG
VSHFWUXP IRU D VLPXODWLRQ LQ ZKLFK WKH nUVW PRGH LV XQVWDEOH�

)LJXUH ����� 3UHVVXUH 7UDFH DQG 6SHFWUXP IRU D 6LPXODWLRQ ZLWK 1RLVH� )RXU 0RGHV ,QFOXGHG�
)LUVW 0RGH 8QVWDEOH

7KLV PHWKRG RI DFFRXQWHG IRU QRLVH LQ D FRPEXVWRU VHHPV WR EH YHU\ SURPLVLQJ� +RZHYHU PRGHOLQJ WKH
QRLVH VRXUFHV LV LQ D SULPLWLYH VWDWH� DQG FRPSDULVRQV RI UHVXOWV ZLWK H[SHULPHQWDO REVHUYDWLRQV FDQ RQO\ EH GRQH
TXDOLWDWLYHO\�

���� 6\VWHP ,GHQWLnFDWLRQ IRU &RPEXVWRU '\QDPLFV ZLWK 1RLVH� 8VH RI V\VWHP LGHQWLnFDWLRQ LQ WKH
nHOG RI FRPEXVWRU G\QDPLFV VHHPV WR KDYH EHHQ GHYHORSHG nUVW E\ 5XVVLDQ JURXSV DV SDUW RI WKHLU GHYHORSPHQW RI
OLTXLG URFNHW HQJLQHV� EHJLQQLQJ SHUKDSV DV HDUO\ DV WKH ����
V EXW FHUWDLQO\ LQ WKH ����
V �$JDUNRY HW DO� ������

,Q VHYHUDO SDSHUV GXULQJ WKH ����
V� +HVVOHU ������ ����� ����� DQG 'XHU DQG +HVVOHU ������� DQG PRUH UHFHQWO\
+HVVOHU DQG *OLFN ������ KDYH DVVHUWHG WKDW WKH RVFLOODWLRQV REVHUYHG DV FRPEXVWLRQ LQVWDELOLWLHV LQ VROLG URFNHW
PRWRUV DUH GULYHQ UDWKHU WKDQ VHOI�H[FLWHG� 7KH VRXUFHV RI WKH GULYLQJ_L�H� WKH CPHFKDQLVPV
_DUH VXSSRVHG WR
EH HLWKHU YRUWH[ VKHGGLQJ RU QRLVH� +HVVOHU DQG FR�ZRUNHUV FRQFOXGH WKDW WKH SURSHUWLHV RI WKH QRLVH PHDVXUHG LQ
D VWDEOH FKDPEHU FDQ EH XVHG DV WKH EDVLV IRU LQIXVLQJ SURSHUWLHV RI WKH SULPDU\ PHFKDQLVP FDXVLQJ LQVWDELOLWLHV
ZKHQ WKH\ DULVH RU PRUH FRUUHFWO\� VXFK GDWD ZLOO SURYLGH TXDQWLWDWLYH LQIRUPDWLRQ DERXW WKH VWDWLF VWDELOLW\
PDUJLQV_KRZ FORVH WKH GRPLQDQW DFRXVWLF PRGHV DUH WR EHFRPLQJ XQVWDEOH�

7KH EDVLF LGHD LV VRXQG� :KHQ WKH PHFKDQLVPV DUH LQWHUSUHWHG DV GULYLQJ IRUFHV LQGHSHQGHQW RI WKH DFRXVWLF
nHOG� DQG WKH\ DUH DVVXPHG WR EH EURDG�EDQG� WKHQ WKH DFRXVWLF PRGHV DUH H[FLWHG WR DPSOLWXGHV UHODWHG GLUHFWO\
WR WKH DPRXQW RI GDPSLQJ �mQ�� +HQFH WKH LGHD LV WR SURFHVV QRLV\ UHFRUGV LQ VXFK D IDVKLRQ DV WR H[WUDFW WKH
YDOXHV RI WKH OLQHDU SDUDPHWHUV �mQ� tQ�� 7KH SURSRVHG PHWKRG FDQ EH WHVWHG XVLQJ WKH RVFLOODWRU HTXDWLRQV ZLWK
VRPH VRXUFHV GHULYHG LQ WKH SUHFHGLQJ VHFWLRQ�
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6H\ZHUW DQG &XOLFN ������ KDYH UHSRUWHG UHVXOWV RI VRPH QXPHULFDO VLPXODWLRQV FDUULHG RXW WR FKHFN WKH LGHD
MXVW GHVFULEHG� ,Q SDUWLFXODU� WKH PDLQ SXUSRVH ZDV WR GHWHUPLQH WKH DFFXUDF\ ZLWK ZKLFK WKH H[SHULPHQWDO
PHWKRG ZRXOG JLYH WKH OLQHDU SDUDPHWHUV� 7KH SURFHGXUH LV VWUDLJKWIRUZDUG� 7R EH GHnQLWH DQG WR NHHS WKH
FRPSXWDWLRQV ZLWKLQ SUDFWLFDO ERXQGV� ZH FRQVLGHU D V\VWHP RI IRXU PRGHV� HDFK FRQWDLQLQJ QRLVH VRXUFHV ZKLFK�
DV H[SODLQHG LQ 6HFWLRQ ���� DUH DVVXPHG WR EH ZKLWH QRLVH� 7KH DPSOLWXGHV RI WKH QRLVH �UPV YDOXHV� DUH VHOHFWHG
VR WKDW UDQGRP DPSOLWXGH oXFWXDWLRQV LQ WKH SUHVVXUH VSHFWUXP KDYH YDOXHV LQ WKH UDQJHV H[SHULPHQWDOO\ REVHUYHG
�6H\ZHUW DQG &XOLFN��

7KUHH W\SHV RI SUREOHPV DULVH� DVVRFLDWHG ZLWK WKH WKUHH W\SHV RI QRLVH VRXUFHV� DGGLWLYH QRLVH� fQ� DQG WZR
NLQGV RI PXOWLSOLFDWLYH QRLVH� zYQ ZKLFK DmHFWV PDLQO\ WKH JURZWK DQG GHFD\ UDWHV� DQG zQ ZKLFK FDXVHV UDQGRP
YDULDWLRQV RI WKH IUHTXHQF\� ,Q DOO FDVHV ZH DUH FRQFHUQHG KHUH ZLWK GLVFRYHULQJ WKH ZD\V LQ ZKLFK QRLVH DmHFWV WKH
UHVXOW RI V\VWHP LGHQWLnFDWLRQ� 7KH LGHD LV WR VHOHFW YDOXHV RI WKH mQ� tQ DQG FDUU\ RXW QXPHULFDO VLPXODWLRQV� 7KH
GDWD DUH WKHQ SURFHVVHG WR JLYH YDOXHV RI WKH mQ� tQ ZKLFK QRZ KDYH PHDQ YDOXHV DQG VRPH XQFHUWDLQWLHV GXH WR WKH
SUHVHQFH RI WKH QRLVH� 7KH TXHVWLRQV WR EH DQVZHUHG DUH� +RZ FORVH DUH WKH PHDQ YDOXHV WR WKH WLPH YDOXHV XVHG DV
LQSXWV" DQG +RZ ODUJH DUH WKH XQFHUWDLQWLHV" 7KHVH DUH LPSRUWDQW SUDFWLFDO PDWWHUV� ,I WKH PHWKRG LV HmHFWLYH�
WKHQ GDWD IURP KRW nULQJV RI IXOO�VFDOH FRPEXVWRUV FRXOG EH XVHG WR LQIHU WKH OLQHDU SDUDPHWHUV FKDUDFWHUL]LQJ
WKH G\QDPLFV UHSUHVHQWHG E\ VHYHUDO PRGHV� 7KRVH SDUDPHWHUV LGHQWLI\ WKH SROHV RI WKH UHVSRQVH IXQFWLRQ RI
WKH FKDPEHU� +HQFH D UHODWLYHO\ VWUDLJKWIRUZDUG SURFHVV ZRXOG JLYH WKH LQIRUPDWLRQ UHTXLUHG WR SURFHHG ZLWK
GHVLJQLQJ D OLQHDU FRQWURO V\VWHP �VHH 6HFWLRQ �����

$FWXDOO\ WKHUH DUH WZR ZD\V WR JHW WKH LQIRUPDWLRQ� SURFHVV SUHVVXUH UHFRUGV QDWXUDOO\ RFFXUULQJ� RU SURFHVV
WKH SUHVVXUH UHFRUG IROORZLQJ DQ SXOVH� 7KH PHWKRG RI SXOVLQJ KDV ORQJ EHHQ XVHG DV PHDQV RI DVVHVVLQJ WKH
VWDELOLW\ PDUJLQ RI OLTXLG URFNHWV �+DUUMH DQG 5HDUGRQ� ������ %RWK PHWKRGV KDYH EHHQ XVHG IRU D VWDEOH V\VWHP
RI IRXU ORQJLWXGLQDO PRGHV KDYLQJ WKH SDUDPHWHUV JLYHQ LQ WKH WDEOH� WKH IXQGDPHQWDO IUHTXHQF\ LV ��� Vb�� )LJXUH
���� VKRZV D VLPXODWHG SUHVVXUH WUDFH DQG )LJXUH ���� VKRZV LWV SRZHU VSHFWUXP DQG FRQVWUXFWLRQ XVLQJ %HUJ
V
PHWKRG���

PRGH � � � �

mQ�V
b�� b�� b��� b��� b���

tQ�V
b�� ���� ���� b�� b���

7DEOH ���� 9DOXHV RI WKH /LQHDU 3DUDPHWHUV

)LJXUH ����� 6LPXODWHG 3UHVVXUH 7UDFH ZLWK 1RLVH� $OO 0RGHV 6WDEOH

��%HUJ
V PHWKRG LV D VWDQGDUG PHWKRG RI VLJQDO SURFHVVLQJ� ZLGHO\ DYDLODEOH� :H KDYH XVHG WKH VRIWZDUH LQFOXGHG LQ WKH 6LJQDO

3URFHVVLQJ 7RROER[� DQG H[WHQVLRQ RI 0$7/$%�
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,Q )LJXUH ����� D VLPXODWHG UHVSRQVH WR D SXOVH LV nWWHG E\ WKH VXSHUSRVLWLRQ RI IRXU PRGHV�

S�

xS
 

�;
L �

$LH
mLW FRV��LW� �L�

7KH SDUDPHWHUV $L� mL� �L� �L DUH nWWHG XVLQJ D OHDVW VTXDUHV PHWKRG�

)LJXUH ����� $SSOLFDWLRQ RI %HUJ
V 0HWKRG� 3RZHU 6SHFWUXP RI WKH 3UHVVXUH 7UDFH LQ )LJXUH
���� DQG LWV 5HFRQVWUXFWLRQ

)LJXUH ����� 'HSHQGHQFH RI WKH 3HDN $PSOLWXGHV RI WKH 3RZHU 6SHFWUD IRU )RXU 0RGHV� RQ 1RLVH 3RZHU

:LWKRXW JRRG GDWD IRU WKH QRLVH LQ DQ DFWXDO FRPEXVWRU DQG QR PRGHO� ZH DVVXPH ZKLWH QRLVH VRXUFHV� 7KHLU
DPSOLWXGHV DUH FKRVHQ VR WKDW WKH DYHUDJH �UPV� YDOXHV RI WKH VLPXODWHG SUHVVXUH UHFRUGV DUH UHDVRQDEOH 7DEOH ���
VKRZV WKH UHODWLRQ EHWZHHQ WKH UPV YDOXH RI WKH V\VWHP UHVSRQVH �S� xS� DQG WKH QRLVH SRZHU RI f� 7KH CQRLVHSRZHU

FDQQRW EH PHDVXUHG� EHLQJ WKH KHLJKW RI WKH SRZHU VSHFWUDO GHQVLW\ RI WKH QRLVH� )LJXUH ���� JLYHV D PRUH GHWDLOHG
SLFWXUH� VKRZLQJ KRZ WKH DPSOLWXGHV RI WKH VSHFWUD RI WKH IRXU PRGHV LQFUHDVH ZLWK QRLVH SRZHU�

:H XVH WKH QRLVH SRZHU DV D SDUDPHWHU� )LJXUH ���� VKRZV DQ H[DPSOH RI WKH VRUW RI UHVXOWV RQH nQGV IRU
PXOWLSOLFDWLYH QRLVH LQ WKH PRGDO GDPSLQJ �zYQ � �� zQ  �� fQ  ��� 7KH FRUUHVSRQGLQJ UHVXOWV RI XVLQJ WKH
SXOVH PHWKRG DUH JLYHQ LQ )LJXUH �����
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1RLVH 3RZHU RI fQ UPV 9DOXHV RI S� xS

��� �����

��� ����

��� ���

7DEOH ���� 5HODWLRQ %HWZHHQ WKH 1RLVH 3RZHU RI fQ DQG WKH UPV 9DOXH RI WKH 6LPXODWHG 3UHVVXUH
)OXFWXDWLRQ

)LJXUH ����� 5HFRQVWUXFWHG 3UHVVXUH 7UDFH IRU WKH 7UDQVLHQW 5HVSRQVH ([FLWHG E\ D ��� 3XOVH

)LJXUH ����� 9DOXHV RI 'HFD\ 5DWHV �0RGDO $WWHQXDWLRQ� )RXQG ZLWK %HUJ
V 0HWKRG ZLWK
0XOWLSOLFDWLYH �zQ� 1RLVH

:H FRQFOXGH IURP WKHVH UHVXOWV WKDW VXEVWDQWLDO HUURUV PD\ DFFRPSDQ\ V\VWHP LGHQWLnFDWLRQ LQ WKH SUHVHQFH
RI UHDOLVWLF �ZH EHOLHYH� QRLVH� +RZ VLJQLnFDQW WKH HUURUV DUH GHSHQGV WKH SDUWLFXODU DSSOLFDWLRQ DW KDQG DQG LQ
KRZ VPDOO WKH VWDELOLW\ PDUJLQV DUH� )RU D ZHDNO\ VWDEOH V\VWHP� YDOXHV RI WKH PDUJLQV GHWHUPLQHG LQ WKLV ZD\ DUH
VXVSHFW EHFDXVH RI WKH nQLWH XQFHUWDLQWLHV� 7KH UHVXOWV ZRXOG WKHUHIRUH QRW EH XVHIXO DV D EDVLV IRU UHSUHVHQWLQJ
WKH FRPEXVWRU
V UHVSRQVH IXQFWLRQ�
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)LJXUH ����� 9DOXHV RI 'HFD\ 5DWHV �0RGDO $WWHQXDWLRQ� )RXQG ZLWK WKH 0HWKRG RI 3XOVLQJ

,W VKRXOG EH FOHDU IURP WKH QDWXUH RI WKH PHWKRGV GHVFULEHG KHUH WKDW WKH V\VWHP PXVW EH VWDEOH �L�H� DOO
PRGHV PXVW EH VWDEOH� IRU WKLV DSSOLFDWLRQ� )RU H[DPSOH� LI GDWD �VLPXODWHG� IRU D OLPLW F\FOH DUH SURFHVVHG LQ
WKLV IDVKLRQ� WKH LQIHUUHG YDOXHV RI mQ� tQ KDYH QR DSSDUHQW FRQQHFWLRQ ZLWK WKH FRUUHFW YDOXHV�
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�� 3$66,9( &21752/ 2) &20%867,21 ,167$%,/,7,(6

)RU VHYHUDO VRXQG UHDVRQV� DQG VRPH QRW VR VRXQG� DFWLYH FRQWURO RI FRPEXVWRU G\QDPLFV KDV EHFRPH D VXEMHFW
RI OLYHO\ UHVHDUFK� RI VRPH GHYHORSPHQW IRU RSHUDWLRQDO V\VWHPV� DQG RI PXFK IRXQG RSWLPLVP IRU VXFFHVVIXO
SUDFWLFDO XVH� +RZHYHU� ZLWK RQH SRVVLEOH H[FHSWLRQ FLWHG LQ WKH IROORZLQJ VHFWLRQ� WKHUH DUH QR LQVWDOODWLRQV RI
DFWLYH FRQWURO LQ RSHUDWLRQDO FRPEXVWRUV� <HW� DV ZH KDYH GHVFULEHG LQ 6HFWLRQ �� FRPEXVWLRQ VWDELOLWLHV KDYH
RFFXUUHG LQ DOO W\SHV RI KLJK SHUIRUPDQFH V\VWHPV� ,Q DOPRVW DOO FDVHV WKH DPSOLWXGHV RI WKH RVFLOODWLRQV ZHUH
UHGXFHG WR DFFHSWDEOH OHYHOV� RU HOLPLQDWHG HQWLUHO\� +RZ" %\ PHWKRGV RI SRVVLEOH FRQWURO�

)RU VROLG URFNHWV� WZR VRUWV RI SDVVLYH FRQWURO DUH URXWLQHO\ DSSOLHG� FKDQJH WKH SURSHOODQW FRPSRVLWLRQ� RU
PRGLI\ WKH JHRPHWU\� ,W LV UDUHO\ SRVVLEOH WR DOWHU WKH UHDFWDQWV LQ OLTXLG IXHOHG V\VWHPV� +HQFH PHWKRGV RI SDVVLYH
FRQWURO KDYH EHFRPH WKH XVXDO PHDQV RI WU\LQJ WR LPSURYH WKH FKDPEHU G\QDPLFV� 7KHUH VHHP WR EH WKUHH FODVVHV
RI PHWKRGV KDYLQJ KLVWRULHV RI VXFFHVV�

�L� IXHO VFKHGXOLQJ

�LL� EDqHV� DFRXVWLF OLQHUV DQG UHVRQDWRUV

�LLL� FKDQJLQJ WKH G\QDPLFV RI WKH LQMHFWLRQ V\VWHP

)XHO VFKHGXOLQJ PHDQV WKH KLVWRU\ DQG VSDWLDO GLVWULEXWLRQ RI IXHO LQMHFWLRQ GXULQJ D nULQJ� ,W LV D FRPPRQ
VWUDWHJ\ IRU H[WHQGLQJ WKH HQYHORS RI VWDEOH RSHUDWLRQ IRU DIWHUEXUQHUV �WKUXVW DXJPHQWRUV�� ,W LV D SUDFWLFDOO\
HmHFWLYH PHWKRG IRU FRPEXVWRUV FRQWDLQLQJ DQ DUUD\ RI PDQ\ LQMHFWRUV� 7KH ZD\ LQ ZKLFK WKH LQMHFWRUV WKHPVHOYHV
DUH GLVWULEXWHG LQ WKH FKDPEHU LV SDUW RI WKH PHWKRG� /LTXLG URFNHWV KDYLQJ PDQ\ LQMHFWRU HOHPHQWV GLVWULEXWHG
RYHU WKH LQMHFWRU IDFH RmHU D ZLGH UDQJH RI FKRLFHV� VHH� IRU H[DPSOH� WKH LQWHUHVWLQJ UHYLHZ RI WKH GHYHORSPHQW RI
WKH )�� HQJLQH E\ 2IHOHLQ DQG <DQJ ������� 3UREDEO\ WKH FKLHI UHDVRQ IRU WKH HmHFWLYHQHVV RI IXHO VFKHGXOLQJ LV
WKDW WKH GLVWULEXWLRQ RI UHDFWLRQ ]RQHV DQG HQHUJ\ UHOHDVH DUH DmHFWHG� 5D\OHLJK
V FULWHULRQ �6HFWLRQ ���� VKRXOG
EH KHOSIXO LQ TXDOLWDWLYH LQWHUSUHWDWLRQ RI WHVW UHVXOWV� EXW QR UHVXOWV KDYH EHHQ UHSRUWHG� ,QGHHG� EHFDXVH RI WKH
VWURQJ FRPPHUFLDO FRPSHWLWLRQ� YLUWXDOO\ DOO GHWDLOV RI DIWHUEXUQHUV DUH KHOG SURSULHWDU\�

$ VWDQGDUG SUDFWLFH LQ WKH GHYHORSPHQW RI DIWHUEXUQHUV LV WR LQFRUSRUDWH DFRXVWLF OLQHUV DV SDUW RI WKH EDVLF
GHVLJQ WR KHOS DYRLG LQVWDELOLWLHV RI WUDQVYHUVH PRGHV� DQG XVH IXHO VFKHGXOLQJ WR WUHDW ORZHU IUHTXHQFLHV� WKRVH RI
WKH ORQJLWXGLQDO PRGHV� 7KH ODWWHU LV DQ H[SHQVLYH WULDO DQG HUURU SURFHGXUH LQ SUDFWLFH� (VSHFLDOO\ FRVWO\ LV WKH
QHHG IRU PDQ\ WHVWV XQGHU KLJK DOWLWXGH FRQGLWLRQV�

:H FODVVLI\ EDqHV� DFRXVWLF OLQHUV DQG UHVRQDWRUV WRJHWKHU EHFDXVH� DOWKRXJK WKH\ RSHUDWH GLmHUHQWO\� DOO DFW
GLUHFWO\ LQ WKH DFRXVWLF nHOG� %DqHV KDYH DW OHDVW WZR LPSRUWDQW HmHFWV �)LJXUH ����� H[WHQGLQJ GRZQVWUHDP
IURP WKH LQMHFWRU IDFH� UDGLDO RU FLUFXPIHUHQWLDO EDqHV HmHFWLYHO\ VKDGRZ UHVSRQVLYH UHJLRQV DW WKH LQMHFWRU IDFH
IURP DFRXVWLF YHORFLW\ oXFWXDWLRQV� DQG� HVSHFLDOO\ LI WKH\ H[WHQG ZHOO LQWR WKH FKDPEHU YROXPH� EDqHV FDQ FDXVH
ODUJH PRGLnFDWLRQV RI WKH QDWXUDO DFRXVWLF PRGHV� 7KH\ LPSRVH LQWHUQDO ERXQGDU\ FRQGLWLRQV� WKHUHE\ UDLVLQJ WKH
PRGDO IUHTXHQFLHV� 7KLV LV D XVHIXO VWUDWHJ\ LI WKH GULYLQJ PHFKDQLVP LV UHVSRQVLYH LQ D QDUURZ IUHTXHQF\ UDQJH�
WKH LGHD LV WR HQVXUH WKDW WKH IUHTXHQFLHV RI WKH QRUPDO PRGHV DUH QRW UHVRQDQW RU FRPPHQVXUDWH ZLWK WKH QDWXUDO
IUHTXHQFLHV RI WKH GULYLQJ�

$FRXVWLF OLQHUV DUH GLVWULEXWHG DUUD\V RI VPDOO UHVRQDWRU PRXQWHG XVXDOO\ RQ WKH ODWHUDO ERXQGDU\ RI WKH
FRPEXVWRU LQ TXHVWLRQ� %HFDXVH WKH UHVRQDWRUV DUH VPDOO� OLQHUV DUH QRUPDOO\ HmHFWLYH LQ WKH IUHTXHQF\ UDQJH
RI WUDQVYHUVH PRGHV� 0RVW RI WKHLU LQoXHQFH LV GXH WR WKHLU GLVVLSDWLRQ RI HQHUJ\ DOWKRXJK WKHUH LV QHFHVVDULO\
VRPH HmHFW LQ WKH YDOXHV RI WKH PRGDO IUHTXHQFLHV RI WKH FKDPEHU� /DUJHU UHVRQDWRUV ZLOO EH HmHFWLYH DW ORZHU
IUHTXHQFLHV EXW GXH WR YROXPH FRQWUDLQWV� LQVWDOOLQJ WKHP LV UDUHO\ D SUDFWLFDO VWUDWHJ\�

7KH WKLUG W\SH RI SDVVLYH FRQWURO� EDVHG RQ WKH G\QDPLFV RI WKH LQMHFWLRQ V\VWHP LV FRQVLGHUDEO\ PRUH FRP�
SOLFDWHG WKDQ WKH nUVW WZR� 7KHUH DUH URXJKO\ WZR FRXUVHV RI DFWLRQ� HOLPLQDWH KDUPIXO G\QDPLFV� RU GHVLJQ WKH
V\VWHP WR WDNH VSHFLDO DGYDQWDJH RI LQMHFWRU G\QDPLFV� ,W KDV ORQJ EHHQ NQRZQ WKDW ODUJH SUHVVXUH GURSV DFURVV
LQMHFWRUV SURYLGH KLJK LPSHGDQFH DQG WKHUHIRUH GLVFRXUDJHV FRXSOLQJ EHWZHHQ WKH G\QDPLFV RI WKH FKDPEHU DQG
WKH G\QDPLFV RI WKH IXHO V\VWHPV�
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)LJXUH ���� ([DPSOHV RI %DqHV LQ WKH )�� /LTXLG 5RFNHW (QJLQH

7KHUH LV PXFK PRUH WR WKH PDWWHU EHFDXVH WKH oXLG�PHFKDQLFDO SURFHVVHV LPPHGLDWHO\ GRZQVWUHDP RI WKH
LQMHFWRU IDFH DUH YHU\ VHQVLWLYH WR GHWDLOV RI WKH GHVLJQ� $ SDUWLFXODUO\ JRRG �DQG H[SHQVLYH� H[DPSOH LV WKH
GHYHORSPHQW RI WKH LQMHFWRUV IRU WKH )�� HQJLQH UHYLHZHG E\ 2IHOHLQ DQG <DQJ �������

3UREDEO\ WKH PRVW H[WHQVLYH ZRUN LQ GHVLJQ RI LQMHFWRUV ZLWK D YLHZ WRZDUGV SDVVLYH FRQWURO RI FKDPEHU
G\QDPLFV KDV EHHQ DFFRPSOLVKHG E\ %D]DURY ZKR DFFRPSOLVKHG PXFK RI KLV ZRUN GXULQJ WKH SHULRG RI PRVW
DFWLYH GHYHORSPHQW RI 5XVVLDQ OLTXLG URFNHW HQJLQHV �%D]DURY ����� %D]DURY DQG <DQJ ������

&KDQJLQJ WKH JHRPHWU\ RI WKH FKDPEHU LWVHOI� RWKHU WKDQ E\ LQWURGXFLQJ EDqHV KDV EHHQ VXFFHVVIXOO\ XVHG
WR UHGXFH LQVWDELOLWLHV LQ VROLG URFNHWV� 1RUPDOO\ WKDW LV QRW DQ RSWLRQ IRU WUHDWLQJ XQGHVLUDEOH G\QDPLFV LQ
JDV WXUELQHV� 7KH PDLQ FRQVHTXHQFH RI FKDQJLQJ FKDPEHU JHRPHWU\ LV WR FKDQJH WKH QDWXUDO PRGH VKDSHV DQG
IUHTXHQFLHV� 2QH SRVVLEOH UHVXOW LV WKDW WKH QDWXUDO IUHTXHQFLHV PD\ WKHQ OLH RXWVLGH WKH UDQJH ZKHUH WKH FRPEXVWLRQ
G\QDPLFV WHQGV PRVW VWURQJO\ WR GULYH LQVWDELOLWLHV�

,Q IDFW WKDW WDFWLF� DYRLGLQJ FORVH FRLQFLGHQFH EHWZHHQ WKH QDWXUDO IUHTXHQFLHV RI WKH FKDPEHU DQG WKH IUHTXHQF\
UDQJH ZKHUH WKH QHW GULYLQJ LV JUHDWHVW� LV FHQWUDO WR PDQ\ PHWKRGV RI SDVVLYH DQG DFWLYH FRQWURO� 7KH SRLQW LV PDGH
ZLWK )LJXUH ���� DQ H[WHQGHG IRUP RI )LJXUH ���� 7KH PRVW LPSRUWDQW SRLQW RI )LJXUH ��� LV WKDW DFWLYH FRQWURO
RmHUV oH[LELOLW\ HTXLYDOHQW WR WKH SRVVLELOLWLHV RI SDVVLYH FRQWURO� EXW LQ DQ\ FDVH PRUH FRPSOHWH XQGHUVWDQGLQJ RI
WKH SODQW ZLOO DOORZ PRUH HmHFWLYH DSSOLFDWLRQ RI FRQWURO� ZKHWKHU LW EH SDVVLYH RU DFWLYH�

:LWK VXLWDEOH PRGHOLQJ� DOO W\SHV RI SDVVLYH FRQWURO FDQ EH WDNHQ LQWR DFFRXQW ZLWKLQ WKH DQDO\WLFDO IUDPHZRUN
GHYHORSHG LQ 6HFWLRQV � DQG �� )RU H[DPSOH� EDqHV PD\ DmHFW WKH PRGH VKDSHV �Q DQG IUHTXHQFLHV �Q� DQG DFRXVWLF
OLQHDUV FDQ EH UHSUHVHQWHG E\ VXUIDFH DGPLWWDQFH IXQFWLRQV�



��

)LJXUH ���� 4XDOLWDWLYH ,QWHUSUHWDWLRQ RI WKH $FWLRQ RI /LQHDU 3DVVLYH DQG $FWLYH &RQWURO
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0RVW UHFHQW ZRUNV RQ DFWLYH FRQWURO KDYH EHHQ UHYLHZHG LQ RWKHU OHFWXUHV LQ WKLV FRXUVH� ,Q WKLV VHFWLRQ
ZH UHVWULFW WKH GLVFXVVLRQ ODUJHO\ WR WKH FRQQHFWLRQ EHWZHHQ WKH IUDPHZRUN EDVHG RQ VSDWLDO DYHUDJLQJ� DQG WKH
SULQFLSOHV RI PRGHUQ FRQWURO WKHRU\�

7KH FKLHI SUHPLVH RI WKHVH WZR OHFWXUHV LV WKDW IRU HmHFWLYH FRQWURO RI FRPEXVWRU G\QDPLFV_SDVVLYH RU DFWLYH_
LW LV HVVHQWLDO WR XQGHUVWDQG WKH V\VWHP DV FRPSOHWHO\ DV SRVVLEOH� %\ CV\VWHP
 ZH PHDQ WKH FRXSOHG G\QDPLFDO
V\VWHP ODEHOHG LQ )LJXUH ��� CFRPEXVWRU G\QDPLFV
 DQG CFRPEXVWLRQ G\QDPLFV
� )LJXUH ���� D IRUP RI JHQHULF
EORFN GLDJUDP RIWHQ DSSHDULQJ LQ WH[WERRNV VXJJHVWV KRZ WKH V\VWHP EULQJ FRQWUROOHG nWV LQWR D JHQHUDO FRQWURO
VFKHPH� $FWXDWLRQ DQG VHQVLQJ DUH LQFOXGHG DV SDUW RI WKH CSODQW
 EHLQJ FRQWUROOHG� 7KH\ DUH RI FRXUVH FUXFLDO
LWHPV DV RWKHU OHFWXUHUV KDYH HPSKDVL]HG� EXW WKH\ DUH RXWVLGH RXU FRQFHUQV� 7KHLU G\QDPLFV PXVW EH NQRZQ EXW
DUH GHWHUPLQHG E\ PHWKRGV RXWVLGH WKRVH GLVFXVVHG LQ WKHVH WZR OHFWXUHV�

ΣΣACTUATORS SENSORS

COMBUSTOR
FLUID

 MECHANICS
COMBUSTION

NOISE

INTERNAL
FEEDBACK

COMBUSTION
FLUID

MECHANICS

EXTERNAL
NOISE

ΣINPUT OUTPUT

REGULATOR ESTIMATOR Σ

EXTERNAL
NOISE

NOISE

Combustor with Internal Feedback ; Actuation ; Sensing

State Estimator ;  Regulator

Connection between Plant Output and Controller Input  (control  loop)

PLANT  :

CONTROLLER  :

FEEDBACK  :

PLANT

SYSTEM

CONTROLLER

Σ

)LJXUH ���� $ *HQHULF %ORFN 'LDJUDP IRU &ODVVLFDO DQG 0RGHUQ &RQWURO�

*LYHQ WKDW DW D VXpFLHQWO\ KLJK OHYHO SUDFWLFDOO\ DOO FRQWURO V\VWHPV nW WKH SLFWXUH VKRZQ LQ )LJXUH ����
DQG IXUWKHU WKDW WKH SULQFLSOHV RI OLQHDU FRQWURO DUH ZHOO�NQRZQ DQG WKHLU DSSOLFDWLRQV KLJKO\ GHYHORSHG� LW LV D
UHDVRQDEOH TXHVWLRQ� ZKDW LV VSHFLDO DERXW WKH SUREOHP RI FRQWUROOLQJ WKH G\QDPLFV RI D FRPEXVWLRQ V\VWHP"
3UREDEO\ WKH EHVW VLPSOH DQVZHU LV WKDW FRPEXVWLRQ V\VWHPV EULQJ WRJHWKHU DW OHDVW nYH GHnQLQJ FKDUDFWHULVWLFV
HDFK RI ZKLFK LQGLYLGXDOO\ DOUHDG\ PD\ EH GLpFXOW WR WUHDW LQ D FRQWURO V\VWHP�

q LQWHUQDO LQVWDELOLWLHV
q VXEVWDQWLDO WLPH ODJV
q LQWULQVLFDOO\ QRQOLQHDU
q VXEVWDQWLDO LQWHUQDO QRLVH
q WKH DFWLRQ RI FRQWURO FKDQJHV WKH V\VWHP
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7KH IDFW WKDW WKH V\VWHP LV XQVWDEOH_WKH RULJLQ� DIWHU DOO� RI WKH SUREOHPV GLVFXVVHG KHUH_LV QRW XQXVXDO� QRU
LV WKH SUHVHQFH RI WLPH ODJV� &RQWURO RI QRQOLQHDU V\VWHPV KDV VXFFHVVIXOO\ EHHQ WUHDWHG LQ VSHFLDO FDVHV DQG LW
VHHPV WKDW PXFK LV NQRZQ DERXW FRQWUROOLQJ VRPH NLQGV RI JHQHUDO QRQOLQHDU EHKDYLRU LQ RWKHU W\SHV RI SK\VLFDO
V\VWHPV� 3UHVHQWO\ WKH VLJQLnFDQFH RI WKH QRLVH LQ UHVSHFW WR FRQWUROOLQJ FRPEXVWLRQ V\VWHPV LV QRW XQGHUVWRRG�
WKH PDWWHU PHULWV FRQVLGHUDWLRQ VLQFH RIWHQ WKH OHYHOV RI QRLVH DUH QRW QHJOLJLEO\ VPDOO FRPSDUHG ZLWK WKRVH RI WKH
LQVWDELOLWLHV� :KHQ D FRPEXVWLRQ V\VWHP LV FRQWUROOHG� VLJQLnFDQW FKDQJHV LQ WKH GHnQLQJ FKDUDFWHULVWLFV� VXFK DV
WKH GLVWULEXWLRQ RI DYHUDJH HQHUJ\ UHOHDVH PD\ RFFXU� ,Q IDFW WKRVH FKDQJHV PD\ DFFRXQW IRU HOLPLQDWLRQ RI DQ
LQVWDELOLW\� 7KDW VRUW RI EHKDYLRU LV TXLWH GLmHUHQW IURP WKH XVXDO VLWXDWLRQ LQ D PHFKDQLFDO V\VWHP ZKRVH GHnQLQJ
SURSHUWLHV VXFK DV PDVVHV� DUH QRW DmHFWHG E\ WKH DFWLRQ RI FRQWURO�

$OO nYH RI WKH LWHPV OLVWHG DERYH UDLVH LVVXHV RI PRGHOLQJ� 7KDW VLWXDWLRQ MXVWLnHV WKH SULQFLSDO WKUXVW RI WKHVH
OHFWXUHV� 7KH JHQHUDO IUDPHZRUN EDVHG RQ VSDWLDO DYHUDJLQJ LV DWWUDFWLYH IRU DW OHDVW WZR LPSRUWDQW UHDVRQV�

�L� WKH SURFHVV RI DYHUDJLQJ WHQGV WR UHGXFH WKH FRQVHTXHQFHV RI HUURUV LQ GHWDLOV RI PRGHOLQJ�

�LL� WKHUH LV D SHUIHFW PDWFK EHWZHHQ WKH PHWKRGV RI IHHGEDFN FRQWURO LQ VWDWH VSDFH RQ WKH RQH
KDQG� DQG WKH WKHRU\ RI FRPEXVWRU G\QDPLFV EDVHG RQ VSDWLDO DYHUDJLQJ DQG H[SDQVLRQ LQ
DFRXVWLF PRGHV RQ WKH RWKHU�

,Q WKH OLWHUDWXUH RI FRQWURO WKHRU\ WKLV PHUJLQJ RI FRQWURO WKHRU\ DQG WKH EHKDYLRU RI D FRQWLQXRXV V\VWHP LV RIWHQ
FDOOHG CFRQWURO RI D GLVWULEXWHG SDUDPHWHU V\VWHP�
 +RZHYHU� WKDW ODEHO QRUPDOO\ LPSOLHV UHSUHVHQWDWLRQ_L�H� D
PDWKHPDWLFDO PRGHO_RI WKH V\VWHP EDVHG RQ SDUWLDO GLmHUHQWLDO HTXDWLRQV�

7KH VXEMHFW RI WKLV VHFWLRQ LV PRUH DSSURSULDWHO\ FDOOHG PRGDO FRQWURO� XVLQJ D UHSUHVHQWDWLRQ RI WKH V\VWHP
EDVHG RQ RUGLQDU\ GLmHUHQWLDO HTXDWLRQV GHVFULELQJ WKH DPSOLWXGHV DQG UHODWLYH SKDVHV RI WKH PRGHV� 0RGDO FRQWURO
KDV EHHQ GHYHORSHG PDLQO\ LQ WKH nHOG RI VWUXFWXUHV� QRQoRZLQJ V\VWHPV JHQHUDOO\� ZKLFK FDQ EH UHSUHVHQWHG DV
COXPSHG SDUDPWHU
 V\VWHPV E\ ZRUNLQJ ZLWK /DJUDQJH
V HTXDWLRQV� )LJXUH ��� VXPPDUL]HV WKH VFKHPH ZH KDYH
GLVFXVVHG LQ WKH SUHFHGLQJ VHYHQ VHFWLRQV� 0DWWHUV RI FRQWURO DULVH LQ WKH ERWWRP OLQH RI EORFNV� 2XU UHPDUNV KHUH
DUH OLPLWHG WR OLQHDU FRQWURO� ZKLFK HQFRPSDVVHV ERWK FODVVLFDO DQG PRGHUQ FRQWURO� ,W LV HVVHQWLDO WR XQGHUVWDQG
WKH ZHOO�HVWDEOLVKHG SULQFLSOHV RI FODVVLFDO FRQWURO� +RZHYHU� IRU VHYHUDO UHDVRQV LW LV SUHIHUDEOH WR WUHDW FRQWURO RI
FRPEXVWLRQ V\VWHPV ZLWKLQ WKH PRGHUQ FRQWURO WKHRU\� XVLQJ WKH UHSUHVHQWDWLRQ LQ VWDWH VSDFH�

)LJXUH ���� 7KH *HQHUDO 6FKHPH &RQQHFWLQJ WKH 3K\VLFDO 6\VWHP �D &RPEXVWRU�� 3K\VLFDO
0RGHOLQJ� 0DWKHPDWLFDO 0RGHOLQJ� '\QDPLFV DQG &RQWURO
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)LUVW� LW KDSSHQV WKDW WKH DQDO\WLFDO IRUPXODWLRQ EDVHG RQ VSDWLDO DYHUDJLQJ EHFRPHV D VWDWH VSDFH UHSUHVHQWD�
WLRQ E\ VLPSOH UHGHnQLWLRQ RI V\PEROV� +HQFH WKH HQWLUH DSSDUDWXV RI PRGHUQ FRQWURO WKHRU\ EHFRPHV LPPHGLDWHO\
DSSOLFDEOH� 7KH JURXS DW 3HQQ 6WDWH KDV WDNHQ WKH PRVW V\VWHPDWLF IRUPDO DGYDQWDJH RI WKDW DWWUDFWLYH IHDWXUH
�)XQJ� <DQJ DQG 6LQKD� ����� <DQJ� 6LQKD DQG )XQJ� ����� )XQJ DQG <DQJ� ����� +RQJ� <DQJ DQG 5D\� �����
+RQJ� <DQJ DQG 5D\� ������ 2WKHU ZRUNV E\ JURXSV DW 0,7� *HRUJLD 7HFK DQG DW &DOWHFK DUH FORVHO\ UHODWHG LQ
VRPH UHVSHFWV RU RWKHU�

7KH EDVLF LGHD LV TXLWH VLPSOH DQG VWUDLJKWIRUZDUG� IROORZLQJ IURP WKH IRUP RI WKH HTXDWLRQV ������ DQG WKHLU
ERXQGDU\ FRQGLWLRQV ������ JRYHUQLQJ WKH HYROXWLRQ RI DUELWUDU\ XQVWHDG\ PRWLRQV LQ D FRPEXVWRU�

U�S� b
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#W�
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AQ c US�  bI b IF �����

7KH IXQFWLRQV KF DQG IF UHSUHVHQW WKH DFWLRQV RI FRQWURO� 7KH VSOLWWLQJ RQ WKH ULJKW�KDQG VLGHV RI ����� DQG
����� LV OHJLWLPDWH IRU OLQHDU SUREOHPV EHFDXVH DQ\ PHDQV RI FRQWURO �SDVVLYH RU DFWLYH� FDQ ZRUN RQO\ EHFDXVH LW
DmHFWV WKH PDVV� PRPHQWXP DQG HQHUJ\ RI WKH V\VWHP� WKH DGGLWLYLW\ IROORZV IURP WKH DVVXPSWLRQ RI OLQHDULW\�
,Q SULQFLSOH� KF DQG IF FDQ EH FRPSXWHG ZLWK WKH VDPH IRUPXODV GHnQLQJ K DQG I GLVFXVVHG LQ 6HFWLRQ �� 7KH
IRUPDOLVP RI VSDWLDO DYHUDJLQJ FDQ EH DSSOLHG ZLWKRXW FKDQJH WR ����� DQG ������ JLYLQJ WKH H[WHQGHG RVFLOODWRU
HTXDWLRQV FRUUHVSRQGLQJ WR ������� ZULWWHQ KHUH IRU WKH QWK PRGH�

�sQ � ��QsQ  )Q � ) �F�Q �����

ZKHUH )
�F�
Q LV WKH CIRUFH
 RI FRQWURO DFWLQJ RQ WKH QWK RVFLOODWRU� �L�H� WKH QWK PRGH�� 7KH VHW RI HTXDWLRQV �����

IRUPV WKH PDWKHPDWLFDO PRGHO XVHG LQ DSSOLFDWLRQ RI WKH SULQFLSOHV RI FRQWURO� :H HPSKDVL]H RQFH DJDLQ WKDW WKH

PRVW GLpFXOW SDUW RI DSSOLFDWLRQV FRQVLVWV LQ PRGHOLQJ WKH SK\VLFDO SURFHVVHV�� FRQWDLQHG LQ )Q DQG )
�F�
Q �

$V D VLPSOH H[DPSOH RI WKH JHQHUDO SURFHGXUH� ZH VXSSRVH WKDW WKH FRPEXVWRU LV JLYHQ DQG WKDW LWV LQWHUQDO
SURFHVVHV DUH ZHOO�FKDUDFWHUL]HG� 7KXV WKH PHDQ oRZ nHOG� DQG WKH VWHDG\ GLVWULEXWLRQ RI FKHPLFDO UHDFWLRQV DQG
HQHUJ\ UHOHDVH DUH NQRZQ� +HQFH ZH PD\ DVVXPH WKDW WKH EDVLF IXQFWLRQV �Q DQG WKH QRUPDO IUHTXHQFLHV FDQ EH
FRPSXWHG DQG DUH NQRZQ� +LGGHQ LQ )Q DUH TXDQWLWLHV WKDW PXVW EH PRGHOHG� ,Q SDUWLFXODU� WKH PRVW LPSRUWDQW
LV WKH oXFWXDWLRQ RI HQHUJ\ UHOHDVH� B4�� DVVRFLDWHG ZLWK WKH FKHPLFDO UHDFWLYLW\ RI WKH oRZ� ,WV FRQWULEXWLRQ WR )Q

KDV DOUHDG\ EHHQ LQWURGXFHG LQ WKH VLPSOH H[DPSOH RI WKH 5LMNH WXEH GLVFXVVHG LQ 6HFWLRQ ��
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,Q UHDOLW\ B4� GHSHQGV RQ ORFDO oXFWXDWLRQV RI SUHVVXUH� WHPSHUDWXUH� YHORFLW\ DQG VSHFLHV FRQFHQWUDWLRQV� ,W
WKHUHIRUH FDQQRW EH GHWHUPLQHG IURP FRQVLGHUDWLRQV RI FKHPLVWU\ DQG FKHPLFDO NLQHWLFV RQO\�

$ WHUP VLPLODU WR ����� DULVHV LQ )
�F�
Q VR RQ WKH ULJKW�KDQG VLGH RI ����� ZH KDYH WKH FRPELQDWLRQ
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ZKHUH B4�F LV WKH ORFDO oXFWXDWLRQ RI KHDW UHOHDVH UDWH DVFULEHG WR WKH FRQWUROOHG DFWXDWLRQ� ,I
#
#W
� B4�� B4�F� YDQLVKHV�

WKHQ WKHUH LV QR HmHFW RI KHDW LQ HQHUJ\ UHOHDVH LQ WKH H[FLWDWLRQ DQG PDLQWHQDQFH RI XQVWHDG\ PRWLRQV� 7KLV
VHHPV D VLPSOH LI QRW DOPRVW REYLRXV UHVXOW� +RZHYHU� LW LV WKH IRUPDO H[SUHVVLRQ ZLWKLQ WKH DQDO\VLV GHYHORSHG
KHUH� RI ZKDW LV ZLGHO\ DFFHSWHG DV OLNHO\ WKH PRVW HmHFWLYH SUDFWLFDO PHDQV RI DFWLYHO\ FRQWUROOLQJ WKH G\QDPLFV
RI JDV WXUELQH FRPEXVWRUV� IXHO PRGXODWLRQ�

7KH EDVLF LGHD LV WKDW LI WKH IXHO VXSSO\ VR PRGXODWHG� RU LI D VHFRQGDU\ IXHO VXSSO\ LV LQMHFWHG LQ WKH FKDPEHU�
DQG WKH PRGXODWLRQ DV HmHFWHG DFFRUGLQJ WR WKH ULJKW FRQWURO ODZ� WKHQ WKH oXFWXDWLRQ RI HQHUJ\ UHOHDVH UDWH B4�F
GXH WR LWV DFWLRQ PD\ H[DFWO\ FRPSHQVDWH WKH DPRXQW B4� GXH WR oXFWXDWLRQV GXH WR RWKHU FDXVHV� C2WKHU FDXVHV

PLJKW LQFOXGH FRXSOLQJ EHWZHHQ WKH PHDQ oRZ �H�J� YRUWH[ VKHGGLQJ� DQG DFRXVWLF PRGHV DQG GHVWDELOL]DWLRQ
RI oDPH VWDELOL]DWLRQ SURFHVVHV QHDU WKH OHDQ EORZRXW OLPLW� 7KLV NLQG RI FRQWURO FDQ EH LQWHUSUHWHG LQ WHUPV RI

��7KH IRUPXODWLRQ KHUH LV YHU\ JHQHUDO DQG RI FRXUVH LV YDOLG DV ZHOO IRU QRQ�UHDFWLQJ oRZV� +HQFH� DW OHDVW LQ SULQFLSOH� WKHVH

HTXDWLRQV ZLWK QRLVH VRXUFHV LQFOXGHG �6HFWLRQV ��� DQG �� DUH DSSOLFDEOH DV ZHOO WR DFWLYH FRQWURO RI VRXQG RU QRLVH �1HOVRQ DQG

(OOLRWW� ����� 3HDNH DQG &ULJKWRQ� ������
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5D\OHLJK
V RULJLQDO FULWHULRQ� 6HFWLRQ ���� LI B4�F  b B4� DQG RQO\ WKLV SURFHVV LV DFFRXQWHG IRU� WKHQ UzQ� HTXDWLRQ
������� YDQLVKHV� +HQFH FRQWURO E\ PRGXODWLRQ RI WKH IXHO VXSSO\ LV FRPPRQO\ UHIHUUHG WR DV D VWUDWHJ\ ?DFFRUGLQJ
WR 5D\OHLJK
V FULWHULRQ� RU VLPLODU ZRUGV�

���� 6WDWH�6SDFH 5HSUHVHQWDWLRQ IRU &RQWURO RI &RPEXVWRU '\QDPLFV� &DVWLQJ WKH RVFLOODWRU HTXD�
WLRQV ����� LQ WKH VWDWH�VSDFH UHSUHVHQWDWLRQ IDPLOLDU LQ FRQWURO WKHRU\ LV ODUJHO\ D PDWWHU RI VHOHFWLQJ DSSURSULDWH
GHnQLWLRQV� :H DOUHDG\ NQRZ IURP WKH GHYHORSPHQWV LQ 6HFWLRQ �� WKDW QR PDWWHU ZKDW SURFHVVHV DUH DFFRXQWHG
IRU� VR ORQJ DV WKH EHKDYLRU LV OLQHDU� H[FHSW IRU WKH QRQOLQHDU JDVG\QDPLFV UHTXLUHG WR LQFOXGH QRLVH� )Q ZLOO KDYH
WKH IRUP
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7KH SK\VLFDO SURFHVVHV DVVRFLDWHG ZLWK DFWXDWLRQ PXVW OHDG WR WHUPV OLQHDU LQ WKH BsO DQG sO� IRU VLPSOLFLW\ ZH
GURS VWRFKDVWLF FRQWULEXWLRQV� DOWKRXJK WKH\ PLJKW LQ IDFW H[LVW LQ SUDFWLFH� ,W LV TXLWH FRQFHLYDEOH WKDW FRQWURO

FDQ EH H[HUFLVHG LQGHSHQGHQWO\ RI WKH VWDWH RI WKH V\VWHP� DQG WKH JHQHUDO �QRLVHOHVV� IRUP RI )
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ZKHUH WKH XQ DUH LQGHSHQGHQW RI WKH sQ DQG BsQ�

:H FRQVLGHU RQO\ D nQLWH QXPEHU 1 RI PRGHV DQG GHnQH WKH VWDWH YDULDEOHV
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7KH nUVW RUGHU HTXDWLRQV IRU WKH VWDWH YDULDEOHV DUH
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)RU H[DPSOH� IRU WKH FDVH RI WZR PRGHV �1  �� DQG ZLWK ����� DQG ������ WKLV V\VWHP UHGXFHV WR�
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7KH GHVFULSWLRQ LV FRPSOHWHG ZLWK WKH HTXDWLRQ IRU WKH REVHUYHG YDULDEOHV�
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UHJDUGHG DV WKH VXP RI WZR PDWULFHV� RQH GHSHQGLQJ RQ WKH SURSHUWLHV RI WKH XQFRQWUROOHG FKDPEHU� DQG RQH�
ZKRVH HOHPHQWV DUH LGHQWLnHG E\ WKH VXSHUVFULSW � ��F��
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,W LV D QDWXUDO FRQVHTXHQFH RI WKH ZD\ LQ ZKLFK ZH DSSURDFKHG WKH PDWWHU KHUH WKDW ZH KDYH LQFRUSRUDWHG IXOO�VWDWH
IHHGEDFN UHSUHVHQWHG E\ WKH PDWUL[ $�F��

0DQ\ H[DPSOHV RI VLPXODWLRQV RI IHHGEDFN FRQWURO RI FRPEXVWRU G\QDPLFV KDYH EHHQ UHSRUWHG� XVXDOO\ ZLWKRXW
UHIHUHQFH WR WKH JHQHUDO IUDPHZRUN GHVFULEHG KHUH� :LWK D IHZ H[FHSWLRQV �H�J� )XQJ HW DO� ����� +DGGDG HW

DO� ����� 6H\ZHUW� ����� ,VHOOD� ����� WKH LQWLPDWH FRQQHFWLRQ EHWZHHQ WKH DFWXDWLRQ DQG WKH SK\VLFDO SURFHVVHV
ZLWKLQ WKH FRPEXVWRU DUH LJQRUHG� D WDFWLF WKDW SUREDEO\ GHWUDFWV IURP WKH YDOLGLW\ RI WKH VLPXODWLRQV� ,Q OLHX
RI PRGHOLQJ WKH SURFHVVHV WKDW PXVW EH WDNLQJ SODFH IRU DQ\ VRUW RI DFWXDWLRQ WR ZRUN� WKH FRQWURO SUREOHP LV
KDQGOHG LQ WUDGLWLRQDO IDVKLRQ� 7KH SURSHUWLHV RI WKH V\VWHP DUH DVVXPHG WR EH NQRZQ DQG XQFKDQJHG E\ WKH
DFWLRQ RI FRQWURO� WKH VWDWH PDWUL[ $ LV n[HG� 0RUHRYHU� LW LV REYLRXVO\ FRQYHQLHQW LI RQH KDV FRPSOHWH IUHHGRP
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WR VSHFLI\ WKH FRQWURO ODZ ZLWKRXW WKH FRQVWUDLQWV SODFHG E\ DQ\ UHTXLUHPHQWV WR PRGHO WKH LQWHUQDO SURFHVVHV
QHFHVVDU\ IRU DFWXDWLRQ WR DmHFW WKH V\VWHP�

8QGHU WKRVH FLUFXPVWDQFHV LW LV YLUWXDOO\ SUH�RUGHUHG WKDW VLPXODWLRQV ZLOO VKRZ WKDW XVH RI DFWLYH IHHGEDFN
FRQWURO ZLOO EH VXFFHVVIXO� 1R PDWWHU KRZ GHWDLOHG WKH EHKDYLRU RI WKH FRPEXVWRU LV GHVFULEHG_DQG ZKHWKHU WKH
FDOFXODWLRQV DUH DQDO\WLF RU QXPHULFDO� DQ\ FRPEXVWRU ZLOO EHKDYH G\QDPLFDOO\ DW OHDVW URXJKO\ OLNH D V\VWHP RI
FRXSOHG RVFLOODWRUV_WKDW
V LQWULQVLF WR WKH QDWXUH RI GLVWXUEDQFHV ZLWKLQ WKH FKDPEHU� 7KH FRQWURO SUREOHP WKHQ
KDV TXDOLWDWLYHO\ DQ H[SHFWHG UHVXOW� XQVWDEOH GLVWXUEDQFHV FDQ LQGHHG EH FRQWUROOHG�

:LWKRXW WKH PRGHOLQJ� KRZHYHU� D ZLGH DUUD\ RI LQWHUHVWLQJ DQG SUDFWLFDOO\ LPSRUWDQW TXHVWLRQV FDQ EH
DQVZHUHG� 7KH FRQWURO SDUW RI WKH VWDWH PDWUL[� $�F� FDQ EH VLPSO\ GURSSHG� D FRPPRQ WDFWLF� DQG WKH FRQWURO
YHFWRU LV VSHFLnHG� $OWHUQDWLYHO\� WKH ULJRURXV FRQQHFWLRQ EHWZHHQ WKH VWDWH IHHGEDFN UHSUHVHQWHG E\ $�F� FDQ EH
LJQRUHG DQG DQ DUELWUDU\ PRGHO XVHG� 6HH WKH UHIHUHQFHV FLWHG IRU PDQ\ H[DPSOHV� ,Q DQ\ HYHQW� WKH FDOFXODWLRQV
GR QRW SRVH VHULRXV SUDFWLFDO SUREOHPV� LW VHHPV WKDW DOPRVW DOO UHVXOWV GHVLUHG FDQ REWDLQHG ZLWK 0$7/$% DQG
6,08/,1. �VHH ,VHOOD� ����� 6H\ZHUW� ����� DQG ,VHOOD� 6H\ZHUW DQG &XOLFN� ������
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&RPEXVWLRQ V\VWHPV FRPPRQO\ FRQWDLQ FRQGHQVHG SKDVHV� OLTXLG IXHO RU R[LGL]HU DQG FRPEXVWLRQ SURGXFWV
LQFOXGLQJ VRRW DQG FRQGHQVHG PHWDO R[LGHV� +HQFH WKH HTXDWLRQV RI PRWLRQ PXVW DFFRXQW IRU WZR RU WKUHH SKDVHV
DQG DW OHDVW RQH VSHFLHV LQ HDFK� )RU LQYHVWLJDWLQJ WKH G\QDPLFV RI FRPEXVWRUV� LW LV HQWLUHO\ DGHTXDWH WR UHSUHVHQW
HDFK SKDVH DV LWV PDVV DYHUDJH RYHU DOO PHPEHU VSHFLHV� ,W LV XQQHFHVVDU\ WR GLVWLQJXLVK OLTXLG DQG VROLG PDWHULDO
DQG ZH DVVXPH D VLQJOH VSHFLHV LQ WKH FRQGHQVHG SKDVH� GHYRWHG E\ VXEVFULSW � �O� )RU VRPH DSSOLFDWLRQV LW LV
DSSURSULDWH WR H[WHQG WKH UHSUHVHQWDWLRQ VOLJKWO\ WR DFFRPPRGDWH GLVWULEXWLRQV RI SDUWLFOH VL]HV� QRW LQFOXGHG LQ
WKLV DSSHQGL[� 7KHUH LV VRPH DGYDQWDJH WR WUHDWLQJ WKH JDV SKDVH DV D PXOWL�FRPSRQHQW UHDFWLQJ PL[WXUH� $V WKH
SULPLWLYH FRQVHUYDWLRQ HTXDWLRQV ZH WKHUHIRUH EHJLQ ZLWK WKH IROORZLQJ VHW�

$��� *HQHUDO (TXDWLRQV RI 0RWLRQ� &RQVHUYDWLRQ RI 6SHFLHV
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(TXDWLRQ RI 6WDWH� *DV 3KDVH
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)RU VLPSOLnFDWLRQ� WKH DERYH HTXDWLRQV DOUHDG\ FRQWDLQ VRPH WHUPV LQYROYLQJ PDVV DYHUDJLQJ RYHU WKH VSHFLHV

FRPSULVLQJ WKH JDV SKDVH� QDPHO\ WKH YLVFRXV WHQVRU
�

~
�

~
�

~ Y� WKH YHFWRU T UHSUHVHQWLQJ KHDW FRQGXFWLRQ� DQG WKH
HTXDWLRQ� RI VWDWH �$���� )RU PRUH FRPSOHWH GHULYDWLRQV RI WKH HTXDWLRQV IRU PXOWLFRPSRQHQW PL[WXUHV� VHH IRU
H[DPSOH &KDSPDQ DQG &RZOLQJ ������� +LUVFKIHOGHU� &XUWLV DQG %LUG ��� �� 7UXHVGHOO DQG 7RXSLQ ������� DQG
:LOOLDPV ������� 6XSHUVFULSW � ��O� PHDQV WKDW WKH OLTXLG SKDVH LV WKH VRXUFH DQG VXEVFULSW � �H GHQRWHV DQ H[WHUQDO
VRXUFH� ,W IROORZV IURP UHSHDWHG XVH RI WKH *LEEV�'DOWRQ ODZ IRU PL[WXUHV RI SHUIHFW JDVHV WKDW S LV WKH VXP RI
SDUWLDO SUHVVXUHV� |J LV WKH VXP RI WKH GHQVLWLHV DQG 5 LV WKH PDVV DYHUDJH RI WKH LQGLYLGXDO JDV VSHFLHV� VR IRU WKH
JDV SKDVH ZH KDYH
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6XEVFULSW � �L LGHQWLnHV WKH L
WK JDVHRXV VSHFLHV� DQG LQ DOO FDVHV H[FHSW 7J� � �J PHDQV D PDVV DYHUDJH RYHU DOO JDV

VSHFLHV DV� IRU H[DPSOH�
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ZKHUH <L  |L |J LV WKH PDVV FRQFHQWUDWLRQ RI WKH L
WK VSHFLHV�

:ULWLQJ HTXDWLRQV �$���^�$��� H[SOLFLWO\ ZLWK VXPV RYHU VSHFLHV DOORZV SURSHU DFFRXQWLQJ RI WKH LQoXHQFHVRI
GLmXVLRQ� DQG OHDGV WR WKH IRUPXOD IRU HQHUJ\ UHOHDVHG E\ FKHPLFDO UHDFWLRQV ZULWWHQ LQ WKH FRQYHQWLRQDO IDVKLRQ�
7KXV WKH EDVLV IRU VXEVHTXHQWO\ PRGHOLQJ LV ULJRURXVO\ VHW� )RU DQDO\VLV RI XQVWHDG\ PRWLQV LQ FRPEXVWRUV LW LV
SHUIHFWO\ DGHTXDWH WR UHGXFH WKH JHQHUDO GHVFULSWLRQ IRU D PXOWLFRPSRQHQW PL[WXUH WR D PRGHO UHSUHVHQWLQJ D
VLQJOH oXLG KDYLQJ WKH PDVV�DYHUDJHG SURSHUWLHV RI WKH DFWXDO PL[WXUH� 'HWDLOV RI WKH SURFHGXUH PD\ EH IRXQG
HOVHZKHUH �&XOLFN ������ 2QO\ WKH UHVXOWV DUH JHUPDQH KHUH� 7KH VHW RI HTXDWLRQV IRUPLQJ WKH EDVLV IRU WKH WKHRU\
DQG DQDO\VLV ZH GLVFXVV LQ WKHVH OHFWXUHV LV�
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)RU FRPSOHWHQHVV ZH KDYH DOVR LQFOXGHG WKH HTXDWLRQ �$���� IRU WKH HQWURS\� REWDLQHG LQ IDPLOLDU IDVKLRQ E\
DSSO\LQJ WKH FRPELQHG� )LUVW DQG 6HFRQG /DZV RI 7KHUPRG\QDPLFV WR DQ HOHPHQW RI oXLG� 7KDW LV� WKH UHODWLRQ
GH  7GVb SGY FDQ EH ZULWWHQ
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6XEVWLWXWLRQ RI �$��� DQG �$���� JLYHV �$���� ZLWK WKH VRXUFH
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,W LV LPSRUWDQW WR UHDOL]H WKDW WKLV IRUPXODWLRQ FRQWDLQV DOO UHOHYDQW SK\VLFDO SURFHVVHV� LQFOXGLQJ WKRVH UHSUH�
VHQWLQJ WKH DFWLRQV RI H[WHUQDO LQoXHQFHV DVVRFLDWHG� IRU H[DPSOH� ZLWK DFWLYH FRQWURO RI FRPEXVWRU G\QDPLFV�

7KH VRXUFH IXQFWLRQV LQ �$���^�$���� DUH
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7KH TXDQWLWLHV p� � UHSUHVHQW GLmHUHQFHV EHWZHHQ YDOXHV IRU WKH JDV DQG FRQGHQVHG SKDVHV� )RU H[DPSOH�
p7  7O b 7J LQ WKH GLmHUHQFH LQ WHPSHUDWXUH EHWZHHQ WKH WHPSHUDWXUH 7O RI WKH FRQGHQVHG SKDVH DQG WKDW� 7J �
RI WKH JDV SKDVH�

$��� ([SDQVLRQV LQ 0HDQ DQG )OXFWXDWLQJ 9DULDEOHV� )ROORZLQJ WKH VWHSV VXJJHVWHG LQ 6HFWLRQ ��� WR
SURGXFH HTXDWLRQV ������^������ ZLOO JLYH WKH H[SUHVVLRQV IRU WKH EUDFNHWV GHnQHG WKHUH WR VLPSOLI\ WKH DSSHDUDQFH
RI WKH HTXDWLRQV�
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7KH VXEVFULSW I JQ RQ WKH FXUO\ EUDFNHWV PHDQV WKDW WKH FRQWDLQHG TXDQWLWLHV DUH ZULWWHQ WR RUGHU Q LQ WKH
oXFWXDWLRQV RI oRZ YDULDEOHV� 6LPLODUO\� WKH VTXDUH EUDFNHWV LQGLFDWH WKDW WKH WHUPV DUH RI nUVW RUGHU LQ WKH 0DFK
QXPEHU RI WKH PHDQ oRZ� +LJKHU RUGHU VTXDUH EUDFNHWV DUH QRW UHTXLUHG� DV H[SODLQHG LQ 6HFWLRQ ������
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7KHVH DUH PDQ\ SUREOHPV IRU ZKLFK WKH oRZ PD\ EH DSSUR[LPDWHG DV RQH�GLPHQVLRQDO� (YHQ ZKHQ WKH
DSSUR[LPDWLRQ PD\ QRW VHHP DV DFFXUDWH DV ZH PLJKW OLNH� LW LV DOZD\V D JRRG EHJLQQLQJ� 7KH GHVLUHG UHVXOWV
DUH XVXDOO\ REWDLQHG ZLWKRXW UHDO HmHFW DQG RIWHQ DUH LQVSLULQJO\ FORVH WR WKH WUXWK� $Q HOHPHQWDU\ H[DPSOH LV
FRPSXWDWLRQ RI WKH QRUPDO PRGHV IRU D VWUDLJKW WXEH KDYLQJ GLVFRQWLQXLWLHV� 6HFWLRQ ������ +HUH ZH DUH FRQFHUQHG
ZLWK VLWXDWLRQV LQ ZKLFK LQoXHQFHV DW WKH ODWHUDO ERXQGDU\ PXVW EH DFFRXQWHG IRU� 7KH IRUPXODWLRQ RI WKH JHQHUDO
SUREOHP LV WKHQ HVVHQWLDOO\ WKH FRXQWHUSDUW RI WKH FRQVWLWXWLRQ RI WKH RQH�GLPHQVLRQDO HTXDWLRQV IRU VWHDG\ oRZ
LQ GXFWV WKRURXJKO\ GLVFXVVHG E\ 6KDSLUR �������

$FFRXQWLQJ IRU FKDQJHV RI DUHD LQ WKH RQH�GLPHQVLRQDO DSSUR[LPDWLRQ LV D VWUDLJKWIRUZDUG PDWWHU� IROORZLQJ
WKH UXOHV DSSOLHG WR GHULYDWLRQV DSSHDULQJ LQ WKH WKUHH�GLPHQVLRQDO HTXDWLRQV�
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ZKHUH WKH D[LV RI WKH GXFW OLHV DORQJ WKH [�GLUHFWLRQ DQG 6F�[� LV WKH GLVWULEXWLRQ RI WKH FURVV�VHFWLRQ DUHD�

0RUH LQWHUHVWLQJ DUH FRQVHTXHQFHV RI SURFHVVHV DW WKH ODWHUDO ERXQGDU\� SDUWLFXODUO\ ZKHQ WKHUH LV oRZ WKURXJK
WKH VXUIDFH� 7KH PRVW LPSRUWDQW DSSOLFDWLRQV DULVH LQ VROLG SURSHOODQW URFNHWV ZKHQ EXUQLQJ SURSHOODQW IRUPV
DOO RU SDUW RI WKH ODWHUDO VXUIDFH� ,QoRZ RI PDVV PRPHQWXP DQG HQHUJ\ PXVW EH DFFRXQWHG IRU �&XOLFN �����
����� &XOLFN DQG <DQJ ������ 7KH HTXDWLRQV KDYH WKH VDPH IRUP DV WKH WKUHH�GLPHQVLRQDO HTXDWLRQV GHULYHG LQ
$SSHQGL[ $� HTXDWLRQV �$���^�$���� EXW WKH UXOH �%��� DSSOLHG DQG RQO\ WKH YHORFLW\ FRPSRQHQW X DORQJ D[LV RI
WKH GXFW WDNHQ WR EH QRQ�]HUR�
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7KH VRXUFH WHUPV % �� ��� ��� �� DQG !� DUH WKH RQH�GLPHQVLRQDO IRUPV RI �$����^�$���� ZULWWHQ IRU WKH D[LDO
FRPSRQHQW RI YHORFLW\ RQO\ DQG ZLWK WKH UXOHV �%��� DSSOLHG� ,Q DGGLWLRQ� VRXUFHV RI PDVV� PRPHQWXP DQG HQHUJ\
DVVRFLDWHG ZLWK oRZ WKURXJK WKH ODWHUDO ERXQGDU\ DUH UHSUHVHQWHG E\ WKH V\PEROV ZLWK VXEVFULSW � �V �&XOLFN
����� &XOLFN DQG <DQJ ������
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6XSHUVFULSWV � ��J� DQG � ��O� UHIHU UHVSHFWLYHO\ WR WKH JDV DQG OLTXLG SKDVHV DQG VXEVFULSW � �V
GHQRWHV YDOXHV DW WKH VXUIDFH� 7KH PDVV oX[HV DW WKH VXUIDFH� P

�J�
V DQG P

�O�
V DUH RI FRXUVH FRPSXWHG DV YDOXHV

QRUPDO WR WKH ERXQGDU\ DQG DUH SRVLWLYH IRU LQZDUG oRZ� +HUH T VWDQGV IRU WKH SDUDPHWHU RI WKH ORFDO VHFWLRQ
QRUPDO WR WKH D[LV�

%��� (TXDWLRQV IRU 8QVWHDG\ 2QH�'LPHQVLRQDO 0RWLRQV� )RUPLQJ WKH HTXDWLRQV IRU WKH oXFWXDWLQJ
PRWLRQV ZLWKLQ WKH RQH�GLPHQVLRQDO DSSUR[LPDWLRQ LV GRQH LQ H[DFWO\ WKH VDPH ZD\ DV IRU WKH JHQHUDO HTXDWLRQV�
$SSHQGL[ $� :H QHHG RQO\ DSSO\ WKH UXOHV �%��� DQG DGG WR WKH LQKRPRJHQHRXV IXQFWLRQV K DQG I WKH FRQWULEXWLRQV
IURP SURFHVVHV DW WKH ERXQGDU\� $V IRU WKH JHQHUDO WKUHH�GLPHQVLRQDO HTXDWLRQV� ZH GHIHU ZULWLQJ WKH oXFWXDWLRQV
% �

�� �
�

�� c c c XQWLO ZH FRQVLGHU VSHFLnF SUREOHPV�

7KH SURFHGXUH LQWURGXFHG LQ 6HFWLRQ ����� IRU IRUPLQJ WKH V\VWHPV RI HTXDWLRQV IRU D KLHUDUFK\ RI SUREOHPV
DSSOLHV HTXDOO\ WR RQH�GLPHQVLRQDO PRWLRQV� $V DERYH� WKH HTXDWLRQV DUH REWDLQHG IURP WKH WKUHH�GLPHQVLRQDO
HTXDWLRQV E\ DSSO\LQJ WKH UXOHV �%���� WKH UHVXOWV FDQ EH FRQVWUXFWHG ZKHQ QHHGHG� +RZHYHU� WKH FRQWULEXWLRQV
IURP SURFHVVHV DW WKH ODWHUDO ERXQGDU\ DUH VSHFLDO� :ULWWHQ WR nUVW RUGHU LQ WKH oXFWXDWLRQV DQG WKH 0DFK QXPEHU
RI WKH PHDQ oRZ� WKH GLPHQVLRQDO IRUPV RI �%���^�%���� DUH�
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$JDUNRY� $�)�� 'HQLVRY� .�3�� 'UDQRYVN\� 0�/�� =DYRURNLQLQ� ,�$�� ,YDQRY� 9�1�� 3LNDORY� 9�3� DQG 6KLEDQRY�
$�$� ������ ?,QMHFWRU )ODPH 6WDELOL]DWLRQ (mHFWV RQ &RPEXVWLRQ ,QVWDELOLW\�� �VW ,QWHUQDWLRQDO 6\PSRVLXP RQ
/LTXLG 5RFNHW &RPEXVWLRQ ,QVWDELOLWLHV� 3HQQV\OYDQLD 6WDWH 8QLYHUVLW\� $,$$ 3URJUHVV 6HULHV� 9RO� ����

$OWVHLPHU� -�+� ������ ?3KRWRJUDSKLF 7HFKQLTXHV $SSOLHG WR &RPEXVWLRQ 6WXGLHV _ 7ZR 'LPHQVLRQDO 7UDQVSDU�
HQW 7KUXVW &KDPEHU�� $P� 5RFNHW 6RF� -�� 0DUFK^$SULO� SS� ��^���

$QDQWKNULVKQDQ� 1� DQG &XOLFN� )�(�&� ������ ?0RGHOLQJ DQG '\QDPLFV RI 1RQOLQHDU $FRXVWLF :DYHV LQ D &RP�
EXVWLRQ &KDPEHU�� ��WK $,$$ $HURVSDFH 6FLHQFHV 0HHWLQJ DQG ([KLELW� DEVWUDFW VXEPLWWHG�

$QQDVZDP\� $�0�� )OHLnO� 0�� 5XPVH\� -�:�� 3UDVDQWK� 5�� +DWKRXW� -��3�� DQG *KRQLHP� $�)� ������ ?7KHU�
PRDFRXVWLF ,QVWDELOLW\� 0RGHO�%DVHG 2SWLPDO &RQWURO 'HVLJQV DQG ([SHULPHQWDO 9DOLGDWLRQ�� ,((( 7UDQVDFWLRQV

RQ &RQWURO 6\VWHP 7HFKQRORJ\ 9RO� �� 1R� �� SS� ���^����

$ZDG� (� DQG &XOLFN� )�(�&� ������ ?2Q WKH ([LVWHQFH DQG 6WDELOLW\ RI /LPLW &\FOHV IRU /RQJLWXGLQDO $FRXVWLF
0RGHV LQ D &RPEXVWLRQ &KDPEHU�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ���^����

$ZDG� (� ������ ?1RQOLQHDU $FRXVWLF ,QVWDELOLWLHV LQ &RPEXVWLRQ &KDPEHUV�� 3K�'� 7KHVLV� &DOLIRUQLD ,QVWLWXWH
RI 7HFKQRORJ\�

%DXP� -�'� DQG /HYLQH� -�1� ������ ?1XPHULFDO 7HFKQLTXHV IRU 6ROYLQJ 1RQOLQHDU ,QVWDELOLW\ 3UREOHPV LQ 6ROLG
5RFNHW 0RWRUV�� $,$$ -RXUQDO� 9RO� ��� 1R� �� SS� ���^����

%DXP� -�'� DQG /HYLQH� -�1� ������ ?3XOVHG ,QVWDELOLW\ LQ 5RFNHW 0RWRUV� &RPSDULVRQ %HWZHHQ 3UHGLFWLRQV DQG
([SHULPHQWV�� -RXUQDO RI 3URSXOVLRQ DQG 3RZHU� 9RO� �� 1R� �� SS� ���^����

%D]DURY� 9�*� DQG <DQJ� 9� ������ ?/LTXLG 5RFNHW (QJLQH ,QMHFWRU '\QDPLFV�� -� 3URSXOVLRQ DQG 3RZHU� 9RO� ���
1R� � SS� ���^����

%D]DURY� 9�*� ������ ?)OXLG ,QMHFWRU '\QDPLFV�� 0DVKLQRVWURHQLH 3XEOLVKLQJ� 0RVFRZ� 5XVVLD�

%HUPDQ� .� DQG /RJDQ� 6�(� ������ ?&RPEXVWLRQ 6WXGLHV ZLWK D 5RFNHW 0RWRU +DYLQJ )XOO /HQJWK 2EVHUYDWLRQ
:LQGRZ�� $P� 5RFNHW 6RF� -�

%HUPDQ� .� DQG 6FKDUUHV� (�+� ������ ?3KRWRJUDSKLF 7HFKQLTXHV LQ -HW 3URSXOVLRQ 6WXGLHV�� $P� 5RFNHW 6RF�

-�� 9RO� ��� 1R� �� 0D\^-XQH� SS� ���^����

%LURQ� '�� +uHEUDUG� 3�� 3DX]LQ� 6�� DQG /DYHUGDQW� $� ������ ?(WXGH GX FRXSODJH DFRXVWLTXH � LQVWDELOLWLHV DHUR�
G\QDPLTXHV VXU XQH DFRXVWLTXH� (FROH &HQWUDOH GH /\RQ� 3URFHHGLQJV HGLWHG E\ 6SULQJHU�9HUODJ�

���



���

%RQQHOO� -�0�� 0DUVKDOO� 5�/�� DQG 5LHFKH� *�7� ������ ?&RPEXVWLRQ ,QVWDELOLW\ LQ 7XUERMHW DQG 7XUERIDQ $XJ�
PHQWRUV�� $,$$�6$( �WK 3URSXOVLRQ -RLQW 6SHFLDOLVW &RQIHUHQFH� $,$$ 3DSHU 1R� ��^����

%XUQOH\� 9� ������ ?1RQOLQHDU &RPEXVWLRQ ,QVWDELOLWLHV DQG 6WRFKDVWLF 6RXUFHV�� 3K�'� 7KHVLV� &DOLIRUQLD ,QVWL�
WXWH RI 7HFKQRORJ\�

%XUQOH\� 9�6� DQG &XOLFN� )�(�&� ������ ?,QoXHQFH RI 5DQGRP ([FLWDWLRQV RQ $FRXVWLF ,QVWDELOLWLHV LQ &RPEXV�
WLRQ &KDPEHUV�� $,$$ -RXUQDO� ������ ����^�����

%XUQOH\� 9�6� DQG &XOLFN� )�(�&� ������ ?&RPPHQW RQ C7ULJJHULQJ RI /RQJLWXGLQDO &RPEXVWLRQ ,QVWDELOLWLHV LQ
5RFNHW 0RWRUV� 1RQOLQHDU &RPEXVWLRQ 5HVSRQVH
�� -RXUQDO RI 3URSXOVLRQ DQG 3RZHU� ������ ���^����

%\UQH� 5�:� ������ ?$ 1RWH RQ /RQJLWXGLQDO 3UHVVXUH 2VFLOODWLRQV LQ 5DPMHW &RPEXVWRUV�� ��WK -$11$) &RP�
EXVWLRQ 0HHWLQJ�

%\UQH� 5�:� ������ $,$$�6$(�$60( ��WK -RLQW 3URSXOVLRQ &RQIHUHQFH� 6HDWWOH� :DVKLQJWRQ� $,$$ 3DSHU
��^�����

&DQGHO� 6�0� ������ ?&RPEXVWLRQ ,QVWDELOLWLHV &RXSOHG E\ 3UHVVXUH :DYHV DQG 7KHLU $FWLYH &RQWURO�� ��WK ,Q�
WHUQDWLRQDO 6\PSRVLXP RQ &RPEXVWLRQ� SS� ����^�����

&KDSPDQ� 6� DQG &RZOLQJ� 7�*� ������ 7KH 0DWKHPDWLFDO 7KHRU\ RI 1RQXQLIRUP *DVHV� &DPEULGJH 8QLYHUVLW\
3UHVV�

&KX� %��7� ������ ?(QHUJ\ 7UDQVIHU WR 6PDOO 'LVWXUEDQFHV LQ D 9LVFRXV +HDW &RQGXFWLYH 0HGLXP�� 'HSDUWPHQW
RI $HURQDXWLFV� -RKQV +RSNLQV 8QLYHUVLW\ �QR LGHQWLI\LQJ QXPEHU��

&KX� %��7� DQG .RYDV]QD\� /�6�*� ������ ?1RQ�OLQHDU ,QWHUDFWLRQV LQ D 9LVFRXV +HDW &RQGXFWLQJ &RPSUHVVLEOH
*DV�� -� )OXLG 0HFK�� 9RO� �� 1R� �� SS� ���^����

&URFFR� /� DQG &KHQJ� 6��,� ������ 7KHRU\ RI &RPEXVWLRQ ,QVWDELOLW\ LQ /LTXLG�3URSHOODQW 5RFNHWV� $*$5'RJUDSK
1R� �� %XWWHUZRUWKV 6FLHQWLnF 3XEOLFDWLRQV� /RQGRQ�

&XOLFN )�(�&� ������ ?+LJK )UHTXHQF\ 3UHVVXUH 2VFLOODWLRQV LQ /LTXLG 5RFNHWV�� 6F�'� 7KHVLV� 0�,�7� 'HSDUWPHQW
RI $HURQDXWLFV DQG $VWURQDXWLFV�

&XOLFN )�(�&� ������ ?+LJK )UHTXHQF\ 2VFLOODWLRQV LQ /LTXLG�3URSHOODQW 5RFNHWV�� $,$$ -RXUQDO� 9RO� �� 1R� ��
SS� ����^�����

&XOLFN� )�(�&� ������ ?$ 5HYLHZ RI &DOFXODWLRQV IRU 8QVWHDG\ %XUQLQJ RI D 6ROLG 3URSHOODQW�� $,$$ -RXUQDO�
9RO� �� 1R� �� SS� ����^�����

&XOLFN� )�(�&� ������ ?1RQOLQHDU *URZWK DQG /LPLWLQJ $PSOLWXGH RI $FRXVWLF 2VFLOODWLRQV LQ &RPEXVWLRQ &KDP�
EHUV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� �� SS� �^���

&XOLFN� )�(�&� ������ ?1RQOLQHDU %HKDYLRU RI $FRXVWLF :DYHV LQ &RPEXVWLRQ &KDPEHUV�� 3DUWV , DQG ,,� $FWD
$VWURQDXWLFD� 9RO� �� SS� ���^����

&XOLFN� )�(�&� ������ 5HSRUW RI WKH -$11$) :RUNVKRS RQ 3UHVVXUH 2VFLOODWLRQV LQ 5DPMHWV�� ��WK -$11$)
&RPEXVWLRQ 0HHWLQJ�



���

&XOLFN� )�(�&� DQG 5RJHUV� 7� ������ ?0RGHOLQJ 3UHVVXUH 2VFLOODWLRQV LQ 5DPMHWV�� $,$$�6$(�$60( ��WK -RLQW
3URSXOVLRQ &RQIHUHQFH� +DUWIRUG� &RQQHFWLFXW� $,$$ 3DSHU ��^�����

&XOLFN� )�(�&� ������ ?$ 1RWH RQ 5D\OHLJK
V &ULWHULRQ�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ���^����

&XOLFN� )�(�&� ������ ?&RPEXVWLRQ ,QVWDELOLWLHV LQ /LTXLG�)XHOHG 3URSXOVLRQ 6\VWHPV_$Q 2YHUYLHZ�� $*$5'
��% 6SHFLDOLVWV
 0HHWLQJ RI WKH 3URSXOVLRQ DQG (QHUJHWLFV 3DQHO $*$5' &3 ����

&XOLFN� )�(�&�� 3DSDUL]RV� /�� 6WHUOLQJ� -� DQG %XUQOH\� 9�6� ������ ?&RPEXVWLRQ 1RLVH DQG &RPEXVWLRQ ,QVWDELO�
LWLHV LQ 3URSXOVLRQ 6\VWHPV�� 3URFHHGLQJV RI WKH $*$5' &RQIHUHQFH RQ &RPEDW $LUFUDIW 1RLVH� $*$5' &3����

&XOLFN� )�(�&� ������ ?&RPEXVWLRQ ,QVWDELOLWLHV DQG 5D\OHLJK
V &ULWHULRQ�� 0RGHUQ 5HVHDUFK 7RSLFV LQ $HURVSDFH

3URSXOVLRQ� �,Q KRQRU RI &RUUDGR &DVFL�� SS� ���^����

&XOLFN� )�(�&� ������ ?6RPH 5HFHQW 5HVXOWV IRU 1RQOLQHDU $FRXVWLFV LQ &RPEXVWLRQ &KDPEHUV�� $,$$ -RXUQDO�
9RO� ��� 1R� �� SS� ���^����

&XOLFN� )�(�&� DQG <DQJ� 9� ������ ?2YHUYLHZ RI &RPEXVWLRQ ,QVWDELOLWLHV LQ /LTXLG�3URSHOODQW 5RFNHW (QJLQHV��
)LUVW ,QWHUQDWLRQDO 6\PSRVLXP RQ /LTXLG 5RFNHW (QJLQH &RPEXVWLRQ ,QVWDELOLW\� 7KH 3HQQV\OYDQLD 6WDWH 8QLYHU�
VLW\� $,$$ 3URJUHVV 6HULHV� 9RO� ����

&XOLFN� )�(�&� ������ ?$ 1RWH RQ 2UGHULQJ 3HUWXUEDWLRQV DQG WKH ,QVLJQLnFDQFH RI /LQHDU &RXSOLQJ LQ &RPEXV�
WLRQ ,QVWDELOLWLHV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ���� SS� ��������

&XOLFN� )�(�&� ������ ?&RPEXVWRU '\QDPLFV� )XQGDPHQWDOV� $FRXVWLFV DQG &RQWURO�� $ 6KRUW &RXUVH RI /HFWXUHV�

'RHGHO� (�-�� &KDPSQH\V� $�5�� )DLUJULHYH� 7�)�� .X]QHWVRY� <�$�� 6DQGVWHGH� %�� :DQJ� ;� ������ ?$872
��� &RQWLQXDWLRQ DQG %LIXUFDWLRQ 6RIWZDUH IRU 2UGLQDU\ 'LmHUHQWLDO (TXDWLRQV�� &RQFRUGLD 8QLYHUVLW\� 0RQWUHDO�
&DQDGD�

'RHGHO� (�-�� .HOOHU� +�%�� .HUQHYH]� -�3� �����D� ?1XPHULFDO $QDO\VLV DQG &RQWURO RI %LIXUFDWLRQ 3UREOHPV� �,�
%LIXUFDWLRQ LQ )LQLWH 'LPHQVLRQV�� ,QWHUQDWLRQDO -RXUQDO RI %LIXUFDWLRQ DQG &KDRV� 9RO� �� 1R� �� SS� ���^����

'RHGHO� (�-�� .HOOHU� +�%�� .HUQHYH]� -�3� �����E� ?1XPHULFDO $QDO\VLV DQG &RQWURO RI %LIXUFDWLRQ 3UREOHPV� �,,�
%LIXUFDWLRQ LQ ,QnQLWH 'LPHQVLRQV�� ,QWHUQDWLRQDO -RXUQDO RI %LIXUFDWLRQ DQG &KDRV� 9RO� �� 1R� �� SS� ���^����

'RZOLQJ� $� ������ ?1RQOLQHDU 6HOI�([FLWHG 2VFLOODWLRQV RI D 'XFWHG )ODPH�� -� )OXLG 0HFKDQLFV� 9RO� ���� SS�
���^����

'XHU� -� DQG +HVVOHU� 5� ������ ?)RUFHG 2VFLOODWLRQ 7KHRU\ DQG $SSOLFDWLRQV�� ��WK $,$$�$60(�6$(�$6((
-RLQW 3URSXOVLRQ &RQIHUHQFH� $,$$ 3DSHU 1R� ��������

(UQVW� 5�&� ������ ?$ &RPEXVWLRQ 0RGHO IRU /RZ )UHTXHQF\ ,QVWDELOLW\ LQ 7XUERIDQ $XJPHQWRUV�� $,$$�6$(
��WK 3URSXOVLRQ &RQIHUHQFH� $,$$ 3DSHU 1R� ��^����

)ODQGUR� *�$� DQG -DFREV� +�5� ������ ?9RUWH[ *HQHUDWHG 6RXQG LQ &DYLWLHV�� LQ $HURDFRXVWLFV� -HW DQG &RP�

EXVWLRQ 1RLVH� 9RO� �� RI $,$$ 6HULHV� 3URJUHVV LQ $VWURQDXWLFV DQG $HURQDXWLFV�

)ODQGUR� *�$� ������ ?9RUWH[ 'ULYLQJ 0HFKDQLVP LQ 2VFLOODWRU\ 5RFNHW )ORZV�� -� 3URSXOVLRQ DQG 3RZHU� 9RO� ��
1R� �� SS� ���^����



���

)XQJ� <��7�� <DQJ� 9� DQG 6LQKD� $� ������ ?$FWLYH &RQWURO RI &RPEXVWLRQ ,QVWDELOLWLHV ZLWK 'LVWULEXWHG $FWX�
DWRUV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ���^����

)XQJ� <��7� DQG <DQJ� 9� ������ ?$FWLYH &RQWURO RI 1RQOLQHDU 3UHVVXUH 2VFLOODWLRQV LQ &RPEXVWLRQ &KDPEHUV��
-� 3URSXOVLRQ DQG 3RZHU� 9RO� �� 1R� �� SS� ����^�����

+DGGDG� :�� /HRQHVVD� $�� &RUUDGR� -� DQG .DSLOD� 9� ������ ?5REXVW 5HGXFHG�2UGHU &RQWURO RI &RPEXVWLRQ
,QVWDELOLWLHV�� 3URFHHGLQJV RI WKH ���� ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ &RQWURO $SSOLFDWLRQ�

+DUUMH� '�-� DQG 5HDUGRQ� )�+� �(G�� ������ /LTXLG 3URSHOODQW 5RFNHW ,QVWDELOLW\� 1$6$ 63 ����

+DOO� 3�+� ������ ?*HQHULF 2UGQDQFH 5DPMHW (QJLQH ^ *25-( 7HVWV RI WKH ,QOHW &RPEXVWRU�� 1DYDO :HDSRQV
&HQWHU� &KLQD /DNH� 1:& 73^�����

+HVVOHU� 5� ������ ?6WXGLHV RI 0RWRU ,QVWDELOLW\ 3UREOHPV�� ��WK -$11$) &RPEXVWLRQ 6XE�&RPPLWWHH 0HHWLQJ�

+HVVOHU� 5� ����� ?3UHGLFWLRQ RI )LQLWH 3UHVVXUH 2VFLOODWLRQV LQ 6WDEOH 5RFNHW 0RWRUV�� ��WK -$11$) &RPEXV�
WLRQ 6XE�&RPPLWWHH 0HHWLQJ�

+HVVOHU� 5� ������ ?)RUFHG 2VFLOODWLRQ 3UHGLFWLRQ�� ��WK -$11$) &RPEXVWLRQ 6XE�&RPPLWWHH 0HHWLQJ�

+HVVOHU� 5� DQG *OLFN� 5� ������ ?$SSOLFDWLRQ RI 0D[LPXP (QWURS\ 0HWKRG WR 3DVVLYHO\ ([WUDFW 0RWRU 6WDELOLW\
,QIRUPDWLRQ�� :RUNVKRS C0HDVXUHPHQW RI 7KHUPRSK\VLFDO DQG %DOOLVWLF 3URSHUWLHV RI (QHUJHWLF 0DWHULDO
� 3R�
OLWHFQLFR GL 0LODQR� 0LODQ� ,WDO\�

+LOGHEUDQG� )�%� ������ 0HWKRGV RI $SSOLHG 0DWKHPDWLFV� 3UHQWLFH�+DOO� ,QF�� 1HZ <RUN�

+LUVFKIHOGHU� -�'�� &XUWLVV� &�)� DQG %LUG� 5�%� ������ ?0ROHFXODU 7KHRU\ RI *DVHV DQG /LTXLGV�� :LOH\� 1�<�

+RQJ� %��6�� <DQJ� 9� DQG 5D\� $� ������ ?5REXVW )HHGEDFN &RQWURO RI &RPEXVWLRQ 8QFHUWDLQW\ ZLWK 0RGHOLQJ
8QFHUWDLQW\�� &RPEXVWLRQ DQG )ODPH� 9RO� ���� SS� ��^����

+RQJ� %��6�� <DQJ� 9� DQG 5D\� $� ������ ?:LGH�5DQJH 5REXVW &RQWURO RI &RPEXVWLRQ ,QVWDELOLW\�� 572 6\P�
SRVLXP ?&RQWURO RI (QJLQH '\QDPLFV��

,VHOOD� *�&� ������ ?0RGHOLQJ DQG 6LPXODWLRQ RI &RPEXVWLRQ &KDPEHUV DQG 3URSHOODQW '\QDPLFV DQG ,VVXHV LQ
$FWLYH &RQWURO RI &RPEXVWLRQ ,QVWDELOLWLHV�� 3K�'� 7KHVLV� &DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\�

,VHOOD� *�� 6H\ZHUW� &�� &XOLFN� )�(�&� DQG =XNRVNL� (�(� ������ ?$ )XUWKHU 1RWH RQ $FWLYH &RQWURO RI &RPEXVWLRQ
,QVWDELOLWLHV %DVHG RQ +\VWHUHVLV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ���� SS� ���^����

-DKQNH� &� DQG &XOLFN� )�(�&� ������ ?$Q $SSOLFDWLRQ RI '\QDPLFDO 6\VWHPV 7KHRU\ WR 1RQOLQHDU &RPEXVWLRQ
,QVWDELOLWLHV�� -RXUQDO RI 3URSXOVLRQ DQG 3RZHU� 9RO� ��� 1R� �� SS� ���^����

.DUDJR]LDQ� $�5� DQG 0DUEOH� )�(� ������ ?6WXG\ RI D 'LmXVLRQ )ODPH LQ D 6WUHWFKHG 9RUWH[�� &RPEXVWLRQ

6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ��^���

.HQZRUWK\� 0�-�� :ROWPDQQ� ,�(�� DQG &RUOH\� 5�&� ������ ?$XJPHQWRU &RPEXVWLRQ 6WDELOLW\ ,QYHVWLJDWLRQ�� $LU
)RUFH $HUR 3URSXOVLRQ /DERUDWRU\� 5HSRUW $)$3/^75^��^���
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.QRRS� 3�� &XOLFN� )�(�&� DQG =XNRVNL� (�(� ������ ?([WHQVLRQ RI WKH 6WDELOLW\ RI 0RWLRQV LQ D &RPEXVWLRQ &KDP�
EHU E\ 1RQOLQHDU $FWLYH &RQWURO %DVHG RQ +\VWHUHVLV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ���� SS� ���^����

.U\ORY� 1� DQG %RJROLXERY� 1� ������ ,QWURGXFWLRQ WR 1RQOLQHDU 0HFKDQLFV� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

/DQGDX� /�'� DQG /LIVFKLW]� (�0� ������ )OXLG 0HFKDQLFV� $GGLVRQ�:HVOH\ 3XEOLVKLQJ &R�

/DYHUGDQW� $�0� DQG &DQGHO� 6�0� ������ ?&RPSXWDWLRQ RI 'LmXVLRQ DQG 3UHPL[HG )ODPHV 5ROOHG XS LQ 9RUWH[
6WUXFWXUHV�� -� 3URSXOVLRQ� 9RO� �� 1R� �� SS� ���^����

/HZLV /DERUDWRU\ 6WDm ������ ?6XPPDU\ RI 3UHOLPLQDU\ ,QYHVWLJDWLRQV LQWR WKH &KDUDFWHULVWLFV RI &RPEXVWLRQ
6FUHHFK LQ 'XFWHG %XUQHUV�� 1$&$ 75 �����

/RUG 5D\OHLJK ������ ?7KH ([SODQDWLRQ RI &HUWDLQ $FRXVWLF 3KHQRPHQD� 5R\DO ,QVWLWXWLRQ 3URFHHGLQJV� 9,,,�
SS� ���^����

/RUG 5D\OHLJK ������ 7KHRU\ RI 6RXQG� 9RO� �� 'RYHU� 1HZ <RUN� 6HFWLRQ ���J� SS� ���^����

/RYLQH� 5� /�� 'XGOH\� '� 3�� DQG :DXJK� 5� &� ������ ?6WDQGDUGL]HG 6WDELOLW\ 3UHGLFWLRQ 0HWKRG IRU 6ROLG
5RFNHW 0RWRUV�� 9RO� ,� ,, DQG ,,,� $HURMHW 6ROLG 3URSXOVLRQ &RPSDQ\� 5HSRUW SUHSDUHG IRU WKH $LU )RUFH 5RFNHW
3URSXOVLRQ /DERUDWRU\� $)53/ 75^��^���

0F0DQXV� .�� 3RLQVRW� 7� DQG &DQGHO� 6� ������ ?$ 5HYLHZ RI $FWLYH &RQWURO RI &RPEXVWLRQ ,QVWDELOLWLHV��
3URJUHVV LQ (QHUJ\ DQG &RPEXVWLRQ 6FLHQFH� ������ �^���

0DJLDZDOD� .� DQG &XOLFN� )� (� &� ������ ?0HDVXUHPHQWV RI (QHUJ\ ([FKDQJH %HWZHHQ $FRXVWLF )LHOGV DQG
1RQ�8QLIRUP 6WHDG\ )LHOGV�� -RXUQDO RI 9LEUDWLRQ DQG 6RXQG� 9RO� ��� SS� ���^����

0DWKLV� %�� 'HUU� 5�/� DQG &XOLFN� )�(�&� ������

0DOKRWUD� 6� ������ 3K�'� 7KHVLV LQ SUHSDUDWLRQ� &DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\

0DUEOH� )�(� DQG 5RJHUV� '�(� ������ ?$ 0HFKDQLVP RI +LJK�)UHTXHQF\ 2VFLOODWLRQ LQ 5DPMHW &RPEXVWRUV DQG
$IWHUEXUQHUV�� -HW 3URSXOVLRQ�

0DWYHHY� .� ������ 3K�'� 7KHVLV LQ SUHSDUDWLRQ� &DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\�

0RUVH� 3�0� ������ 9LEUDWLRQ DQG 6RXQG� 0F*UDZ�+LOO %RRN &R�� 1HZ <RUN�

0RUVH� 3�0� DQG )HVKEDFK� +� ������ 0HWKRGV RI 7KHRUHWLFDO 3K\VLFV� 0F*UDZ�+LOO %RRN &RPSDQ\�

0RUVH� 3� DQG ,QJDUG� /� ������ 7KHRUHWLFDO $FRXVWLFV� 0F*UDZ�+LOO %RRN &R�� 1HZ <RUN�

1DWDQ]RQ� 0�6� DQG 0HQVKLNRYD� 2�0� ������ ?%LIXUFDWLRQ RI 6WHDG\ &RPEXVWLRQ 5HJLPHV DQG 7KHLU ,QoXHQFH
RQ WKH 2QVHW RI +LJK�)UHTXHQF\ 2VFLOODWLRQV LQ &RPEXVWLRQ &KDPEHUV�� 3K\VLFV RI &RPEXVWLRQ DQG ([SORVLRQ�
9RO� ��� 1R� �� SS� ��^���

1DWDQ]RQ� 0� ������ 8QVWHDG\ &RPEXVWLRQ LQ /LTXLG 5RFNHW (QJLQHV� (OHFWURQLF WUDQVODWLRQ IURP WKH 5XVVLDQ
HGLWLRQ ������ ZLWK D UHYLVHG &KDSWHU � RQ %LIXUFDWLRQV� WUDQVODWLRQ HGLWRU )�(�&� &XOLFN�



���

1HOVRQ� 3�$� DQG (OOLRWW� 6�-� ������ $FWLYH &RQWURO RI 6RXQG� $FDGHPLF 3UHVV� 1HZ <RUN�

1LFNHUVRQ� *� 5�� &XOLFN� )�(�&�� DQG 'DQJ� /�*� ������ ?6WDQGDUG 6WDELOLW\ 3UHGLFWLRQ 0HWKRG IRU 6ROLG 5RFNHW
0RWRUV� $[LDO 0RGH &RPSXWHU 3URJUDP� 8VHU
V 0DQXDO�� 6RIWZDUH DQG (QJLQHHULQJ $VVRFLDWHV� ,QF� 5HSRUW
SUHSDUHG IRU WKH $LU )RUFH 5RFNHW 3URSXOVLRQ /DERUDWRU\� $)53/ 75^��^���

1RUWRQ� 3� ������ ?7KH (mHFWV RI 9RUWH[ )ODPHV ZLWK )LQLWH 5HDFWLRQ 5DWHV�� 3K�'� 7KHVLV� &DOLIRUQLD ,QVWLWXWH
RI 7HFKQRORJ\�

2IHOHLQ� -�&� DQG <DQJ� 9� ������ ?&RPSUHKHQVLYH 5HYLHZ RI /LTXLG�3URSHOODQW &RPEXVWLRQ ,QVWDELOLWLHV LQ )��
(QJLQHV�� -RXUQDO RI 3URSXOVLRQ DQG 3RZHU� 9RO� �� SS� ���^����

3DSDUL]RV� /� DQG &XOLFN� )�(�&� ������ ?7KH 7ZR�0RGH $SSUR[LPDWLRQ WR 1RQOLQHDU $FRXVWLFV LQ &RPEXVWLRQ
&KDPEHUV� ,� ([DFW 6ROXWLRQV IRU 6HFRQG 2UGHU $FRXVWLFV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ����^���
SS� ��^���

3HDNH� 1� DQG &ULJKWRQ� '�*� ������ ?$FWLYH &RQWURO RI 6RXQG�� $QQXDO 5HYLHZV RI )OXLG 0HFKDQLFV� 9RO� ���
SS� ���^����

3RLQVRW� 7� DQG &DQGHO� 6�0� ������ ?$ 1RQOLQHDU 0RGHO IRU 'XFWHG )ODPH &RPEXVWLRQ ,QVWDELOLWLHV�� &RPEXV�
WLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ���^����

3XWQDP� $�$� ������ &RPEXVWLRQ 'ULYHQ 2VFLOODWLRQV LQ ,QGXVWU\� (OVHYLHU� 1HZ <RUN�

5XVVHOO� 3�/�� %UDQW� *�� DQG (UQVW� 5� ������ ?/RZ�)UHTXHQF\ $XJPHQWRU ,QVWDELOLW\ 6WXG\�� $,$$�6$( ��WK

-RLQW 3URSXOVLRQ &RQIHUHQFH� $,$$ 3DSHU 1R� ��^����

6DPDQLHJR� -��0� DQG 0DQWHO� 7� ������ ?)XQGDPHQWDO 0HFKDQLVPV LQ 3UHPL[HG 7XUEXOHQW )ODPH 3URSDJDWLRQ
YLD )ODPH�9RUWH[ ,QWHUDFWLRQV 3DUW , ([SHULPHQW� 3DUW ,, 1XPHULFDO 6LPXODWLRQ�� &RPEXVWLRQ DQG )ODPH� 9RO�
���� SS� ���^����

6FKDGRZ� .�&�� &UXPS� -�(�� DQG %ORPVKLHOG� )�6� ������ ?&RPEXVWLRQ ,QVWDELOLW\ LQ D 5HVHDUFK 'XPS &RP�
EXVWRU� ,QOHW 6KRFN 2VFLOODWLRQV�� ��WK -$11$) &RPEXVWLRQ 0HHWLQJ�

6FKDGRZ� .�&�� &UXPS� -�(�� DQG %ORPVKLHOG� )�6� ������ ?(mHFW RI 'XPS 3ODQH 'HVLJQ RQ 3UHVVXUH 2VFLOODWLRQV
LQ D 6XGGHQ ([SDQVLRQ 5DPMHW &RPEXVWRU�� ���� -$11$) 3URSXOVLRQ 0HHWLQJ�

6FKDGRZ� .�&�� :LOVRQ� .�-�� &UXPS� -�(�� )RVWHU� -�%�� DQG *XWPDUN� (� ������ ?,QWHUDFWLRQ %HWZHHQ $FRXVWLFV
DQG 6XEVRQLF 'XFWHG )ORZ ZLWK 'XPS�� $,$$ ��QG $HURVSDFH 6FLHQFHV 0HHWLQJ� 5HQR� 1HYDGD� $,$$ 3DSHU
��^�����

6FKDGRZ� .�&�� :LOVRQ� .�-�� DQG *XWPDUN� (� ������ ?&KDUDFWHUL]DWLRQ RI /DUJH�6FDOH 6WUXFWXUHV LQ D )RUFHG
'XFWHG )ORZ ZLWK 'XPS�� $,$$ ��UG $HURVSDFH 6FLHQFHV 0HHWLQJ� 5HQR� 1HYDGD� $,$$ 3DSHU ��^�����

6FKDGRZ� .�&�� &UXPS� -�(�� 0DKDQ� 9�$�� 1DELW\� -�$�� :LOVRQ� .�-�� DQG *XWPDUN� (� ������ ?/DUJH�6FDOH�
&RKHUHQW 6WUXFWXUHV DV 'ULYHUV RI 5DPMHW &RPEXVWLRQ ,QVWDELOLWLHV�� ���� -$11$) 3URSXOVLRQ 0HHWLQJ�

6FKDGRZ� .�&�� *XWPDUN� (�� 3DUU� '�0�� DQG 0DKDQ� 9�$� �����D� ?(mHFW RI 6KHDU�)ORZ '\QDPLFV LQ &RPEXV�
WLRQ 3URFHVVHV�� 3URFHHGLQJV RI WKH (LJKWK ,QWHUQDWLRQDO 6\PSRVLXP RQ $LUEUHDWKLQJ (QJLQHV�
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6FKDGRZ� .�&�� *XWPDUN� (�� 3DUU� 7�3�� 3DUU� '�0�� :LOVRQ� .�-�� DQG &UXPS� -�+� �����E� ?/DUJH 6FDOH &RKHU�
HQW 6WUXFWXUHV DV 'ULYHUV RI &RPEXVWLRQ ,QVWDELOLW\�� $,$$ ��WK )OXLG '\QDPLFV� 3ODVPD '\QDPLFV DQG /DVHUV
&RQIHUHQFH� $,$$ 3DSHU 1R� ��^�����

6H\ZHUW� &� ������ ?&RPEXVWLRQ ,QVWDELOLWLHV� ,VVXHV LQ 0RGHOLQJ DQG &RQWURO�� 3K�'� 7KHVLV� &DOLIRUQLD ,QVWLWXWH
RI 7HFKQRORJ\�

6H\ZHUW� &� DQG &XOLFN� )�(�&� ������ ?6RPH ,QoXHQFHV RI 1RLVH RQ &RPEXVWLRQ ,QVWDELOLWLHV DQG &RPEXVWRU
'\QDPLFV�� ��WK -$11$) &RPEXVWLRQ &RQIHUHQFH�

6KDSLUR� $� ������ 7KH '\QDPLFV DQG 7KHUPRG\QDPLFV RI &RPSUHVVLEOH )OXLG )ORZ� 5RQDOG 3UHVV� 1�<�

6LYDVHJDUDP� 6� DQG :KLWHODZ� -�+� ������ ?6XSSUHVVLRQ RI 2VFLOODWLRQV LQ &RQnQHG 'LVN 6WDELOL]HG )ODPHV�� -�
3URSXOVLRQ� 9RO� �� 1R� �� SS� ���^����

6PLWK� '�$� DQG =XNRVNL� (�(� ������ ?&RPEXVWLRQ ,QVWDELOLW\ 6XVWDLQHG E\ 8QVWHDG\ 9RUWH[ &RPEXVWLRQ��
$,$$�6$(�$60(�$6(( ��VW -RLQW 3URSXOVLRQ &RQIHUHQFH� $,$$ 3DSHU 1R� ��������

6PLWK� '�$� ������ ?$Q ([SHULPHQWDO 6WXG\ RI $FRXVWLFDOO\ ([FLWHG� 9RUWH[ 'ULYHQ &RPEXVWLRQ ,QVWDELOLW\
:LWKLQ D 5HDUZDUG )DFLQJ 6WHS &RPEXVWRU�� 3K�'� 7KHVLV� &DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\�

6WHUOLQJ� -�'� ������ ?/RQJLWXGLQDO 0RGH &RPEXVWLRQ ,QVWDELOLWLHV LQ $LU %UHDWKLQJ (QJLQHV�� 3K�'� 7KHVLV� &DO�
LIRUQLD ,QVWLWXWH RI 7HFKQRORJ\�

6WHUOLQJ� -�'� ������ ?1RQOLQHDU $QDO\VLV DQG 0RGHOOLQJ RI &RPEXVWLRQ ,QVWDELOLWLHV LQ D /DERUDWRU\ &RPEXVWRU�
&RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ���^����

6WHUOLQJ� -�'� DQG =XNRVNL� (�(� ������ ?1RQOLQHDU '\QDPLFV RI /DERUDWRU\ &RPEXVWRU 3UHVVXUH 2VFLOODWLRQV��
&RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO� ��� SS� ���^����

6XPPHUnHOG� 0� ������ ?$ 7KHRU\ RI 8QVWDEOH 3URSXOVLRQ LQ /LTXLG�3URSHOODQW 5RFNHW 6\VWHPV�� $P� 5RFNHW

6RF� -�� 9RO� ��� 1R� �� SS� ���^����

7HQQHNHV� +� DQG /XPOH\� -�/� ������ $ )LUVW &RXUVH LQ 7XUEXOHQFH� 0�,�7� 3UHVV�

7UXHVGHOO� &� DQG 7RXSLQ� 5� ������ ?7KH &ODVVLFDO )LHOG 7KHRULHV�� +DQGEXFK GHV 3K\VLN� 9RO� ,,,��� 6SULQJHU�
9HUODJ� %HUOLQ�

7VLHQ� +�6� ������ ?7KH 7UDQVIHU )XQFWLRQV RI 5RFNHW 1R]]OHV�� -� $P� 5RFNHW 6RF�� 9RO� ��� SS� ���^����

8QGHUZRRG� )�1�� 5XVQDN� -�3�� (UQVW� 3�&�� 3HWULQR� (�$�� 5XVVHOO� 3�/�� DQG 0XUSK\� 3�� -U� ������ ?/RZ )UH�
TXHQF\ &RPEXVWLRQ ,QVWDELOLW\ LQ $XJPHQWRUV�� $*$5' &3 ���� +LJK 7HPSHUDWXUH 3UREOHPV LQ *DV 7XUELQH
(QJLQHV�

:LOOLDPV� )�$� ������ &RPEXVWLRQ 7KHRU\� %HQMDPLQ�&XPPLQJV� 0HQOR 3DUN� &$�

<DQJ� 9� DQG &XOLFN� )�(�&� ������ ?2Q WKH ([LVWHQFH DQG 6WDELOLW\ RI /LPLW &\FOHV IRU 7UDQVYHUVH $FRXVWLF
2VFLOODWLRQV LQ D &\OLQGULFDO &RPEXVWLRQ &KDPEHU ,� 6WDQGLQJ 0RGHV�� &RPEXVWLRQ 6FLHQFH DQG 7HFKQRORJ\� 9RO�
��� SS� ��^���
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<DQJ� 9�� 6LQKD� $� DQG )XQJ� <��7� ������ ?6WDWH�)HHGEDFN &RQWURO RI /RQJLWXGLQDO &RPEXVWLRQ ,QVWDELOLWLHV��
-� 3URSXOVLRQ DQG 3RZHU� 9RO� �� 1R� �� SS� ��^���

=DN� 7� ������ ?$Q ,QYHVWLJDWLRQ RI WKH 5HDFWLQJ 9RUWH[ 6WUXFWXUH $VVRFLDWHG ZLWK 3XOVHG &RPEXVWLRQ�� 3K�'�
7KHVLV� &DOLIRUQLD ,QVWLWXWH RI 7HFKQRORJ\�

=HWWHUVWURP� .��$� DQG 6M�REORP� %� ������ ?$Q ([SHULPHQWDO 6WXG\ RI 6LGH 'XPS 5DPMHW &RPEXVWRUV�� ,QWHU�
QDWLRQDO 6\PSRVLXP RQ $LUEUHDWKLQJ (QJLQHV� 3DSHU ��^�����

=LQQ� %�7� ������ ?3XOVDWLQJ &RPEXVWLRQ� LQ $GYDQFHG &RPEXVWLRQ 0HWKRGV� $�-� :HLQEHUJ �(G��� $FDGHPLF
3UHVV� /RQGRQ�

=LQQ� %�7� DQG 3RZHOO� (�$� �����D� ?$SSOLFDWLRQ RI WKH *DOHUNLQ 0HWKRG LQ WKH 6ROXWLRQ RI &RPEXVWLRQ ,QVWD�
ELOLW\ 3UREOHPV�� 3URFHHGLQJV RI WKH ��WK ,QWHUQDWLRQDO $VWURQDXWLFDO &RQJUHVV� 9RO� �� SS� ��^���

=LQQ� %�7� DQG 3RZHOO� (�$� �����E� ?1RQOLQHDU &RPEXVWLRQ ,QVWDELOLW\ LQ /LTXLG�3URSHOODQW 5RFNHW (QJLQHV��
7KLUWHHQWK 6\PSRVLXP �,QWHUQDWLRQDO� RQ &RPEXVWLRQ�



This set of lectures describes some of the modeling issues and methods which may be used
to analyze combustion instabilities and their active control. Experimental data are first reviewed
to exemplify the variety of mechanisms involved in combustion dynamics. The data indicate
that the motion of the flame determines to a great extent the response of the flame submitted
to acoustic interactions. A proper representation of this motion is essential if one wishes to
obtain a suitable description of the nonsteady heat release in the field. It is well known that
the distribution of this quantity is the source of acoustic energy and therefore plays a central
role in the instabilty phenomenon. Simple and more complex models of nonsteady heat release
are examined. In the case of turbulent flames, the large eddy simulation methods provide a
suitable framework for combustion dynamics. The combination of an unsteady formulation for
the large scale structures with adapted flame models allows a representation of dynamical flame
phenomena. This type of approach may be used to analyze the flame response to incoming
perturbations. It may be used to study combustion instabilities and may serve as a plateform in
the simulation of control.

A review of active control of combustion indicates that development in this area has
mainly relied on experiments with some attempts at using low order models to describe the
flame dynamics. In simple cases analytical models describe to a certain extent the flame re-
sponse and this may serve to design the controller. In the general case the reduction to a low
order system is not suitable and only gives a crude description of the physical reality. It is there-
fore logical to see how one may simulate control by coupling an unsteady flow-solver including
a dynamical description of the system with a control algorithm. This methodology has not been
used extensively up to now but it has great potential for the future. It is shown that among the
many problems which arise in this approach, there are three aspects which deserve special care:

� It is first important to devise a numerical description of the actuator. This may be done
with a distribution of sources in the field.

� It is then necessary to deal with the very large mismatch between the time stepping needed
by the flow simulation module and by the control unit. The two frequencies of operation
differ widely (the ratio between the time steps is of the order of 100 or more). This consti-
tutes a source of perturbation and it may introduce unwanted high frequency components
in the flow simulation. It is shown that this problem is alleviated by placing a numerical
low pass filter at the controller input.

� It is finally necessary to eliminate high frequency perturbations resulting from the sample
and hold behavior of the controller output (the fact that the controller output changes by
steps). This may be done by placing a low pass filter at the controller output.

These issues are illustrated with a full simulation of active control in the case of vortex
shedding instabilities of solid propellant rocket. The dynamics of simplified model of such a
motor is simulated with an unsteady flow solver. The instabilities are then adaptively controlled.
This example serves to illustrate the simulation methodology and provides insights into the op-
eration of the flow controller. It constitutes a prototype for more difficult combustion instability
situations.

Combustion Dynamics: Analysis and Control - Modeling

Sébastien Candel, Sébastien Ducruix, Daniel Durox, Denis Veynante
Laboratoire EM2C, CNRS, Ecole Centrale Paris, 92295 Châtenay-Malabry Cedex, france
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Chapter I

Introduction

Combustion instabilities and oscillations constitute a crucial problem in many fields of appli-
cation: aerospace propulsion systems, gas turbines operating in very lean regimes (LPP). In-
stabilities are the result of resonant coupling mechanisms between physical processes which
may lead to large oscillations of the flow, inducing many undesirable effects: large structural
vibrations, increased heat fluxes to the system walls, flashback, flame blow-off and, in extreme
cases, total destruction of the system (Fig.I.1).

Complex physical processes are involved in the development of instabilities, depending on
the system characteristics, operating conditions, etc. Therefore, a large amount of experimental
work has been carried out, in different configurations, to identify the fundamental mechanisms
(see early observations of Mallard and Le Chatelier 1883 [1]). Theoretical analysis has also
been developped to explain the processes leading to instability. In an early analysis, Rayleigh
(1878) [2] established a criterion stating that oscillations are sustained when heat release and
pressure fluctuations are in phase. More recently, numerical methods have been devised to test
concepts and establish descriptive and predictive models.

Basic classifications of instabilities were proposed by Barrère and Williams (1968) [3]
and Putnam et al. (1971) [4]. The subject is also examined in detail by Williams (1985) [5].
Reviews of the early work on liquid rocket motor and jet propulsion engine instabilities were
established by Crocco (1965) [6], and Harrje and Reardon (1972) [7]. Modern reviews of
combustion instabilities are due to Culick (1988) [8] and Candel (1992) [9]. The special topic
of active control is reviewed by McManus et al. (1993) [10].

I.1 Combustion instabilities

Combustion instabilities result from resonant interactions between coupled mechanisms. A
driving process generates perturbations of the flow, a feedback process couples these pertur-
bations to the driving mechanism and produces the resonant interaction which may lead to
oscillatory combustion (Fig. I.2).

In general, the feedback process relates the downstream flow to the upstream region where
the perturbations are initiated. As a consequence, acoustic wave propagation is most commonly
responsible for the feedback path. Practical combustors feature a wide variety of acoustic reso-
nant modes. The propagation of acoustic waves in the system takes place in many ways. These
eigenmodes depend on the chamber geometry, boundary conditions and flow field. While other
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Figure I.1: Sequence of schlieren images presenting flame motion during instability (McManus
et al. 1993).

processes like structural vibrations or convective modes constitute alternative feedback mecha-
nisms, the following developments concentrate on instabilities coupled by pressure waves.

Combustion Flow

Feedback

Figure I.2: Typical instability mechanism.

Among the three main classes of instabilities identified by Barrère and Williams 1968 [3]
(see also Poinsot 1987 [11]), the first two involve a coupling by pressure waves.

System instabilities involve the entire combustion system, including the supply tanks,
fuel lines, combustor and exhaust elements. The typical scales associated with such instabilities
and the corresponding wavelengths are large compared to the transverse dimensions, so that the
wave propagation is essentially longitudinal and may be described in terms of plane modes. The
characteristic frequencies lie in the low range (a few hundred Hz or less). When one component
of the system is short with respect to the wavelength, it may be treated as a compact element
and described in term of lumped parameter models.

System instabilities appear in all types of situations. For example, they are encountered
during the ignition and shut-down sequences of liquid rocket engines, when the pressure drop
through the injectors has a reduced value and the supply system is closely coupled to the cham-
ber (see Barrère and Corbeau 1964 [12]). They also arise in certain ranges of the flight envelope
of high performance afterburners and ramjets and they may perturb the operation of large scale
powerplants.
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Chamber instabilities are coupled by the chamber eigenmodes (resonant acoustic modes).
The size of the combustor fixes the instability wavelength and consequently the frequency lies
in the high range (typically above 1 kHz). In many circumstances, chamber instabilities are
coupled by higher order transverse modes of the combustor. The spatial structure of the pressure
fluctuation then becomes an important aspect of the problem. When the combustor has an axis
of symmetry (as in a cylindrical or annular configuration) the transverse pressure pattern may
be stationary or it may be spinning.

Chamber instabilities observed in liquid or solid rocket motor or in ramjets have destruc-
tive effects because they enhance the rates of heat transfer to the walls and injection head,
leading to hot spots and local melting of the structure. These instabilities require considerable
attention in design and extensive testing is used to establish the domain of stable operation (see
Rogers and Marble 1956 [13]).

The last class of instabilities described as intrinsic instabilities will be described as being
unsteady combustion phenomena resulting from chemical and thermo-diffusive effects, which
modify the flame propagation rate. The characteristic length scales associated with these phe-
nomena are of the order of the front thickness. In general, these instabilities depend upon the
properties of the reactants. A review of the instability of plane laminar flames due to thermo-
diffusive effects is given by Clavin (1990) [14].

I.2 Active control

Control schemes used to damp or eliminate instabilities in combustion systems will be broadly
classified as being either passive or active techniques. Passive control techniques include hard-
ware design modifications. The geometry is changed to include baffles, cavities, acoustic liners,
etc. The objective is to augment damping. Active control techniques include control systems
whose operation depends on a dynamic or time varying, hardware component (actuator). Ex-
amples of such components include acoustic driver units fitted to the combustor or to the feed
lines to excite acoustic waves, and fast servo-valves used to modulate flow rates to produce a
time variation around a given steady state.

The present review will include active control techniques only, and for this discussion it
is convenient to categorize the active control system. This classification will be based on three
criteria:

� If the control system does not use a time varying input from the combustion system (feed-
back to determine the control action), the control system will be called “open-loop”, and
if this information influences the control action the system will be called “closed-loop”.

� If the time-scales associated with the controller response and with combustion instability
are of the same order, the control system will be called “fast response”. If the controller
time-scale is much greater than that of the instability, the control system will be called a
“trim adjustment” controller.

� Controllers with basic response characteristics, or transfer function, which do not change
with time will be called “fixed-parameter” controllers and those which have internal algo-
rithms allowing time-varying transfer functions through parameter optimization will be
called “adaptive” controllers.
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In the area of fluid mechanics, active feedback control of flow instabilities is now extensively
investigated. However, a review of literature indicates that few studies deal with unstable flows
coupled by acoustic resonances (see, for example Huang and Weaver 1991 [15] and Billoud et
al. 1992 [16]).

Moreover a limited number of studies consider adaptive control algorithms in the area of
unstable flows (see, for example Billoud et al. 1992 [16] or Ziada 1995 [17]). The disadvantage
of non-adaptive algorithms in this context is the necessity to change the controller gain and
phase with changing flow speed (see, for example Ziada 1995 [17], Huang and Weaver 1991
[15] and Welsh et al. 1991 [18] among others).

Early work on active control modeling was developped in studies of low-frequency com-
bustion instabilities in rocket motors. Tsien (1952) [19], Marble and Cox (1953) [20], Crocco
and Chen (1956) [21] consider the dynamics of fixed parameter controllers represented schemat-
ically in Fig. I.3(a). These models were demonstrated in the prediction of combustion instability
suppression through the use of closed-loop controllers; however, the resulting theoretical prin-
ciples were never verified in practice. Adaptive closed-loop controllers shown in Fig. I.3(b) are
considered in more recent studies.

Control
+

-

Plant (known/fixed

parameters, linear)

yx

s

(a)

-

+
Control

Plant (unknown/changing

parameters, nonlinear)

s

yx

(b)

Figure I.3: Block diagrams of (a) fixed-parameter and (b) adaptive closed-loop controllers.
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I.3 Contents

In what follows, we will consider system and chamber instabilities and we restrict the analysis
to the rather general situation where the instability is coupled by acoustic waves. We will here
consider some theoretical modeling methods and focus on numerical simulation strategies.

We begin with a tutorial section on classical theory for combustion instabilities studies
(chapter II). An acoustic wave equation is derived for reactive mixtures, the acoustic energy
balance in combustor cavities is then established. We use the balance equation to obtain the
Rayleigh criterion and show that the nonsteady heat release constitutes the source of acoustic
energy.

We then examine some of the physical mechanisms leading to combustion instabilities
(chapter III). A model based on the time lag concept is introduced. It describs the linear
interaction between heat release source and acoustics. The time lag concept is briefly reviewed
in this chapter, and it is used to determine the instabilities in a ducted flame situation. An active
control model, to predict the effects of a simple control system applied to the instability model
is proposed. The model controller will be adapted to the ducted flame model and the ability of
the control system to suppress the acoustically coupled instability may be predicted.

Flame Dynamics is a central element in the description of instabilities and control. This
topic is considered in chapter IV. We first propose a complete theoretical determination of
the response of a laminar premixed flame to acoustic perturbations. The flame transfer function
concept is also presented in this case. An example of Large Eddy Simulation (LES) calculations
of combustion instabilities in a turbulent combustor is then analyzed, showing the possibilities
in predicting the instabilities.

Chapter V deals with simulation of active control. A review of recent works in the field
of adaptive control algorithms is proposed. This chapter considers central issues in the develop-
ment of software tools for active control. The strategy relies on an unsteady numerical simula-
tion of the system based on the Navier-Stokes equations. A set of calculations are carried out to
simulate vortex shedding instabilities of a simplified solid propellant rocket. These instabilities
are then adaptively controlled. This example illustrates some of the problems encountered in
the numerical simulation of active control.

5-7



This page has been deliberately left blank

Page intentionnellement blanche



Chapter II

Acoustics of Reactive Mixtures
S. Candel and T. Poinsot [22]

The objective of this chapter is to relate the pressure field and the heat release in reactive mix-
tures. The derivation leads to a wave equation which features as source term the rate of change
of the heat release. It is also useful to derive a balance equation for the acoustic energy. Both
results indicate that combustion dynamics are governed by the non steady heat release and that
the phase between this source term and the pressure determines if acoustic energy increases or
decreases in the system.

II.1 Introduction

The description of acoustic wave generation and propagation in an inhomogeneous reactive
medium may be based on a wave equation (see for example Kotake 1975 [23]). This equation
is briefly derived in section II.2 to provide the proper background for studies of combustor
cavity modes. The derivation also exhibits the source terms associated with the non-steady heat
release.

Equations obtained in this section will be used in section II.3 to derive an acoustic energy
balance for general combustor cavities. The examination of the balance of acoustic energy
plays a central role in many instability studies. Energy considerations are often put forward
in the field of solid rocket instabilities. An early example of this type of reasoning may be
found in Cantrell and Hart (1964) [24]. Analyses of the energy balance are also found in studies
of gaseous combustor instabilities ( as for example in Poinsot et al. 1986 [25]). The energy
balance for acoustic perturbations is closely related to the Rayleigh criterion which has been
quoted and used in many qualitative descriptions of flame instabilities. This is well illustrated
in a classical monograph due to Putnam (1971) [4].

We begin section II.3 by deriving an acoustic energy balance equation for a chemically
reacting mixture. A global balance is then obtained for acoustic cavities. Results due to Cantrell
and Hart [24] for cavities with mean flow are introduced. Expressions for the growth rates of
acoustic energy are then derived.
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II.2 Acoustic wave equation for a reacting mixture

II.2.1 Derivation of an acoustic wave equation

We start from the general equations describing a chemically reactive mixture of N species.
These equations and many alternative expressions may be found in Williams (1985) [5], Kuo
1986 [26]. We use the following forms :
Conservation of mass

@�

@t
+r � �v = 0 (II.1)

Conservation of the k � th chemical species

@

@t
(�Yk) +r � �Yk(v + vDk ) = _wk (II.2)

Conservation of momentum

@

@t
(�v) +r � �vv = �rp +r � � +

NX
k=1

�fkYk (II.3)

Conservation of energy (enthalpy form)

@

@t
�h+r � �hv = �r � q +

dp

dt
+ � +

NX
k=1

�Ykv
D
k � fk (II.4)

Equation of state

p = �RT where R = R0

NX
k=1

(Yk=Mk) (II.5)

Enthalpy of the mixture

h =
NX
k=1

hkYk =
NX
k=1

(h�k +

Z T

T0

cpkdT )Yk (II.6)

In these equations �; p; T; v respectively designate the specific mass, pressure, tem-
perature and velocity of the mixture. Yk; vDk ; fk; Mk represent the k � th species mass
fraction, diffusion velocity, specific body force and molar mass. The mass rate of production of
the k � th species per unit volume _wk constitutes the source term in the species equation. The
global conservation of mass requires that:

NX
k=1

_wk = 0 and
NX
k=1

�Ykv
D
k = 0 (II.7)
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The equation describing the balance of enthalpy also involves the viscous dissipation function
� = � : rv where � is the viscous stress tensor and a heat flux q. Neglecting coupled effects
and radiative heat transfer this flux may be written in the form:

q = ��rT +
NX
k=1

�Ykv
D
k hk (II.8)

In the general case the diffusion velocities are obtained by solving a system of multicomponent
diffusion equations (see Williams 1985, [5]).

Now the system of equations (II.1)-(II.6) may be simplified by neglecting the specific
body forces fk. It is also convenient to introduce the material derivative d=dt = @=@t + v �r
and derive an equation for the temperature by combining the species and energy equations. The
following system is obtained :

d�

dt
= ��r � v (II.9)

�
dv

dt
= �rp+r � � (II.10)

�cp
dT

dt
= �r � q +

dp

dt
+ ��

NX
k=1

hk _wk +
NX
k=1

(hkr � �YkvDk ) (II.11)

where cp =
PN

k=1 cpk designates the specific heat of the mixture. The last equation may be
simplified by introducing expression (II.8) for q:

�cp
dT

dt
=r � �rT +

dp

dt
+ ��

NX
k=1

hk _wk �
NX
k=1

(�Ykv
D
k cpk) �rT (II.12)

If it is assumed that all the specific heats of the species are equal cpk = cp the last term of this
equation disappears. We now divide the energy equation (II.12) by �cpT and use the equation
of state (II.5) to get:

1

p

dp

dt
� 1

�

d�

dt
=

1

�cpT
fr � �rT + � (II.13)

�
NX
k=1

hk _wk �
NX
k=1

(�Ykv
D
k � cpkrT )g +

1

R

dR

dt

This last expression combined with the mass conservation equation yields:

1

p

d

dt
ln p+r � v =

1

�cpT
fr � �rT + � (II.14)

�
NX
k=1

hk _wk �
NX
k=1

(�Ykcpkv
D
k �rT )g +

1

R

dR

dt

We now write equation (II.10) in the form:

dv

dt
+
c2


r ln p =

1

�
r � � (II.15)
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where c2 = p=� designates the local speed of sound. The last two equations may now be
combined by taking the divergence of the second and subtracting the material derivative of the
first :

r�c
2


ln p� d

dt
(
1



d

dt
ln p) =r � (��1

r � � )

� d

dt
f 1

�cpT
[r � �rT + ��

NX
k=1

hk _wk �
NX
k=1

(�Ykcpkv
D
k �rT )]g

� d2

dt2
(ln R)�rv :rv (II.16)

This is a wave equation for the logarithm of the pressure. A similar expression was established
by Phillips (1960) in a classical analysis of the aerodynamic generation of sound in non reactive
turbulent gas flows. It has been pointed out by Doak (1973) [27] that such an equation has an
essential flaw because terms appearing in the right hand side describe features of the propagation
of sound in the medium and should be included in the left hand side. This point is also discussed
by Kotake (1975) in a study of combustion noise [23].

Despite these objections we will regard the terms appearing in the right hand side of
equation (II.16) as the source terms generating the pressure waves in the reactive mixture. The
main source terms arise from entropy fluctuations associated with perturbations in the heat flux,
viscous dissipation, chemical heat release and from turbulent velocity fluctuations. An order of
magnitude analysis (see Kotake 1975) indicates that the dominant source terms are associated
with the chemical heat release fluctuations and velocity perturbations. Neglecting all other
terms one obtains:

r � c
2


r ln p� d

dt
(
1



d

dt
ln p) =

d

dt
(

1

�cpT

NX
k=1

hk _wk)�rv :rv (II.17)

If one considers low speed reactive flows, the convective term in the material derivative may
be neglected d=dt � @=@t. Assuming in addition that the specific heat ratio is constant, equa-
tion (II.17) becomes:

r � c2r ln p� @2

@t2
ln p =

@

@t
(

1

�cvT

NX
k=1

hk _wk)� rv :rv (II.18)

This equation is not linearized and it may be used to describe finite amplitude waves. However,
in many circumstances, the pressure waves are relatively weak and linearization is appropriate.
The pressure is then expressed as a sum of a mean and a fluctuating component: p = p0 + p1
with p1=p0 � 1. Then ln p ' p1=p0 and equation (II.18) becomes:

r � c2r(
p1
p0

)� @2

@t2
(
p1
p0

) =
@

@t
(

1

�cvT

NX
k=1

hk _wk)� rv :rv (II.19)

In practical continuous combustion devices the mean pressure does not change by more than a
few percent, the spatial derivatives of p0 may be neglected and hence equation (II.19) may be
written as:

r � c2rp1 � @2

@t2
p1 =

@

@t
[( � 1)

NX
k=1

hk _wk]� p0rv :rv (II.20)
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In addition to this equation we also need an expression for the acoustic velocity. This may
be obtained by linearizing the momentum equation (II.15) and neglecting the viscous stresses.
This yields:

@v1

@t
= � 1

�0
rp1 (II.21)

Equations (II.20) and (II.21) describe the propagation and generation of small perturbations in
the reactive mixture. To perform a modal analysis, one first assumes that all waves are harmonic

and contain the common factor exp(�i!t). The modes are the eigensolutions of the Helmholtz
equation:

r � c2rp1 + !2p1 = 0 (II.22)

and the corresponding velocity field is obtained from

v1 = (1=�0i!)rp1 (II.23)

This equations must be solved under the usual boundary conditions:(
v1 �n = 0 on a rigid wall

p1 = 0 open plane exit
(II.24)

Equation (II.22) and the related boundary conditions may be used to determine the combustor
modes of oscillation. The effects of temperature non-uniformity is taken into account because
the spatial variations of the sound speed are correctly represented in equation (II.22). Such a
modal analysis is performed by Laverdant et al. (1985) [28] in the case of a gaseous dump
combustor or more recently by Le Helley (1994) [29] and the reader may find further details in
these references.

II.2.2 The non-steady heat release source term

Let us consider again the source term corresponding to the non-steady heat release:

@

@t
[( � 1)

NX
k=1

hk _wk]

Now assume that the chemical change occurs by a single reaction step. Then if �h�f designates
the change of formation enthalpy per unit mass of the mixture and if _w represents the rate of
reaction, the chemical source term becomes:

@

@t
( � 1)(��h�f ) _w

In most cases the only time dependence in this expression is due to the non-steady rate of reac-
tion term and as a consequence the acoustic source term associated with the chemical reaction
may be written in the form:

( � 1)(��h�f )
@ _w

@t
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II.3 Derivation of a energy balance equation

II.3.1 Energy balance for acoustics in a reacting medium

The derivation of an energy balance equation for acoustic perturbations in a reacting medium
may be based on the conservation relations given in section II.2. These relations are repeated
below for convenience:

r � c2rp1 � @2p1
@t2

=
@

@t
[( � 1)

NX
k=1

hk _wk]� p0rv :rv (II.25)

�0
@v1

@t
+rp1 = 0 (II.26)

Now let us only retain the heat release source term in equation (II.25) and replacerp1 in that
equation by its expression in terms of v1 as given by (II.26).

This yields:

r � �0c2@v1

@t
+
@2p1
@t2

= � @

@t
[( � 1)

NX
k=1

hk _wk] (II.27)

Only the non-steady heat release source terms contribute to this equation and _wk may be re-
placed by _w

(1)
k which represents the unsteady rate of production of the k� th chemical species.

Now the time derivative appearing in all three terms may be discarded and the following
relation is obtained:

r � �0c2v1 +
@p1
@t

= �( � 1)
NX
k=1

hk _w
(1)
k (II.28)

Consider the quantity �0c2 = p0. In many situations the pressure is nearly a constant in the
flow and equation (II.28) may be cast in the form:

r � v1 +
1

�0c2
@p1
@t

= � � 1

�0c2

NX
k=1

hk _w
(1)
k (II.29)

Multiplying this equation by p1, taking the scalar product of equation (II.26) by v1 and adding
the resulting expressions yields:

@

@t
E +r �F = � � 1

�0c2
p1

NX
k=1

hk _w
(1)
k (II.30)

where E =
1

2

p21
�0c2

+
1

2
�0v

2
1 is the instantaneous acoustic energy and F= p1v1 stands for the

acoustic energy flux.
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The source term appearing on the right hand side corresponds to the non-steady heat
release in the reactive mixture. This term may be written in the form:

S = � � 1



p1
p0

NX
k=1

hk _w
(1)
k (II.31)

The meaning of this term is best understood under the following assumptions. The set of reac-
tions taking place in the mixture is replaced by a single global equation F + O ! P . The rate
of this reaction is _w and the change of formation enthalpy per unit mass of mixture is �h�f . If
the specific heat of the mixture does not depend on the composition it is possible to write:

�
NX
k=1

hk _w
(1)
k = (��h�f ) _w(1) (II.32)

and the source term in equation (II.30) becomes:

S =
 � 1


(��h�f )

p1
p0

_w(1) (II.33)

When this term is positive energy is fed into the acoustic oscillation, when it is negative energy
is extracted from that oscillation.

A global energy balance is easily derived from expression (II.30) by integrating over the
volume of the combustor :

@

@t

Z
V

EdV +

Z
A

F � ndA =

Z
V

SdV (II.34)

Let us now examine a situation where all the acoustic perturbations are quasi-periodic oscilla-
tions and contain the common factor exp(�i!t). The complex amplitudes p1(t); v1(t); w(t)
are now slowly varying with time. An average energy balance may be obtained by integrat-
ing (II.34) over a period of oscillation T = 2�=! and dividing the resulting expression by the
period. This procedure yields:

@

@t

Z
V

EdV +

Z
A

F � ndA =

Z
V

SdV (II.35)

where E; F and S are period averages of the instantaneous quantities E , F , S:

E =
1

4�0c2
p1p

�
1 +

1

4
�0v1 � v�1 (II.36)

F =
1

2
Re(p1v

�
1) (II.37)

S =
 � 1

�0c2
(��h�f )

1

2
Re[p1 _w(1)�] (II.38)

Expression (II.35) together with the period averages E; F and S provide a global acoustic
energy balance for the cavity of volume V surrounded by the surface A. According to this
expression the energy contained in the acoustic perturbations existing in the volume may be
changed in two ways. One contribution is due to the volume integral of Re[p1 _w(1)�] while
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the other comes from the surface integral of the normal flux. The energy is increased if the
surface integral of the flux is positive. The growth rate of the acoustic perturbations may be

deduced from the global energy balance. For this let us assume that the slow variation of the

perturbations is of the form:

p1 = p1e
�t; v1 = v1e

�t; _w(1) = _w(1)e�t (II.39)

where �T � 1 (i.e. the growth of the perturbation over a single period is small). The global

energy balance then yields:

2� =

�
�
Z
A

F � ndA+

Z
V

SdV

�
=

Z
V

EdV (II.40)

where factors of the form e�t may be discarded from all the terms appearing in this expression.
To obtain a practical result let us use the surface admittance Y on the cavity surface and intro-

duce the complex ratio of the non-steady volume rate of reaction to the pressure perturbation:

Y = v1 � n=p1 (II.41)

D = _w(1)=p1 (II.42)

Both Y and D are complex numbers. With these definitions the growth rate is given by:

2� =

�
� 1

2

Z
A

p1p
�
1Re(Y

�)dA+
1

2

Z
V

p1p
�
1Re(D

�)dV

�
=

Z
EdV (II.43)

II.3.2 Acoustic energy balance in cavities with mean flow

Extension of the previous results to cavities with mean flow is due to Cantrell and Hart (1964)
[24]. Their results will be presented without the derivation which may be found in the origi-
nal paper. The basic assumptions are that the mean flow is irrotational and isentropic. These
assumptions are rather restrictive but the results are nevertheless useful. For simplicity one as-
sumes that the volume rate of reaction is also absent but this term may be included with little
effort.

Now let v0 designate the mean flow velocity in the cavity, the global energy balance
averaged over a period takes the form:

@

@t

Z
V

EdV +

Z
A

F � ndA = 0 (II.44)

where now:

E =
1

4

p1p
�
1

�0c2
+

1

4
�0v1 � v�1 +

1

2
Re(

p1
c2
v0 � v�1) (II.45)

F =
1

2
Refp1v�1 +

p1p
�
1

�0c2
v0 + �0v1(v0 � v�1) +

p1
c2
v0(v0 � v�1)g (II.46)
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The previous expressions may be interpreted as the time averages of the acoustic energy and
flux in the moving medium.

Growth rates of the acoustic perturbations may be estimated from the previous energy
balance. Assuming that p1; v1 are of the form e�t one obtains

2� =

�
�
Z
A

1

2
Refp1v�1 +

p1p
�
1

�0c2
v0 + �0v1(v0 � v�1) +

p1
c2
v0(v0 � v�1)g � ndA

�
=Z

V

�
1

4

p1p
�
1

�0c2
+

1

4
�0v1 � v�1 +

1

2
Re

p1
c2
(v0 � v�1)

�
dV (II.47)

II.3.3 The Rayleigh criterion

A result which is often used in the analysis of combustion instabilities is a criterion due to
Rayleigh. The result dates back to 1878 [2] and is presented in Rayleigh’s classical book on the
theory of sound (Rayleigh 1945 [30]). This criterion states that the pressure perturbation and
the non-steady heat addition must be in phase for amplification.

There are many possible derivations of this result, one of which relies on the acoustic en-
ergy balance relations presented in this section (see Culick 1987 for an alternative presentation
[8]). Consider once more the local energy balance:

@E
@t

+r �F =
 � 1

�0c2
(��h�f )p1 _w(1) (II.48)

The source term on the right hand side will enhance the acoustic energy if p1 and _w(1) have the
same sign. If the previous equation is averaged over a period of oscillation it becomes:

@E

@t
+r � F = S where S =

 � 1

�0c2
(��h�f )

1

2
Re(p1 _w(1)�) (II.49)

Now let ' designate the phase between the pressure and the rate of reaction perturbations. The
source term S becomes:

S =
 � 1

�0c2
(��h�f )

1

2
P1

_W (1)� cos' (II.50)

The source term will be positive and the amplitude of oscillation will increase if ��=2 � ' �
�=2 (i.e. if the pressure and unsteady heat release are in phase). The source term will be negative
and the amplitude of oscillation will decrease if �=2 � ' � 3�=2 (i.e. if the pressure and heat
release are out of phase).

In other words, this criterion states that if the local unsteady heat release Q1(x; t) is in
phase with the local pressure fluctuation p1(x; t), the pressure wave associated with the fluctua-
tion will be locally amplified. Rayleigh’s criterion has often been used in combustion instability
studies to quantify the coupling between unsteady heat release and acoustic pressure fields (see
for example Poinsot et al. 1987 [31], or Bloxsidge et al. 1988, [32]). A Rayleigh index, G(x)
can be defined (Putnam 1971, [4]):

G(x) =
1

T

Z
T

Q1(x; t)p1(x; t)dt (II.51)
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where T represents the time of one oscillation cycle. Rayleigh’s criterion states that if G(x) >
0, local amplification of flame-acoustic interaction takes place and ifG(x) < 0 damping occurs.
Equation (II.51) may be expressed in the frequency domain as follows:

G(x) = 2

Z 1

0

jSpq(x; f)j cos�pq(x; f)df (II.52)

where Spq(f) are the Fourier coefficients of the cross-spectrum of p1(x; t) and Q1(x; t) and
�pq(f) are the relative phase angle. Rayleigh’s criterion predicts flame driving for phase angles
between ��=2 and �=2 (modulus 2�).

The direct measurement of these quantities is often attempted in experiments. A typical
setup for such measurements is shown in Fig. II.1. Pressure is obtained from probes mounted
on the combustor walls. Heat release is deduced from free radical radiation imaging. It is then
possible to estimate the local Rayleigh index G(x) which determines regions of driving and
regions of damping (Fig. II.2, Samaniego 1993 [33]).
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Figure II.1: Typical setup for simultaneous emission imaging and pressure detection
(Samaniego et al. 1993).
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Figure II.2: Determination of the regions of driving and damping in a side dump combustor
using Rayleigh’s criterion (Samaniego et al. 1993).
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Chapter III

A Simple Model for Instability and
Control

K. McManus, T. Poinsot, S. Candel [10]

III.1 Introduction

As a general introduction to combustion instability and control mechanisms, it is useful to
consider a simple model describing the linear interaction between an unsteady heat release
source and an acoustic resonator (Crocco, 1952) [34]. The model described in section III.2
has been successfully applied in the study of combustion instability associated with a ducted
premixed flame by Lang et al. (1987) [35] and by Le Helley (1994) [29]. In the following,
the basic equations describing such a system are developed (section III.2), along the lines of
McManus et al. (1993) [10].

It appears that the response of the flame to acoustic waves is a crucial parameter. Deter-
mining this relation is by no means a trivial exercise due to the complex relationship between
the time varying flow variables and the dynamic response of the flame. This issue will be ana-
lyzed in depth in chapter IV. In the present chapter, the global response of flames to acoustic
waves is represented in a simple way The model allows an analytical investigation and it is
useful in this respect.

The sensitive time lag, or n � � , formulation is extensively used in the early literature
dealing with combustion in rocket motors. This concept is still of interest because it allows
construction of simple instability models and because it provides a basic understanding of one
important instability mechanism. Numerous applications may be found in the literature dealing
with liquid rocket instabilities (Crocco and Cheng 1956 [21]). The time lag concept is briefly
explained in section III.2, and it is used to determine the instabilities in the duct in section III.3.

The control model which will be developed in this section is simpler than those described
in earlier studies and is more appropriate for the present discussion in that it is easily adapted to
the ducted flame model.

III.2 Linear model

Combustion instability mechanisms in practical combustion systems are quite complex because
of many coupled interactions and inherent non-linearities. In general, combustion involves tur-

5-21



bulent fluctuations, exothermic chemical reactions, acoustic pressure perturbations, etc. As a
result, most instability mechanisms cannot be modeled or described using standard analytical
techniques until many simplifications have been made to render the problem tractable. The
validity of certain simplifying assumptions will depend on the combustion system under con-
sideration. In many cases the analytical description may result in an oversimplified view of the
reality.

For example, if a natural hydrodynamic instability existing in the initial region of the com-
bustor is a key element in the instability mechanism, a model which ignores this phenomenon
may not be useful in predicting instabilities for that system. Due to this, a universal model
for predicting combustion instabilities does not exist and combustion instability modeling has
generally been carried out on a case by case basis.

III.2.1 Basic equations

We consider the mean flow of a combustible mixture through a long duct (an acoustic resonator),
opened at one end and closed at the other one, with a flame stabilized at the axial location x = a
(Fig III.1, McManus et al. 1993 [10]). In this development, the following assumptions will be
made:

� The frequencies of the acoustic waves considered are low compared to the duct cut-off
frequency and these waves correspond to plane waves propagating along the longitudinal
duct axis.

� The dissipation of acoustic waves throughout the duct is negligible.

� The open end of the duct corresponds to a pressure node and the closed end to a pressure
anti-node.

� The mean flow Mach number is small, thus the flow velocity is negligible when compared
to the sound speed.

� The flame is compact compared to the acoustic wavelength so that the region of heat
release may be approximated as a thin sheet located at x = a.

We denote the portion of the duct upstream of the flame-holder as region 1, with a non-
reacted gas density �1 and with sound speed c1. Region 2 corresponds to the post-combustion
zone downstream of the flame-holder, with a reacted gas density �2 and with sound speed c2.

For longitudinal plane waves traveling along the duct, the pressure p and the acoustic
velocity u may be expressed in the following form:

Region 1

p1(x; t) = A exp(ik1(x� a)� i!t) +B exp(�ik1(x� a)� i!t) (III.1)

u1(x; t) =
1

�1c1
[A exp(ik1(x� a)� i!t)� B exp(�ik1(x� a)� i!t)] (III.2)
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Figure III.1: Sketch of the model geometry (McManuset al. 1993).

Region 2

p2(x; t) = C exp(ik2(x� a)� i!t) +D exp(�ik2(x� a)� i!t) (III.3)

u2(x; t) =
1

�2c2
[C exp(ik2(x� a)� i!t)�D exp(�ik2(x� a)� i!t)] (III.4)

wherek = !=c is the wave number andA, B, C andD represent the amplitudes of acoustic
traveling waves in the duct.

By assuming that the outlet of the duct (x = l) acts as a pressure node and that the
upstream end (x = 0) is a rigid wall, one may write:

p2(l; t) = 0 (III.5)

u1(0; t) = 0 (III.6)

Furthermore, we will use a matching condition to prohibit a pressure jump across theflame
(x = a), this may be expressed as follows:

p1(a�; t) = p2(a+; t) (III.7)

By applying these boundary conditions to Eqs (III.1)-(III.4), we are left with the following
relations:

A exp(�ik1a)�B exp(ik1a) = 0 (III.8)

C exp(ik2(l � a)) +D exp(�ik2(l � a)) = 0 (III.9)

A+B = C +D (III.10)

Up to this point, we did not consider the effects of heat release from theflame and its
physical significance in the problem formulation. Combustion acts as a velocity source term
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due to strong dilatation associated with the heat release. This effect may be quantified using the
linearized acoustic equations for a reactingflow (see chapter II) and leads to:

u2(a+; t)� u1(a�; t) = ( � 1)
Q1

�1c21
(III.11)

whereQ1 represents the instantaneous heat release rate and is the ratio of specific heats. If
we suppose thatQ1 oscillates sinusoidally, we may write:

Q1 = Q exp(�i!t) (III.12)

whereQmay be considered constant and represents the maximum level of heat release obtained
during combustion. Substituting these expressions into Eqs (III.1)-(III.4), we obtain:

�(C �D)� (A� B) = ( � 1)
Q

c1
(III.13)

where� = �1c1=�2c2 is the specific acoustic impedance. Equations (III.8), (III.9), (III.10) and
(III.13) constitute a linear system which may be solved to yield the wave amplitude coefficients,
A throughD, provided that we can express the heat release rateQ1 as a function ofA through
D.

Determining the functional form ofQ1(A;B;C;D) is by no mean a trivial exercise due
to the complex relationship between the time varyingflow variables and the dynamic response
of theflame.

Furthermore, it is not clear that the heat release term, or theflame dynamics, may be ap-
propriately modeled as a function of the acoustic wave amplitudes alone. this term may well
depend on other phenomena, which are not implicitly described by the wave amplitudes (tur-
bulence characteristics, wall heat transfer properties, non-linear chemical effects). Chapter IV
will be dedicated to this problem.

For the present example, the modeling of the heat release term will be simplified and an
approach using a“sensitive time lag” hypothesis will be employed [34]. The formulation for
this approach will be outlined in the next section.

III.2.2 The sensitive time lag formulation

In the present formulation, a heuristic argument will be used to derive a simplified form of the
n � � model. As before, we assume that the combustion process in the duct may be treated
as being one-dimensional and that the heat release occurs in an infinitesimally thin region at
x = a.

If we then suppose that the perturbations in the heat release rate are created uniquely by
velocity perturbations existing at theflame holder (u1(x = a; t)), but after a time lag� , we may
write the following relation:

( � 1)
Q1

�1c21
= nu1(a; t� �) (III.14)

where the non-dimensional constantn is called the interaction index and describes the intensity
of coupling between the velocity and heat release oscillations. For the case considered here, we
take� as being constant.
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We also know that for our problem,u1 oscillates sinusoidally with time, thus we have:

( � 1)
Q1

�1c21
= n exp(i!�)u1(a) (III.15)

This expression may also be written in terms of the maximum heat release rate, Q:

( � 1)
Q

�1c21
=

n

�1c1
(A�B) exp(i!�) (III.16)

After substituting this expression into Eq. (III.13), we are left with a linear system of equations
which allows the determination of the wave amplitude coefficients:

�(C �D)� (A� B)(1 + n exp(i!�) = 0 (III.17)

A exp(�ik1a)�B exp(ik1a) = 0 (III.18)

C exp(ik2b) +D exp(�ik2b) = 0 (III.19)

A+B = C +D (III.20)

whereb = l � a. This system has a non-trivial solution only if its determinant is zero and this
condition yields:

� cos(k1a) cos(k2b)� sin(k1a) sin (k2b) [1 + n exp(i!�)] = 0 (III.21)

wherek1 = !=c1 andk2 = !=c2. For any given set of values forn and� , the roots of Eq. (III.21)
will provide complex value of!. Since the necessary condition for instability for the linear
problem is simply to have a growth in the magnitude of the oscillations, instability is predicted
when the imaginary part of! is positive. The frequency of the instability is given by the real
part of!.

III.3 Solution in a simplified case

For the general case, Eq. (III.21) requires a numerical solution. However, it is quite useful
to consider simpler cases where we can derive the exact solution. One method is derived in
Langet al. (1987) [35], where small perturbations around the acoustic mode frequency without
combustion are considered. We will consider here another case where one can determine the
complete solution by choosing certain values for the parameters. Let us assume:

a = b c1 = c2 = c �1 = �2 (� = 1) (III.22)

This is the case of aflame located in the center of a duct of length2a and creating a negligible
temperature jump. Neglecting the temperature jump is unrealistic; however, the resulting solu-
tion retains the same qualitative properties as that for the more complex case with a temperature
jump.

In this case, Eq. (III.21) may be written (without approximation) as:

cos(2ka)� sin2(ka)n exp(i!�) = 0 (III.23)
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or

cos(2ka) = 0:5
n exp(i!�) + 0:5n2

1 + n cos(!�) + 0:25n2
(III.24)

or, if we assume thatn < 1:

cos(2ka) = 0:5n exp(i!�) (III.25)

The solution of the problem will be considered in two steps:first, we will study the case without
combustion (n = 0) andfind the corresponding resonant frequency!0 = k0c; then we will
consider perturbations around this value of!0 with combustion (0 < n < 1).

We will describe this analysis for thefirst longitudinal mode of the cavity (quarter wave)
at a frequency!0 = k0c wherek0 = �=4a is the spatial wave number.

III.3.1 The quarter wave mode

Without combustion (n = 0), thefirst resonant frequency!0 = k0c is real (Im(!0) = 0) and is
given by:

cos(2ka) = 0 or k0a = �=4 (III.26)

This mode has a wavelength given by:

� =
2�

!0
c = 8a (III.27)

which is four times the duct length. It is thefirst resonant longitudinal mode of the duct (often
referred to as the quarter wave-mode) and has a pressure antinode atx = 0 and a pressure node
at x = l. Note that this mode is not amplified (Im(!0) = 0): if energy is not supplied to the
system, the oscillations will not grow with time.

In the presence of combustion (n > 0), we can expand the solution about the wavenumber,
k0, corresponding to the frequency of oscillations,!0, by definingk = k0 + k0. Assuming that
k0 � k0, we obtain, from a Taylor series expansion of equation (III.25):

Re(k0) = � n

4a
cos(!0�) (III.28)

Im(k0) = � n

4a
sin(!0�) (III.29)

A more general expression of these equations may be found in Langet al. (1987).

We see that the system will be unstable (i.e Im(k0) > 0) whensin(!0�) is negative. In
this case, an acoustic oscillation near the spatial wave numberk0 (which corresponds to the
first eigenmode found in the absence of combustion) will be amplified due to the oscillatory
combustion and will lead to an acoustically coupled instability.

The criterion for this instability is therefore:

sin (!0�) < 0 or � � + 2j� < !0� < 2j� (III.30)

wherej is an integer. Rewriting this result as:

�T0
2

+ jT0 < � < jT0 with T0 =
2�

!0

(III.31)

reveals that the growth of a given mode will occur if the time delay introduced by combustion
is greater than half the acoustic mode periodT0 (modulusT0).
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III.3.2 Application of the Rayleigh criterion

As seen in chapter II, this criterion states that if the local unsteady heat releaseq0(x; t) is in phase
with the local pressurefluctuationp0(x; t), the pressure wave associated with thefluctuation
will be locally amplified. This can be used to check the instability condition given by the model
(Eq. (III.30)) by calculating the phase� between the pressure and heat release using the model
equations. Because theflame is concentrated near theflame-holder, we only need to consider
the pressure atx = a and the total unsteady reaction rateQ1. The pressure is given by:

p2(a; t) = (A +B) exp(�i!0t) (III.32)

and the expression for total unsteady heat release becomes:

Q1 = n(A� B) exp(�i!0(t� �)) (III.33)

Substituting Eq. (III.26) into Eq. (III.18) yieldsA = iB, so that:

p2(a; t) = (1 + i)B exp(�i!0t) (III.34)

and the expression for total unsteady heat release becomes:

Q1 = n(i� 1)B exp(�i!0(t� �))

= n(1 + i)B exp(�i!0(t� �) + i=pi=2) (III.35)

The phase betweenp2(a; t) andQ1 is then given by:

� = !0� + �=2 (III.36)

Substituting this expression into the condition deduced from Rayleigh’s criterion forflame driv-
ing leads to:

�� + 2j� < !0� < 2j� with j = 1; 2; ::: (III.37)

which is identical to the criterion obtained with the instability model (see relation (III.30)).

III.4 A Model for Active Control

The principle behind this controller is to create a time-varying acoustic boundary condition in
the duct which will inhibit the amplification of longitudinal acoustic waves and minimize the
combustion oscillations. This is a fast-response closed-loop system withfixed parameters. The
control system consists of four elements including a microphone (sensor), an acoustic driver
(actuator), a time delay generator (controller element) and an audio-amplifier (controller ele-
ment). The controller will be adapted to the model combustor by replacing the closed end of
the duct with the acoustic driver to allow the imposition of a non-zero velocity boundary con-
dition atx = 0. The acoustic pressure near theflame location (x = a) will be monitored by
the microphone and will be used as the feedback signal. A mathematical model describing the
controller will be given in the next paragraph.
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III.4.1 Basic equations

To describe the input/output relation of the controller, a control transfer function can be written
which is simply the ratio of the time-varying velocity created by the acoustic driver to the
time-varying pressure at the microphone location and in dimensionless form may be written
as (Fig. III.2):

� =
u1(0; t)�1c1
p1(a; t)

(III.38)
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Figure III.2: Integration of the active control system to the model geometry (McManuset al.
1993).

The transfer function can be express in terms of a time delay�, and gain� and can be
written as follows:

� = � exp(i�) (III.39)

with �r = � cos� and�i = � sin�.

With the control system adapted to the model geometry, the analysis performed in chap-
ter III may be repeated with a change in the boundary condition atx = 0. Eq. (III.8) becomes:

A exp(�ik1a)�B exp(ik1a) = �(A+B) (III.40)

The determinant of the system of equations is now given by:

� cos(k1a) cos(k2b)� sin(k1a) sin(k2b) [1 + n exp(i!�)] (III.41)

+i sin(k2b)�(1 + n exp(i!�)) = 0

As before, we will make the simplification that theflame is located at one half of the duct length
and produces a negligible temperature rise. With these assumptions, Eq. (III.41) becomes:

cos(2ka)� sin2(ka)n exp(i!t) + i sin(ka)�(1 + n exp(i!�)) = 0 (III.42)
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III.4.2 The quarter wave mode

Without combustion (n = 0), the first resonant frequency of the duct is given by!0 = k0c.
With combustion and active control, there is a slight frequency shift of the eigenmode, due to
the presence of the control system and can be expressed as a shift in the wavenumberk0. Thus
we will definek = k0 + k0. A Taylor series expansion of Eq. (III.42) aboutk0, taking� andn
as small parameters, yields the following values ofk0:

Re(k0) = � n

4a
cos(!0�)� �i

2a
p
2

(III.43)

Im(k0) = � n

4a
sin(!0�) +

�r

2a
p
2

(III.44)

Without active control (� = 0), it has been shown that the quarter wave mode is unstable when
sin(!0�) < 0. With active control on, the instability condition becomes:

� n

4a
sin(!0�) +

�r

2a
p
2
> 0 (III.45)

or

�r > �0c (III.46)

with �0c = 0:5n
p
2 sin(!0�). This last quantity (�0c ) is called a critical parameter and if the

controller operation is such that:

�r = �0c (III.47)

the instability will be suppressed.

This model might be improved for example by including viscous losses and other damping
effects in the model equations. However, this simple linear model serves well in reproducing
certain general operating characteristics of real controllers of this type.
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Chapter IV

Modeling, Simulation and Identification
S. Ducruix, D. Durox and S. Candel [36,37]
S. Candel, D. Durox, S. Ducruix and D. Thibaut [38]
C. Nottin, R. Knikker, M. Boger, D. Veynante [39]

IV.1 Introduction

Because combustion instabilities have so many facets, they have been examined with a wide
variety of theoretical models. New experimental evidence and some earlier observations indi-
cate that the instabilities involve large oscillations of theflame front, pulsations of the injected
reactant streams, hydrodynamic instabilities, vortex roll-up, burning and interactions (see for
example Kelleret al. 1981 [40], Candel 1992 [9], McManuset al. 1993 [10]).

The fundamental problem is to represent theflow dynamics coupled with theflame mo-
tion. This is well discussed in a number of earlier studies and in review articles. Marble and
Candel (1978) [41]first indicated that the non-steady response of theflame could be a possible
source of low frequency oscillations in afterburners or large utility powerplants. Their model
describes the dynamics of fresh and burnt gases submitted to axial pressure waves as well as
the motion of theflame sheet. Theflame is presented as a sheet which is thin compared to the
characteristic wavelength of the problem. Poinsot and Candel (1988) [42] used an integral tech-
nique coupled with a description of theflame position to represent the response of a premixed
turbulentflame stabilized in a duct. In their model theflame was treated as a thin discontinuity
separating fresh and burnt streams. Mean velocities on the two sides of theflame, pressure
as well as theflame position were the main dynamical variable. This led to a time-dependent
one-dimensional problem. One limitation of this analysis is that theflame cannot feature large
wrinkles which typically occur during high amplitude instabilities.

More recently, Fleifil et al (1996) [43], Dowling (1999) [44] and Ducruixet al (2000) [37]
proposed descriptions offlame front dynamics in the simple case of a laminar conicalflame.
Section IV.2 reviews the model derived by Ducruixet al (2000). The aim of this section is to
characterize theflame front behavior in a simplified case and to determine a relation between
heat releasefluctuations and velocity variations at the burner outlet.

Section IV.3 is dedicated to Large Eddy Simulation (LES). In an interesting article Najm
and Ghoniem (1993) [45] combined a random vortex method of solution for theflow with a
volume offluid technique to track theflame treated as an interface. The front was assumed to
propagate at a laminar speed including curvature effects. Another important study was carried
out by Menon and Jou (1991) [46]. Combining a large eddy simulation of theflow with a
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description of the front motion (theG-equation of Kersteinet al. 1988 [47]), these authors
were able to represent theflame response to instabilities as observed in model scale ramjet
experiments.

The flame motion is an essential aspect of the problem. It is in particular important to
describe the interaction between the unsteadyflow field, the reaction front and the associated
heat release. In previous investigations theflame was considered as a thin interface. This pro-
vided a convenient simplification because the internal structure of theflame was not resolved.
However tracking techniques are not easy to extend in three dimensions while methods based
on the level-setG-equation pose problems when one wishes to include gas expansion processes
(i.e. to describe the large change in mass density occurring at theflame, a problem explored by
Pianaet al. (1996) [48]).

An alternative representation of theflame on a coarse mesh consists in artificially thick-
ening theflame front while keeping a realistic propagation speed. To do this we use a method
initially devised by Butler and O’Rourke (1976) [49] to deal with laminarflames propagating
in large cavities. This technique has been used recently by Thibaut and Candel (1998) [50],
Angelbergeret al. (1998) [51] and Nottinet al. (2000) [39]. It will be exploited in what follows
to describe theflame response to large turbulent structures and organized perturbations. It has
the advantage of keeping an internalflame structure and of naturally accounting for gas expan-
sion. This formulation also avoids problems of cusp formation which are encountered in front
tracking algorithms.

Our objective will be to demonstrate that the method is well suited to combustion dy-
namics analysis. We adopt the LES framework to describe thefine grained turbulence but the
calculations are carried out in two dimensions with a basic subgrid model. The generalization
to three-dimensional situations including more sophisticated dynamic subgrid models will pose
no conceptual difficulties but will require augmented computational resources.

In section IV.3, the formulation of the LES model and its numerical implementation are
presented. The geometrical configuration investigated are described. We then discuss reactive
computations carried out for several operating conditions, demonstrating the ability to simulate
unsteadyflame propagation.

IV.2 Description of flame front dynamics

The transfer function of premixedflames has been studied by several authors. In 1956, Merk
[52] proposed afirst-order model, predicting general trends offlame behavior. With laminar
axisymmetricalflames, Blackshear (1953) [53] and De Sœte (1964) [54] and more recently
Baillot et al. (1992) [55] and Le Helley [29] (1994) have shown thatflames behave like low-
passfilters.

Becker and G̈unther (1971) [56] have studied turbulentflatflames, using a pressure sensor
placed in the mixing chamber. They obtained the transfer function of their specific configura-
tion. For turbulent stoichiometric premixedflames, anchored above burners of 8 to 10 mm
exit diameters, Lenz and G̈unther [57] observed no decrease of the transfer function amplitude,
for low frequencies (f � 100 Hz). Goldschmidtet al. [58] have obtained a monotonic rela-
tion between cut-off frequency andflame height. The configuration analyzed by Matsui (1981)
consisted in aflat burner with different types of slots [59]. The transfer function, determined
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using microphones, confirmed the general trend observed in [56–58]. Matsui reviewed formers
models, and proposed a new description, close to that of Merk [52].

Fleifil et al. (1996) [43] and Annaswamyet al. (1997) [60] have analyzed theflame
transfer function, in the case of axisymmetrical configurations, using a set of simplifications.
While their model leads to a compact description in the linear small perturbation regime, it
deserves further analysis and a comparison with experiments.

Developments in laser techniques have been made, and velocimetry measurements are
now extremely precise. Experimental data, concerning axisymmetrical burners and correlating
heat releasefluctuations to velocity variations, are not widely available. However, they are
necessary for direct comparisons with the models.

In this section, the response of laminar conical premixedflames to acoustic modulations
is determined experimentally, and compared to the theoretical model. This configuration is
simpler than found in practical burners, but it makes it possible to analyze which parameters
are relevant. Experimental results may easily be used to validate simulation codes, and general
trends of the behavior of real configurations can be deduced from the present results. First, the
analytical model is derived. The experimental setup is then described. Finally, results and their
interpretations are presented.

IV.2.1 Flame response model

The model described in this section relies on that devised by Fleifil et al. [43]. Their analysis
is extended to a more general situation. Theflame front is placed in aflow characterized by its
mean and perturbation components. Theflow andflame parameters are sketched in Fig. IV.1.

y

r

fresh
gases

burnt
gases

n
L

R

α0

η0(r)

v

u
ds

r

η(r,t)

(a) (b)-R

Figure IV.1: Sketch of theflame andflow parameters, (a) in the steady situation and (b) in the
perturbed situation.
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Description of the flame front

A G variable, increasing from burnt gases to fresh gases, is used to describe theflame position:

@G

@t
+ v �rG = �SDjrGj (IV.1)

wherev = (u; v) is the velocity vector, andSD is theflame displacement speed. In the follow-
ing,SD is assumed to be a constant, equal to the laminar burning velocity,SL. Then, it does not
depend on theflow stretch.

The radial velocityu is supposed to be negligible, compared tov. The fresh mixtureflow
is essentially axial. Fig. IV.1 shows thatG may be replaced by� � y, where� indicates the
flame position. The following relations are easily derived:

rG =

"
@�
@r�1

#
and

@G

@t
=
@�

@t
(IV.2)

It is then possible to write Eq. (IV.1) for anyflame shape, as long as� is well-defined:

@�

@t
+ u

@�

@r
� v = �SL

"
1 +

�
@�

@r

�2
#1=2

(IV.3)

In the following, subscript0 indicates steady state variables, and subscript1 the first order
perturbation variables. Relation (IV.3) may be derived for steady stateflames (�0, Fig. IV.1(a)):

u0
@�0
@r

� v0 = �SL
"
1 +

�
@�0
@r

�2
#1=2

(IV.4)

To understand this expression, one may divide it byjrG0j. Components from theflame front
normal vector then appear:

n0r =
@�0=@r�

1 +
�
@�0
@r

�2�1=2 et n0y =
�1�

1 +
�
@�0
@r

�2�1=2 (IV.5)

Considering the conicalflame,�0 is the angle between theflame front and the vertical axis (cf
figure IV.1). Relation (IV.4) becomes :

u0 cos�0 + v0 sin�0 = SL (IV.6)

Whenu0 is supposed negligible, onefinally obtains the well-known relation:

SL = v0 sin�0 (IV.7)

Deriving Eq. (IV.3) for the perturbed situation, with� = �0 + �1, where�0 characterizes the
steadyflame shape, and�1 � �0 (Fig. IV.1(b)), one may develop the resulting equation at the
first order. Eq. (IV.3) may then be written:

@�1
@t

� (v0 + v1) = �SL
"
1 +

�
@�0
@r

�2

+ 2
@�0
@r

@�1
@r

+

�
@�1
@r

�2
#1=2

| {z }
f(�)

(IV.8)
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Moreover, considering onlyfirst-order terms:

f(�) '
"
1 +

�
@�0
@r

�2
#1=2

+
@�0=@r�

1 +
�
@�0
@r

�2�1=2 @�1@r (IV.9)

For the perturbedflame, onefinally derives:

@�1
@t

= SL cos�0
@�1
@r

+ v1 (IV.10)

Solutions of this equation may be obtained by using Laplace Transform:

d ~�1
dr

=
s

SL cos�0
~�1 � ~v1

SL cos�0
(IV.11)

In the following, we use the method of constant variations to solve the problem:

~�1 = C exp

�
s

SL cos�0
r

�
(IV.12)

whereC is a function ofr. Integrating the transform equation (IV.11), one can write:

C =

Z r

R

� ~v1
SL cos�0

exp

�
� s

SL cos�0
r0
�
dr0 +D (IV.13)

C can be replaced in expression (IV.12), using the boundary condition~�1(R; s) = 0, we can
deduce thatD = 0. Writing x = r � r0, one obtains:

~�1 =

Z 0

r

~v1
SL cos�0

exp

�
s

SL cos�0
x

�
dx =

~v1(s)

s
� ~v1(s)

s
exp(��s) (IV.14)

with � = (R� r)=(SL cos�0)

To deal with the right-hand side of the equation, one notes that the inverse transform of
thefirst term is:

L�1

�
~v1(s)

s

�
=

Z t

0

v1(t
0)dt0 (IV.15)

The second term is:

L�1

�
~v1(s)

s
exp(��s)

�
=

�Z t

0

v1(t
0)dt0

�
H(t0 � �)dt0 (IV.16)

whereH is the Heavyside function. Then, whent > � (which will be considered in the follow-
ing):

�1(r; t) =

Z t

t��

v1(t
0)dt0 with � =

R� r

SL cos�0

(IV.17)

5-35



IV.2.2 Heat release fluctuations

To determine the heat releasefluctuations, it is necessary to evaluate theflame surface varia-
tions. The area of theflame surface is defined by the relation (Fig. IV.1):

A =

Z R

0

2�r
ds

dr
dr (IV.18)

The arc lengthds can be expressed withdr andd�.

ds = (dr2 + d�2)1=2 = dr

"
1 +

�
@�

@r

�2
#1=2

(IV.19)

IntroducingA0 the area of the steadyflame surface, one can write:

A0 =

Z R

0

2�r

"
1 +

�
@�0
@r

�2
#1=2

dr (IV.20)

and writingA1 = A� A0 the areafluctuations:

A1 = � cos�0

Z R

0

2�r
@�1
@r

dr (IV.21)

Assuming that�1(R; t) = 0, one derives:

A1 = 2� cos�0

Z R

0

�1dr (IV.22)

The heat releasefluctuationsQ1 are given as a function of the areafluctuations offlame surface:

Q1 = �uSL�qA1 (IV.23)

where�u is the unburnt gas density, and�q the heat release per unit mass of mixture. Consider
time derivation of expression (IV.23):

_Q1 = K

Z R

0

@�1
@t

dr (IV.24)

whereK = �uSL�q2� cos�0. Using Eq. (IV.17), one can deduce:

_Q1 = K

Z R

0

�
SL cos�0

@�1
@r

+ v1

�
dr (IV.25)

Moreover:Z R

0

@�1
@r

dr = ��1(0; t) (IV.26)

Assuming thatv1 does not depend onr, one obtains fordQ1=dt:

dQ1=dt = K [�SL cos�0�1(0; t) +Rv1] (IV.27)

whereK = �uSL�q2� cos�0.
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IV.2.3 Determination of the transfer function

To determineQ1, one considers sinusoidal velocity modulations in the following paragraph:

v1 = a cos!t (IV.28)

It is then possible to complete the derivation of�1.

�1(r; t) =
a

!

�
sin(!t)� sin

�
!t� !

UC

(R� r)

��
(IV.29)

with:

UC = SL cos�0 (IV.30)

It is also possible to derive relation (IV.17). Onefinally writes forQ1:

Q1 =
aKUC

!2

�
!R

UC
sin(!t) + cos(!t)

� cos(!t) cos

�
!R

UC

�
� sin (!t) sin

�
!R

UC

��
(IV.31)

Introducing the reduced frequency as:

!� = !R=SL cos�0 (IV.32)

One can write forQ1:

Q1 =
aKR2

2UC

2

!2
�

[(1� cos!�) cos(!t) + (!� � sin!�) sin(!t)] (IV.33)

The constant term appearing in this equation may be written as:

KR2

2UC
= �u�q�R

2 (IV.34)

Multiplying this quantity withv0 gives the mean heat release per mass unit,Q0.

Then:

Q1

Q0
=

a

v0

2

!2
�

[(1� cos!�) cos(!t) + (!� � sin!�) sin(!t)] (IV.35)

Relation (IV.35) describes theflame response to acoustic modulation as a transfer functionF
between the reduced heat releasefluctuations and the reduced velocity variations.

The amplitude and phase are easily obtained from expression (IV.35):

jF (!�)j = 2
�
(1� cos!�)

2 + (!� � sin!�)
2
�1=2

=!2
�

�(!�) = tan�1 [(!� � sin!�)=(1� cos!�)] (IV.36)
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As proposed by Merk [52] and Fleifil et al. [43], it may also be interesting to approximate the
transfer function as afirst order system:

H(!�) =
�

� + i!�
(IV.37)

where� is afitting parameter. Values for� will be estimated later on. The amplitude and phase
of thefirst order transfer function (IV.37) are respectively :

jH(w�)j = �=
�
�2 + !2

�

�1=2
 (!�) = tan�1 (!�=�) (IV.38)

IV.2.4 Experimental Setup

Experiments were carried out withflames stabilized above a Bunsen type burner (Fig. IV.2). Its
end piece is a cylindrical tube 30 mm long, of 22 mm exit diameter. The burner consists in a
converging nozzle which is water cooled, and a cylindrical tube 120 mm long, placed upstream
from the nozzle, and containing various grids and honeycombs to produce a laminarflow. A
driver unit, fed by a synthesizer and an amplifier occupies the base of the burner.

Argon
laser

emission
system

burner
laser filter

PM
+

acquisition
systemloudspeaker

CH* filter
PM
+

22 or
30 mm

Figure IV.2: Experimental Setup.

In this study, results have been obtained for methane-air premixedflames, with an equiv-
alence ratio� = 0.95. Flames are anchored naturally at the burner exit. Fig. IV.3 shows an
instantaneous schlieren image obtained using the 22 mm diameter burner, for a modulation fre-
quency of 75 Hz. Perturbations wrinkle theflame front, and the shape of the perturbedflame
depends on the frequency and the amplitude of the modulation. Other images of this process
are provided in [53] and [61].

To determine the transfer function, one has to measure theflame heat release and the
velocity at the burner exit. Tests on steadyflames have shown that, in afirst approximation, the
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Figure IV.3: Schlieren image. The equivalence ratio� is 0.95, and the meanflow velocity is
v0 = 0.96 m.s�1. Modulation frequency: 75 Hz (Ducruix 2000 [37]).

global heat release is proportional to the global spontaneous emission of CH� radicals [62,63].
The CH� emission was measured using a photomultiplier (PM) coupled with a 431 nm CH�-
filter. The wholeflame emission was recorded by the PM placed at a distance of 30 cm from
theflame.

The velocity modulation at the burner exit was obtained using laser Doppler velocime-
try (LDV). The axial component of the velocity was measured on the symmetry axis, at az-
coordinate equal to 1.5 mm. A large amount of oil droplets, with a mean diameter of about
2.5�m, were used to seed theflow. The heat release and the velocity at the burner exit were
then simultaneously recorded.

As can be seen in Fig. IV.4, the axial velocity was almost sinusoidal, for all modulation
conditions that have been tested. According to the modulation frequency, the shape of the
heat release signal is not exactly sinusoidal, but a spectral analysis shows that the main peak
is associated with the modulation frequency, and that all other harmonics are small, compared
to the fundamental level. For higher modulation amplitudes, nonlinear effects become non-
negligible [64]. The transfer function amplitude is given by the ratio between the reduced
root-mean-square (rms) PM intensity,I1=I0 and the reduced rms velocityv1=v0, wherev1 is
measured on the axis, atz = 1.5 mm.I0 is the mean PM intensity value, measured on the steady
conicalflame. The meanflow velocityv0 is integrated on the surface of the burner exit plane.
The phase difference between the heat release signal and the velocity signal is determined using
cross-correlation.

The transfer function is determined for frequencies between 5 and 300 Hz. Beyond
300 Hz, no heat releasefluctuations could be observed. All the measurements were done with
a modulation amplitudev1 equal to 0.192 m.s�1. These values were small enough to maintain
sinusoidal signal shapes, and large enough to allow measurements. Reduced with the mean
axial velocity at the burner exit, the modulation rate varies between 8 and 20%. The velocity
modulation was checked to be nearly uniform in the burner exit plan.
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Figure IV.4: Simultaneous measurements of the axial component of the velocity, measured at
z = 1.5 mm above the burner exit, and of the global spontaneous emission of CH� radical in the
wholeflame (� = 0.95,fmod = 10 Hz and meanflow velocityv0 = 1.2 m.s�1, integrated on the
exit plane). Ducruix (2000) [37]).

IV.2.5 Analytical predictions and experimental results

Figure IV.5 displaysflame transfer functions. To compare theoretical predictions and experi-
mental results, the ratio(I1=I0)�(v0=v1) is represented as a function of the reduced frequency!�.
The conversion factorKc between the modulation frequency (Hz) and the reduced frequency is
close 0.2. The phase difference between the PM signal and the velocity measurements is also
plotted as a function of!�. Analytical predictions are given in Fig. IV.5, in dashed lines for
the exact model and in dotted lines for thefirst order approximation with� = 3 (Eq. (IV.38)).
This value differs from that of thefirst order model derived by Annaswamyet al. [60] (with our
notations their value would be� = 2). This will be discussed below.

Amplitude of the transfer function

Experimental results show that for!� between 1 and 2, the ratio(I1=I0) �(v0=v1) is almost
constant, close to one, for all mean velocities (top of Fig. IV.5). This indicates that, in the low
frequency range, the heat releasefluctuations follow linearly the velocity modulations. Beyond
!� = 2, the transfer function amplitude decreases sharply and is equal to 0.2 for!� close to 8.
The low-passfilter behavior of theflame can clearly be seen. When!� varies between 8 and 20,
(I1=I0) � (v0=v1) increases, up to 0.3 for some conditions. Eventually, for!� � 40, heat release
fluctuations essentially vanish, as assumed by Blackshear [53]. Theflame surface area does not
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vary during a period (Fig. IV.3), because of a compensation between bulges and contractions.

Figures IV.5 show that the models proposed in Eq. (IV.36) and (IV.38) gives good predic-
tions for(I1=I0)�(v0=v1) up to!� = 8. They do not predict the non-monotonic behavior observed
for !� between 8 and 20. However, the reduced frequency corresponding to the change of slope
in the model is in good agreement with the reduced frequency associated with the experimen-
tal change of slope. Thefirst order approximate model suitablyfits the amplitude data. The
amplitude is slightly underestimated in the low frequency range, but, in the intermediate range
(8� !� � 10), the approximate model gives better results than the exact model.

Defining the cut-off frequency as the reduced frequency for which the reduced amplitude
of the transfer function is half the maximum reduced amplitude,!�cut is around 5. The theoreti-
cal cut-off frequency is 4.8, and that of thefirst order model is 5.2, indicating that both models
predict well the transfer function amplitude in the low frequency range. Assuming that pertur-
bations are convected on theflame front with the velocityvc = v0 cos�0 [29], and noting that
v0 sin�0 = SL, one derives the time needed by the perturbation to propagate from the bottom
to the top of theflame�p = L=vc = R=(SL cos�0) (see Fig. IV.1). The reduced frequency
!�p associated with the propagation time�p is then equal to 2�, a value close to the cut-off fre-
quency!�cut determined experimentally. This indicates that the cut-off frequency corresponds
to the modulation for which the wavelength is close to the cone length.

Phase of the transfer function

The phase difference between the PM and LDV signals, named� in the following, is
plotted, in the range[��; �], in Fig. IV.5. Experimental results show that, whatever the mean
velocityv0, � increases with!� up to!� = 25, for whichI1 = 0.

Phase differences greater than 2� are observed. Snellink and Kiers [65] have also mea-
sured phase differences larger than�/2 for turbulent propane-airflames, using a small burner of
5 mm in diameter. With very turbulentflames, Lenz and G̈unther (1981) [57], Matsui (1981)
[59], and Antnamet al. (1974) [66] have obtained values larger than 2�. � increases continu-
ously and regularly, up to!� = 25 (see Fig. IV.5, representation in the range[��; �]). With the
larger burner,� increases slower, and exhibits a plateau for!� between 6 and 9, whatever the
mean velocityv0 is. The value 2� is reached for!� = 20.

The analytical predictions match the experimental values for!� lower than 2. Between
2 and 6,� and underestimate�, giving a maximum value equal to�=2 for !� = 2�. For!�
greater than 6,� features an oscillation, remaining close to�=2. For this range of values, model
predictions do notfit the experimental results, whatever the burner. Thefirst order approxi-
mation correctly predicts the experimental behavior for!� lower than 2. Beyond this value,
predictions underestimate the experimental data. Both models show their limits in the high fre-
quency range. They can not be used to determine the phase differences between heat release
fluctuations and velocity modulations.

Since� increases regularly with!�, it is possible to describe� as a time lag�L = �=!,
with ! the angular frequency. The time lag�L is a constant, around 12 ms. It may be compared
to the mean time necessary for the perturbation to be convected from the exit plane to theflame
front. When there is less than one perturbation on theflame front at the same time (!� � 2�), a
simple calculation shows that�L =R(1�1=21=2)=SL ' 0:3R=SL, whereR is the burner radius,
or �L = 9 ms. The general trend is good, even though the boundary layer effects, which modify
the velocity profile at theflame base, are not taken into account. Merk [52] had proposed a
similar calculation, giving a time lag equal toR=3SL, which is remarkably close to the relation
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found in this study. It is now possible to relate thefitting parameter� and the time lag�L,
writing thefirst order Eq. (IV.37) as:

H(!) =
1

1 + i!�L
(IV.39)

Then,!�L = !�=�, and one obtains, using Merk’s relation:� = 3= cos�0 ' 3, in agreement
with thefitting parameter chosen in Fig. IV.5.

Conclusion

The model indicates that the amplitude and phase of the transfer function may be rep-
resented as a function of the reduced frequency!� = R!=SL cos�0. The transfer function
has also been determined for other equivalence ratio and other burner diameters [36]. For a
given equivalence ratio, graphs are well superimposed. Using!�, it is easy to predict theflame
response, for burners of different geometry, mean velocity and laminar burning velocity. The
model assumptions concerning the velocityfield and theflame displacement speed may prob-
ably be acceptable for slightly wrinkledflames, with a small radial component of the velocity
field. Theseflames remain almost conical and correspond to low frequency modulations. In
contrast, these assumptions are too strong for larger reduced frequencies. The heat release
fluctuations are not negligible in these cases, and can produce strong acoustic-combustion in-
teractions. Further data (see [36]) with PIV indicate that the velocity in the fresh gases is not
uniform and that a radialflow exists near the exhaust. An improved model should take these
features into account.

IV.3 Large eddy simulations of reacting flows

C. Nottin�, R. Knikker, M. Boger, D. Veynante [39]

Centre de Recherche sur la Combustion Turbulente
Laboratoire E.M2.C.
E.C.P. and C.N.R.S., Chatenay-Malabry, France
� Aerospatiale-Matra Missiles, Chatillon, France

This article,“Large Eddy Simulations of an Acoustically Excited Turbulent Premixed Flame”,
has been published in the Proceedings of the Combustion Institute, Volume 28, pp. 67–73.

IV.3.1 Abstract

Large eddy simulation (LES) is a promising tool for numerical simulations of reactingflows,
especially when combustion instabilities are encountered. In afirst step towards prediction of
such instabilities, LES of acoustically excited turbulent premixedflames is performed using a
thickenedflame approach, coupled to a subgrid scale model. Numerical results are carefully
compared to experimental data obtained using planar laser inducedfluorescence on theOH
radical. Flame surface densities, wrinkling factors and reaction rates are extracted from im-
ages under aflamelet assumption. The large coherent motions observed in experiments are also
found in simulations but the subgrid scale model is not able to recover the right locations of
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maximum values of reaction rates. In fact, the subgrid scale model, implicitely based on the
vorticity field, increases reaction rates in highly stretched regions whereas, according to experi-
mental data, larger values of unresolvedflame surfaces correspond to highly curvedflame front
regions. Therefore, a dynamic approach, where unresolvedflame surfaces could be estimated
from resolvedflame front curvatures, appears as a promising next step.

IV.3.2 Introduction

Large eddy simulation (LES), where largest motions are explicitely computed, appears as a
promising tool for numerical simulations of turbulent reactingflows [67] because they generally
exhibit large scale coherent structures [68], especially when combustion instabilities occur [69].
Such instabilities, due to a coupling between heat release, hydrodynamicflow field and acoustic
waves have to be avoided because they induce noise, variations of the system characteristics,
large heat transfers and may lead to the system destruction. Then, LES could be a powerful tool
to predict their occurences and to numerically test passive or active control techniques. Large
eddy simulations also allow a better description of turbulence / combustion interactions than
classical closures of the Reynolds averaged Navier-Stokes equations (RANS) because, in LES,
large structures are explicitely determined and instantaneous fresh and burnt gases zones, where
turbulence characteristics are quite different, are clearly identified.

In large eddy simulations, any quantityQ is filtered in the spectral space (components
greater than a given spatial cut-off frequency are suppressed) or in the physical space (weighted
averages over a given volume). Thefiltered quantityQ is defined as:

Q(x) =

Z
Q(x0)G(x� x

0) dx0 (IV.40)

whereG is the LESfilter. For non constant densityflows, a Favre (mass-weighted)filter eQ is
introduced as� eQ = �Q. Applying thisfilter to the instantaneous fuel mass fraction balance
equation:

@�YF
@t

+r � (�uYF ) = r � (�DrYF ) + _!F = �wF jrYF j (IV.41)

leads to:

@�eYF
@t

+r �
�
� eu eYF�+r �

h
�
�f
uY F � eueYF�i = r � ��DrYF�+ _!F = �wF jrYF j

(IV.42)

whereD is the molecular diffusivity, using the Fick law,_!F the instantaneous reaction rate of
fuel andwF the displacement speed ofYF -isosurfaces. Three unknown terms require modeling:
the unresolved transportfuY F � eueYF , thefiltered molecular diffusionflux, �DrYF , and the
filtered reaction rate,_!F . These two last terms may be modeled together as afilteredflame front
displacement term,�wF jrYF j [70].

A difficult problem is encountered for large eddy simulations of premixedflames: the
flame thickness�0l , about 0.1 to 1 mm, is generally smaller than the LES mesh size�� [67].
Therefore, species mass fractions and temperature are very stiff variables and cannot be re-
solved on the computational grid. Three main approaches have been proposed to overcome
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this difficulty: simulation of an artificially thickenedflame [71,72,51,73],flame front tracking
technique [74,47,75] (G-equation) or using afilter larger than the computational mesh size [70].

The objective of this paper is to investigate the ability of the thickenedflame model to
describe combustion instabilities. Afirst preliminary step is to predict the response of a tur-
bulentflame to acoustic excitations. In fact, actual instabilities involve an additive feature, not
investigated here: the feedback action of the unsteady heat release to drive the acoustic exci-
tation. Nevertheless, numerical simulations offlame responses to acoustic excitations are of
interest to predictflame transfer functions, an important ingredient in simplified models, such
as the so-calledn� � approach, for combustion instabilities [76]. In the following, large eddy
simulations of a premixed turbulentflame submitted to acoustic excitations are performed and
compared to experimental data.

IV.3.3 Theoretical analysis

Thickened flame model

The basic idea of the thickenedflame model (TFM) is to artificially increase theflame thickness,
keeping constant the laminarflame speeds0l [71]. Following simple theories for 1D laminar
premixedflames [5,26], theflame speeds0l and theflame thickness�0l may be estimated as:

s0l /
p
DW ; �0l /

D

s0l
(IV.43)

whereW is the mean reaction rate. Then, an increase of theflame thickness�0l by a factor
F with a constantflame speeds0l is easily achieved by multiplying thermal and molecular
diffusivities byF and replacing the reaction rateW by W=F . For sufficiently large values of
F , the thickenedflame front is resolved on the LES computational mesh. The reaction rate
remains expressed using an Arrhenius law, as in direct numerical simulations.

Unfortunately, when theflame is thickened from�0l to �1l = F�0l , the turbulence / chem-
istry interaction is modified because the Damköhler number,Da, comparing turbulent (�t) and
chemical (�c) time scales:

Da =
�t
�c

=
lt
u0
s0l
�0l

(IV.44)

decreases by a factorF and becomesDa=F . As shown in [77], theflame becomes more and
more insensitive to turbulence motions when the length scale ratio between the turbulence inte-
gral length scale and the laminarflame thickness,lt=�0l , is decreased. This ratio is decreased by
a factorF when theflame is thickened. On the other hand, the thickenedflame is more sensitive
to strain than the actualflame [51]. These points have been investigated using direct numeri-
cal simulations (DNS) [51,73] and an efficiency function, acting as a subgrid scale model, has
been proposed to incorporate the effects of the unresolved wrinkledflame area on the resolved
consumption speed. This efficiency functionE is estimated as the ratio of the wrinkling factor
(i.e. the ratio of the subgrid scale surface to its projection in the propagating direction) for the
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actualflame,� (�0l ), to the wrinkling factor of the thickenedflame,� (F�0l ):

E =
� (�0l )

� (�1l )
=

1 + ��
�
�e

�0
l

;
u0

�e

s0
l

�
u0

�e

s0
l

1 + ��
�
�e

�1
l

;
u0

�e

s0
l

�
u0

�e

s0
l

(IV.45)

where�e is the LESfilter size. The� function isfitted from DNS:

�

�
�e

�1l
;
u0�e

s0l

�
= 0:75 exp

"
� 1:2�

u0�e
=s0l

�0:3
#�

�e

�1l

� 2

3

(IV.46)

whereu0�e
denotes the subgrid scale velocityfluctuations.� is derived from dimensional argu-

ments as [73]:

� = �
2 ln(2)

3cms

h
Re1=2 � 1

i (IV.47)

In our simulations,� = 1 andcms = 0:28 [73]. The turbulent Reynolds number,Re, depends
on spatial location and is roughly estimated from the subgrid scale velocity,u0�e

and thefilter
size�e.

Then, the thickenedflame model is implemented as:

@�eYF
@t

+r �
�
� eu eYF� = r �

�
�DF EreYF� +

E

F
_!F (IV.48)

where _!F is determined from an Arrhenius law usingfiltered quantities, such as density,�,
species mass fractions,eYi, and temperature,eT . In the above equation, the diffusivityE D,
before multiplication byF to thicken theflame front, may be decomposed asED = D +
(E � 1)D and corresponds to the sum of the molecular diffusivity,D, and a turbulent subgrid
scale diffusivity,(E � 1)D, depending on turbulence andflame characteristics. In fact,(E �
1)D could be viewed as a turbulent diffusivity used to close the unresolved scalar transport in
Eq. (IV.42). Eq. (IV.48) achieves the same goal as aG-equation and propagates aflame front
at a subgrid turbulentflame speedEs0l , keeping theflame brush thickness under control and
aboutF�0l . As the chemistry is still described using an Arrhenius law, the thickenedflame
model directly handlesflame stabilization mechanisms (but the correct prediction remains to be
checked).

Estimate of the subgrid scale turbulence

The subgrid scale efficiency functionE used in the thickenedflame model requires the estimate
of theflame front wrinkling factor based on the subgrid scale turbulent velocity,u0�e

(Eq. IV.45).
This point is discussed in detail in [73] and is briefly summarized here.u0�e

could be estimated
from the subgrid scale viscosity,�t, provided, for example, by the Smagorinsky model:

u0�e
=

�t
Cs�e

= Cs�e

q
2 �Sij �Sij (IV.49)

where �Sij is the resolved stress tensor andCs a model constant. This approach has two main
drawbacks. First, subgrid scale viscosity models have been designed to predict the right level of
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turbulent kinetic dissipation rates and not to estimate velocityfluctuations at any scale. With-
out turbulence, expression (IV.49) does not provideu0�e

= 0 because�Sij is influenced by the
thermal expansion due to heat release.

Assuming scale similarities (i.e. that subgrid scale phenomena are mainly controled by the
largest unresolved motions, close to the smallest resolved ones [78]), Colinet al.[73] propose
to estimate the subgrid scale velocityfluctuation as:

u
0
�e

= c2 ��e
3r2(r� �u) (IV.50)

where, in our simulations,c2 = 2. This expression, based on the vorticityfield, is not sensitive
to thermal expansion.

IV.3.4 Experimental set-up and diagnostics

The experimental set-up is displayed in Fig. IV.6. A premixed propane/airflow is injected
into a rectangular combustor. The height, depth and length of the combustion chamber are
respectively 50, 80 and 300 mm. The lateral walls are transparent artificial quartz windows
allowing visualization of the whole chamber. The upper and lower walls are made of thick
ceramic material including two narrow windows used to introduce laser sheets. A triangular
flame-holder, corresponding to a 50 % blockage ratio, is embedded in the lateral windows. A V-
shapeflame is investigated at afixed airflow rate of 40 g/s, corresponding to an upstream mean
velocity of about 10 m/s (turbulence level about 5 %) and an equivalence ratio� = 1:0. Theflow
field is acoustically excited using two loudspeakers plugged in the inlet duct. The excitation
frequency and amplitude are respectively 870 Hz and 150 Pa. A microphone located 0.1 m
upstream theflame-holder records a phase reference signal to compare numerical simulations
and experimental data.

QualitativeOH concentration images are obtained using planar laser inducedfluores-
cence. A Nd:YAG laser, operating at 10 pulses per second with a typical pulse duration of 7 ns,
is frequency doubled to pump a dye-laser operating on Rhodamine 590. The dye-laser beam
then passes through a frequency doubling crystal and is transformed into a laser sheet (typi-
cal pulse energy 12 mJ at wavelength 283 nm). RadicalOH concentrations are measured by
absorption on the Q1(5) line in theA2�+(v0 = 0) <= X2�(v00 = 0) band, collecting the broad-
band radiation around 310 nm with an intensified CCD camera. The images cover up to 12 cm
downstream from theflame-holder with a spatial resolution of 0.25 mm/pixel. A typical PLIF
image is displayed on Fig. IV.7. The combustingflow exhibits strong symmetrical periodic co-
herent structures due to the acoustic excitation. The instantaneousflow field is dominated by
these large motions and may be, in afirst step, assumed to be two-dimensional, at least up to
10 cm downstream from theflame holder as evidenced in cross-sectionOH images (Fig IV.8).
All postprocessing procedures assume two-dimensionalflow fields.

Theflame front is located using theOH concentration gradients. Assuming a thinflame,
PLIF images are binarized to separate fresh gases (progress variablec = 0) from burnt gases
(c = 1). Then, the subgrid scaleflame surface density,�, and the subgrid scale wrinkling
factor,�, are extracted using a gaussian spatialfilter. Thefilter size,�e = 3mm, is chosen
to recover a resolvedflame front having a thickness corresponding to the simulated thickened
flame obtained usingF = 10. According to [70],flame surface quantities are related to the
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filtered progress variablec as:

� = �jrcj = jrcj|{z}
resolved part

+ (�� 1) jrcj| {z }
unresolved part

(IV.51)

Under aflamelet assumption, thefiltered fuel reaction rate in Eq. (IV.42) is estimated as_!F =
�0s

0
l Y

0
F� where�0 andY 0

F = 0:059 denote respectively the density and the fuel mass fraction
in the fresh gases.s0l = 0:45m=s is the laminarflame speed. Experimental results are phase
averaged over 20 instantaneous images to ensure statistical stability of subgrid scale quantities.

IV.3.5 Numerical simulations

The thickenedflame model, combined with the efficiency function (Eq. IV.45), has been imple-
mented in AVBP, a LES solver, developed at CERFACS on top of a parallel library COUPL pro-
duced jointly by CERFACS and Oxford University [79,80], able to handle complex geometries.
Subgrid scale turbulent viscosity is modeled using afiltered Smagorinsky model derived from
thefiltered structure function [81]. As theflow field appears mainly controlled by two dimen-
sional large scale motions, 2D numerical simulations are performed. The computational domain
contains 50 000 points (maximum grid size downstream from theflame-holder�x = 0:6 mm),
starts 60 cm upstream theflame holder and continues up to 30 cm downstream. Acoustic waves
are generated adding a pulsating term in the energy balance equation close to theflow inlet.
The oscillation amplitude has been adjusted to recover the experimental pressure signal at the
microphone location. The propane / air chemistry is described using a two-species (fuel and
oxidizer), single step ICC scheme [82]:

_!F = A��F+�OY �F
F Y �O

O exp

�
�Ta
T

�
(IV.52)

where�F = 1:0, �O = 0:5, A = 1:09 108 kg�0:5m1:5s�1 andTa = 10064K. The thickening
flame factor isF = 10.

IV.3.6 Results and discussions

Numericalfields of fuel reaction rate,E _!F=F (Eq. IV.48), together with the modeled subgrid
scale contribution(E � 1) _!F=F are displayed on Fig. IV.9 and IV.10 for phases2�=3 and
4�=3 relative to the microphone signal. Corresponding experimental results are also shown.
Both numerical simulations and experimental data exhibit strong symmetrical resolved coher-
ent structures. For example, the large motion located at about 4 cm downstream observed
on experimental visualizations (phase2�=3; Fig. IV.9c) is clearly apparent at the same loca-
tion on numerical simulations (Fig. IV.9a). However, some discrepancies between numerical
simulations and experimental results are observed. In fact, global statistical comparisons, not
displayed here, are very good but LES is designed to describe unsteady phenomena and must
be validated using accurate instantaneousfields.

The spatial location of the subgrid scale contribution to the reaction rate in LES (i.e.
(E�1) _!F=F ) does not exactly correspond to the experimental data (�us

0
l Y

0
F (��1)jrcj, where

Y 0
F is the fresh gases fuel mass fraction). This point may be analyzed, for example, looking at
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the coherent structures located between 3 to 5 cm downstream from theflame holder for phase
2�=3. On experimental data (Fig. IV.9d), the maximum value of the unresolved reaction rate
is observed about 4 cm at the head of the vortex where the highly curved instantaneousflame
front is not resolved by thefilteredflame. In numerical simulations (Fig. IV.9b), the largest
values of the unresolved reaction rate is located about 4 cm downstream from theflame-holder
but correspond now to stretched regions of the vortices. A rough scheme of this mechanism is
displayed on Fig. IV.11. Accordingly, despite the coherent structures are well predicted by LES,
large values of the reaction rate are not found at the same locations as in experimental data. This
discrepancy would be missed comparing time averagedfields but is of importance for combus-
tion instabilities predictions and explains the phase difference observed between experimental
and numerical integrated reaction rates, displayed on Fig. IV.12b. On Fig. IV.12, experimental
and numerical reaction rates are integrated over three boxes defined on Fig. IV.6 and plotted as
a function of phase to analyze theflame response to the acoustic perturbation. First, reaction
rate amplitudes are slightly larger in experiment, but thisfinding may be due, at least in part,
to theflamelet assumption where the actual reaction rate per unit offlame area is estimated as
�us

0
l . Without the subgrid scale model (Fig. IV.12a), reaction rate amplitudes remain very low.

A larger modulation is observed when using the efficiency functionE (Fig. IV.12b), but a phase
lag of about 70o, due to the subgrid model (Fig. IV.11), is found with experimental data. More-
over, the modulation amplitude slightly decreases in LES when moving downstream, because
of decreasing turbulencefluctuationsu0�e

, but remains roughly constant in experiment.

The comparison between unresolved reaction rate contributions predicted by our model
and estimated from experimental data shows that the subgrid scale sensor used in the efficiency
functionE (Eq. IV.45), the subgrid scale velocityfluctuationu0�e

, is not well suited to our sit-
uation. As previously described,u0�e

and, therefore, the efficiency function and the unresolved
reaction rate are estimated fromflow vorticity and detect highly stretched vortex regions. Unfor-
tunately, maximum values of the reaction rates are experimentaly observed where instantaneous
flame fronts are highly wrinkled, leading to large unresolvedflame surface densities. As these
regions correspond also to large values of the resolvedflame front curvatures, a dynamic formu-
lation, where high subgrid scale wrinkling factors could be estimated from high resolvedflame
front curvatures, appears as an attractive approach to be developed in the future.

IV.3.7 Conclusions

Large eddy simulations of an acoustically excited turbulent premixedflames are performed us-
ing the thickenedflame model combined with a subgrid scale efficiency function. Numerical
results are compared to experimental data usingOH planar laser inducedfluorescence. Flame
surface densities, wrinkling factors and reaction rates are extracted from images under aflamelet
assumption. The large coherent motions observed in our experiment are well predicted by sim-
ulations but careful comparisons show that maximum values of reaction rates, experimentally
located in highflame front curvature regions, are numerically predicted in the vortex-stretched
regions. This discrepancy is due to the unresolved contribution to the reaction rate, computed
here from estimates of the subgrid scale velocityfluctuations, and induces a time lag between
experimental and numerical evolution of the reaction rate. A dynamic subgrid scale model,
based on resolvedflame front curvatures, then appears as a promising next step.

Numerical simulations have been performed on Cray T3E provided by IDRIS (Institut
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Figure IV.6: Experimentalconfiguration.A premixedpropane/ air flow (meanvelocity10m/s;
turbulencefluctuations5 %, equivalenceratio� = 1) is injectedin a rectangularcombustor. A
turbulentflameis stabilizedbehinda triangularflameholder(blockageratio50%). Theturbu-
lent flamemaybesubmittedto acousticwaves generatedby two loudspeakers. A microphone
recordsa referencesignal. Signalphasesareanalyzedintegratingthe reactionrateover three
regions(dashedlines)of 1 cm width, labeled1, 2, and3 andlocatedrespectively 1, 5 and9 cm
downstreamfrom theflame-holder.

deDéveloppementet deRessourcesenInformatiqueScientifique),Orsay, France.CERFACS
(Toulouse,France),andespeciallyT. Scḧonfeld, C. Angelberger andO. Colin, aregratefully
acknowledgedfor supportin useof theAVBP code.
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Figure IV.7: Instantaneous PLIF image of theOH radical. The flow field is dominated by
strong two dimensional motions controlled by the acoustic excitation at a frequencyfe = 870
Hz. The flame front location is determined fromOH concentration gradients.

(a) (b)

Figure IV.8: Instantaneous cross-section PLIF images of theOH radical. The laser sheet is
perpendicular to downstream direction. (a) 4 cm and (b) 8 cm downstream from the flame
holder. The flow field may be assumed two-dimensional at least up to 8 cm downstream from
the flame-holder.
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Figure IV.9: Acoustically excited (fe = 870Hz) turbulent premixed flame at phase 2�=3,
relatively to the microphone pressure signal. Large eddy simulations fields of the instantaneous
reaction rate. (a) total fuel reaction rate, E _!F=F , in Eq. (IV.48). (b) modeled subgrid scale
contribution, (E�1) _!F=F . Corresponding experimental data (20 images, corresponding to the
same phase, have been averaged to ensure statistical stability of the unresolved contributions):
(c) total fuel reaction rate, �us0l Y

0
F� = �us

0
l Y

0
F�jrcj; (d) unresolved subgrid scale contribution

�us
0
l Y

0
F (�� 1)jrcj.

5-52



(a)

(b) (d)

(c)

0.00 0.05 0.10 0.00 0.05 0.10

0.00 0.05 0.10 0.00 0.05 0.10

Figure IV.10: Acoustically excited (fe = 870Hz) turbulent premixed flame at phase 4�=3,
relatively to the microphone pressure signal. Large eddy simulations fields of the instantaneous
reaction rate. (a) total fuel reaction rate, E _!F=F , in Eq. (IV.48). (b) modeled subgrid scale
contribution, (E�1) _!F=F . Corresponding experimental data (20 images, corresponding to the
same phase, have been averaged to ensure statistical stability of the unresolved contributions):
(c) total fuel reaction rate, �us0l Y

0
F� = �us

0
l Y

0
F�jrcj; (d) unresolved subgrid scale contribution

�us
0
l Y

0
F (�� 1)jrcj.
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Figure IV.11: A rough scheme comparing regions of maximum values of the unresolved re-
action rate in numerical prediction and in experimental data. Maximum contributions of the
subgrid scale model are observed in the stretched regions because of the subgrid scale velocity
fluctuation detection (Eq. IV.50). Experimental results display maximum values of the wrin-
kling factor � at the vortice head where highly curved intantaneous flame fronts are not resolved
on the filtered flame front.
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Figure IV.12: Time evolution of experimental and numerical reaction rates integrated over 3
boxes of 1 cm length (see Fig. IV.6), plotted as a function of phase. (a) Without subgrid scale
model (E = 1): reference pressure signal; bold lines correspond to LES respectively for
boxes 1 ( ), 2 ( ) and 3 ( ). (b) With subgrid scale model. Thin lines correspond
to experimental data and bold lines to LES respectively for boxes 1 ( ), 2 ( ) and 3
( ). A constant phase lag, of about 70o, is found between experimental and numerical data
and is due to different locations of largest values of the unresolved reaction rate, as explained
on Fig. IV.11.
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Chapter V

Numerical Simulations of Active Control
M. Mettenleitery, F. Vuillotz and S. Candely [103]

y Laboratoire E.M2.C.
E.C.P. and C.N.R.S., Chatenay-Malabry, France
z ONERA Châtillon, Châtillon, France

V.1 Abstract

This section describes current developments in the numerical simulation of active control. The
objective is to devise software tools for the development of active control. The present approach
uses a numerical simulation of the system based on the Navier-Stokes equations. It differs from
the more standard simulations relying on lower order dynamical models. The main difficulties
associated with the present strategy are related to the representation of the actuator in the flow
simulation module and with the interfacing of this module with the adaptive control routine.
These issues require careful treatment to obtain a suitable numerical model of flow control. It is
first shown that the actuator may be described by a distribution of sources in the field. The time
stepping needed by the flow simulation module and by the control unit differ widely (the ratio
between the time steps is of the order of 100 or more). This constitutes a source of perturbation
and it may introduce unwanted high frequency components in the flow simulation. It is shown
that this problem is alleviated by placing numerical filters at the controller input and output.
A set of calculations are carried out to simulate vortex shedding instabilities of a simplified
solid propellant rocket. These instabilities are then adaptively controlled. This example serves
to illustrate the simulation methodology and provides insights into the operation of the flow
controller.

V.2 Introduction

Active control strategies have been mainly developed from experiments. Some recent efforts
have been directed at simulating control on the computer with the objective of testing and im-
proving control algorithms. Simulation complements experimentation and it has considerable
potential in the development of flow control methods. The aim of this section is to adress
problems arising when one wishes to couple a flow simulation module and an adaptive control
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algorithm. This development is based on research directed at the control of vortex driven insta-
bilities found in solid segmented rocket motors. The control principle is shown schematically in
Figure V.1. The motor develops low amplitude pressure and thrust oscillations at frequencies of

Figure V.1: Active control applied to segmented solid rocket motor.

the first longitudinal acoustic modes (see for example Blomshield and Mathes [83], Vuillot [84],
Dotson, et al. [85]). The oscillation is at low frequency and it may couple with the launcher
structural modes. The driving mechanisms have been identified to be linked with internal flow
instability. The strong coupling with acoustics generates large scale coherent vortices. To con-
trol this process, a sensor is placed close to the region where vortices are shed and its signal is
input to a controller which drives an actuator.

This scheme is typical of many active control applications. It is simulated in the present
work by solving the Navier-Stokes equations using the Sierra software. The flow simulation
module has been used extensively to analyze vortex instabilities in configurations of interest
in solid propellant propulsion. It is here used as a platform for active control. Numerical
simulation is now increasingly used to predict the behaviour of unstable subscale solid rocket
motors. A recent example is given by Le Breton, et al. [86], which shows industrial applications
of this kind of simulation.

After a short review of the literature dealing with simulation of flow control, the flow
solver is briefly described. One important aspect of the problem is to devise a suitable repre-
sentation of an actuator or of a set of actuators. It is shown that this is best accomplished by
distributing sources in the field. This representation is also closer to the possible use of a con-
trolled injection of an evaporating and/or reacting substance in an actual motor. Such a physical
device would provide a distributed source of mass and a source or sink of energy. Momentum
exchange might also take place depending on the type of injection geometry but is usually less
effective than mass injection.

Modifications of the Sierra code are described. A series of open loop tests not shown
here indicate that the sources operate as expected. Problems related to the coupling of the flow
simulation module with the control algorithm are considered. Specific issues arise because flow
simulation and control require very different time sampling rates. The time step of the flow
solver is much smaller than the sampling period of the controller. It is then necessary to take
some precautions when dealing with the input and output of the control routine. The last part
of this section provides numerical simulations of vortex instabilities in a small rocket motor
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and control of these instabilities using an adaptive algorithm. In the situation considered here
the controller input is a pressure signal provided by a sensor located near the nozzle while the
actuator is located near the motor head. This example serves to show that the active control
simulator is flexible and may be used to study the control strategy and examine the modification
of the flow under control.

V.3 Active control simulation studies

Active control simulation studies may be divided in two main groups. In the first group phys-
ical systems are described by dynamical models coupled to simple or more complex control
schemes. A typical example from the field of sound and vibration control is due to Koshi-
goe, et al. [87]. This article considers adaptive algorithms to reduce the noise from a confined
cavity. Vibrations originating from outside the cavity walls may induce large pressure fluctua-
tions in the cavity. The problem arises during space launchers take-off, the noise induced under
the fairings may harm the payload and have detrimental effects on the future operation of the
spacecraft. A dynamical model of the system is formulated and used to test the filtered X-LMS
algorithm with off-line identification of the secondary path [88]. On line identification is ex-
plored with the same model in a more recent study [89] and the LMS algorithm is compared to
other control schemes [90] with regard to the convergence rate.

In the field of combustion instability Hathout, et al. [91] developed a dynamical first or-
der model of thermoacoustic interactions in a small laminar burner. This model is then used
to design a controller and simulate its operation. The control algorithm is then used in the
experiment. To account for changes in the system dynamics an adaptive controller is devised
and compared with simulations carried out with an LMS algorithm (Annaswamy, et al. [92]).
Culick, et al. [93] take into account linear and nonlinear coupling in their comprehensive dy-
namical model of instability. It is thus possible to describe some of the effects which lead to
limit cycle oscillations found in practical systems. Yang and Fung [94] use this general formal-
ism to design a PI controller of pressure oscillations in a combustion chamber. Annaswamy,
et al. [60] study the influence of mode coupling on controller design using the same general
formulation. Koshigoe, et al. [95] propose an adaptive algorithm with on-line identification to
control a dynamical model of combustion instability.

In the second group of studies dealing with simulation of active control , the flow is calcu-
lated by solving the Navier-Stokes equations. This provides a more realistic description of the
flow dynamics and of the complex couplings taking place in practical devices. This approach
uses the recent advances made in computational fluid dynamics. Menon [74] is perhaps the
first to investigate active control in an unsteady simulation of a dump combustor typifying the
geometry of a 2D ramjet. His controller uses a simple gain and phase applied to a pressure sen-
sor signal and reinjected through a loudspeaker located at the backward facing step. Neumeier
and Zinn [96] devise a special observer which identifies the unstable modes of the system. The
modes are then amplified and phase delayed by a controller and reinjected into the computa-
tional domain. The balance equations are solved in one dimension. Kestens [97] considers
the adaptive (LMS) multiple channel control of aeroacoustic instabilities of cavities driven by
an adjacent flow. The Navier-Stokes equations are solved in two dimensions. An actuator of
the loudspeaker type or a pulsed jet is used to reduce the pressure level observed by different
sensors.
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Analysis of work belonging to this second group shows that some success has been
reached but that the methodology needs further consolidation. Some of the key issues are con-
sidered in this section. We specifically consider the coupling of a non-steady Navier-Stokes
solver with an adaptive controller. The analysis is carried-out using an adaptive scheme for the
following reasons : (i) The system to be controlled is nonlinear and may change with time, (ii)
Control using adaptive methods has been successfully demonstrated in related experiments, (iii)
The controller has a self adjusting capability which is quite attractive. No attempt was made to
test a simpler linear (non adaptive) controller.

Aspects to be considered in the next sections are as follows:

� Numerical representation of the actuator.

� Actuator effect in open loop simulation tests.

� Problems of controller interfacing.

V.4 The flow simulation in the C1-geometry

The Sierra code is used to simulate the large scales of flow in order to analyze aeroacoustic
instabilities generated in internal geometries found in solid rocket motors. The code operates
in the planar or axisymmetric modes. It was designed by Lupoglazoff and Vuillot [98] (see
these references for details on this platform). The Navier-Stokes equations are solved with a
second order finite volume centered scheme. Time marching is explicit and uses the MacCor-
mack predictor/corrector method. Artificial viscosity is calculated with the Jameson method
(see Jameson and Schmidt [99]). Sierra is used in what follows to simulate the flow in a spe-
cific geometry designated as C1 (this is the first test case of a systematic research program
on the aerodynamics of segmented solid rocket motors). This computational case was defined
by Onera to study the strong aeroacoustic oscillations resulting from vortex shedding from the
propellant edge coupled with one of the modes of the system (see Lupoglazoff and Vuillot
[100]). This generic case is well documented and requires a limited amount of grid nodes (less
than 10000) allowing long computational sequences. Grid independence of the solution was
checked by replacing the standard mesh of 318�31 nodes by a finer grid of 454�43 points.
The C1 geometry features a marked acoustic resonance which organizes the large scales of the
flow. Vortices are shed in the present case from the edge of the propellant grain. The flow in
that region is essentially governed by a balance between inertial and pressure forces, this be-
ing typical of such solid propellant flows. Under such circumstances, turbulence is of lesser
importance and it is not necessary to use a subgrid model. It was also shown by Comte, et al.
[101]that a full 3D large eddy simulation including a subgrid scale model did not change the
overall structure of the unsteady flow. In practice, numerical viscosity acts as a subgrid model
and dissipates the smaller scales of turbulence.

In the present simulations the flow is nonreactive but this allows a suitable description of
the vortex-acoustic resonance in such a flow geometry. Parameters adopted in the simulations
are gathered in Table V.1. Indices i and j specify locations of actuators and sensors with respect
to the mesh. Figure V.2 shows their positions in the computational domain. Pressure sensors
are placed at the head-end (pH) and at the nozzle entrance (pA). An additional sensor is placed
just upstream of pA to measure the local pressure difference (�p = pA � pB). In detecting �p,
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Parameters Case 1 Case 2

Number of grid points 318� 31 318� 31
Pressure sensor pB (i; j) (210,1) (210,1)
Pressure sensor (error signal) pA (i; j) (245,1)
Forward plane pressure sensor pH (i; j) (1,30) (1,30)
x-velocity sensor uE (i; j) (245,24) (245,24)
Vorticity sensor (error signal) !E (i; j) (245,24)
Actuator position (id; if ; h) (1,2,30) (64,74,5)

Reference length 0.47 m 0.47 m
Reference velocity 1075.3 m s�1 1075.3 ms�1

Integration time step �t 0.244 �s 0.244 �s
Resonance frequency (close to 2L ) 2540 Hz 2540 Hz

Table V.1: Parameters of the C1 computations.

the aim is to filter out the acoustic pressure signal. The pressure difference is then proportional
to the hydrodynamic pressure gradient. The filtering is based on the difference in characteristic
length scales between acoustic and hydrodynamic perturbations. Two additional sensors placed
at the nozzle entrance detect axial velocity and vorticity fluctuations uE and !E .

The actuators will be defined as a distribution of sources on the computational mesh.
As explained previously these sources correspond to mass addition. The actuator location is
specified by the first and last values (id and if ) of index i corresponding to the source and by
the transverse size of the source specified in terms of elementary cells by index h (see Table 1).
The actuator source locations are shown in Figure V.2.

The computational domain is represented in Figure V.2. The lower boundary 1 delivers
a uniform stream of gases and represents the solid propellant surface. The mass flow rate per
unit surface is imposed at this boundary, the gas temperature is prescribed and the tangential
velocity component is zero at this limit. The boundary 2 represents the motor front head, the
velocity vanishes on this boundary and the temperature is imposed. The line 3 is a symmetry
plane. The outflow in section 4 is supersonic so that numerical boundary conditions in this
section are treated by simple extrapolation from the computational domain. At the wall 5 the
flow velocity vanishes and the temperature is imposed.

In a first attempt at controlling the instabilities observed in the C1 case the actuator was
simulated by a modified front end boundary condition. Perturbations were imposed on the in-
coming characteristic lines while outgoing waves were allowed to propagate out of the domain
without reflection. Systematic tests carried-out in this situation indicated that the simulated
flowfield did not respond adequately to the imposed fluctuations. For a given modulation fre-
quency differing from that of the instability and for a small level of perturbation, one expects to
find a superposition of acoustic waves in the system and a beating between these two waves if
the frequencies are close. If that were the case it would have been possible to act on the signal
delivered by the pressure sensor to control the vortex shedding. Calculations however indicated
that beating was only produced at the beginning of the simulation and that vortices were very
rapidly synchronized by the excitation signal introduced by the actuator. Closed loop control
could not be achieved under these circumstances. This behavior was due to the modified bound-
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Figure V.2: The C1 geometry. (a) Definition of computational domain, (b) Locations of ac-
tuator sources and sensors for case 1, (c) Locations of actuator sources and sensors for case
2.

ary condition used to represent the actuator. Because the boundary did not reflect the incident
waves the resonant properties of the system were changed and the vortex shedding phenomenon
was altered.

It was then decided to use an alternative method to model the actuator. The boundary
conditions were left untouched but source terms were distributed in the field. A somewhat
similar approach was devised independently by Mohanraj, et al. [102] who use sources in a one
dimensional version of Euler’s equations. Without describing the details of the Sierra code, we
only summarize the steps required to incorporate source terms in the balance equations.

� In the first step one has to specify the number, location and type of source. This is done
in a “driver” module which is read at the simulation beginning. This driver also contains
information on the sensors used in the control scheme.

� During the calculation and at each time step the sources and sensors are updated.

� After each step the sources are added to the right hand side of the discretized balance
equations.

If _!s designates the volumetric rate of mass addition, the discretized balance of mass, momen-
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tum and energy are modified as follows :

�n+1
c = �n+1 + �t _!ns (V.1)

(�u)n+1
c = (�u)n+1 + (�t _!ns )u

n
s (V.2)

(�v)n+1
c = (�v)n+1 + (�t _!ns )v

n
s (V.3)

(�E)n+1
c = (�E)n+1 + (�t _!ns )(es + ks)

n (V.4)

The superscript n corresponds to time discretization while subscript c designates the controlled
variables. Velocity components us, vs and the internal energy of the injected stream es may be
freely specified. The kinetic energy ks is a function of us and vs. In the present calculations
the value adopted for the internal energy es is that of the surrounding fluid. In order to focus on
mass addition effects, the velocities us, vs and the corresponding kinetic energy ks are set equal
to zero. The rate of mass addition _!s may be defined in various ways. In open loop tests this
term is explicitely defined by one of the following expressions :

_!s = a (V.5)

_!s = b sin[2�f(t� t0) + �] (V.6)

_!s = cS(t; t1; t2; f1; f2) (V.7)

where a; b; c are constants, f is a given frequency, t0 is a time origin, and the function S defines
a sinewave with a frequency sweep from f1 to f2 begining at time t1 and ending at t2. It is thus
possible to simulate a constant injection of mass (a 6= 0), a sinusoidal modulation (b 6= 0) or a
linear frequency modulated sinusoide (c 6= 0). The mass injection term _!s may also follow the
controller output designated in what follows as “RAC” : _!s = rac(t).

In this application the adaptive controller RAC is fed by one of the sensors defined in Fig-
ure V.2. Tests of the source terms were carried out systematically to verify the proper operation
of the concept [103,105].In the first test series the sources are placed in a constant section duct
with closed/open left and right sections filled with fluid. The sources are shown to excite the
expected duct mode distributions.

A second test series [105] was aimed at analyzing the response of the vortex driven flow in
the C1 configuration under an external excitation. Parameters were those of case 1 in Table V.1.
The calculation begins with an established oscillation in the flow. Effects of different levels of
source excitation were considered. When the excitation amplitude is augmented two frequen-
cies are detected, a further increase in amplitude leads to a decrease of the instability frequency
level. Analysis of other sensor signals confirm this behaviour (for more detailed information,
see [103,105]).

These test series indicates that the C1 configuration responds to the new source terms
placed in the field. The following points are noticeable:

� The instability phenomenon coexists with the frequency delivered by the actuator when
the level of excitation is low.

� The frequency shifts towards the excitation frequency when the level of modulation is
larger.

� The vortex shedding process is reorganized when the excitation frequency is very large.
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Before describing closed loop calculations we now consider the control algorithm and examine
issues related to interfacing.

V.5 Interfacing control algorithm and flow simulation mod-
ule

The interface between the flow simulation module Sierra and the subroutine RAC which cor-
responds to the adaptive controller is designed to come as close as possible to a typical exper-
imental configuration. The Sierra code is then used as a black box providing signals detected
by different sensors and receiving the signal driving the actuator. The integration step in the
simulations is of �t = 2:44 10�7 s, which corresponds to a sampling frequency fsierra =
4:096 106 Hz. Results are recorded periodically every dw = 25�t. The writing frequency is
fwrite = 1:64 105 Hz. It is not necessary and not recommendable to use the adaptive filter at
these very high rates. Such frequencies would require very long filters (with more than a few
hundred coefficients) in order to represent the system with sufficient precision. The filter re-
newal should be effected at a much lower rate, typically at a frequency frac = 20480 Hz. This
value corresponds to the Sierra frequency divided by a factor ds = 200.

To link a typical flow experiment featuring an analog sensor to the discrete control algo-
rithm one uses an anti-aliasing filter (AAF). The same precaution seems necessary in connecting
the flow simulation module Sierra to the control routine RAC. The sampling rate reduction by a
large factor ds = 200 induces a loss of information and may lead to problems of spectral overlap
as those found when analog signals are sampled into discrete sequences. This justifies filtering
of the controller input with an AAF as shown in Figure V.3. The flow simulation module Sierra
yields an input to the controller RAC at each integration step. One may then choose to keep
each ds value provided by Sierra or one may first low pass filter the values generated by Sierra
and then keep the result every ds sample.

Figure V.3: Block diagram of the Sierra interface with the adaptive controller RAC.

A similar situation prevails at the controller output. One possibility is to use a “sample
and hold” which keeps a constant value of the RAC output during the following ds integration
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steps of Sierra. Or one may low pass filter the output in order to eliminate the high frequencies
introduced by the successive jumps in the sampled and blocked values returned by the controller
(see Figure V.3).

The effects of filtering may be examined with the following tests. In a first trivial case
(which is not shown here) dw = ds = 25. This means that the sensor values are written
at the same frequency by Sierra as they are updated and written by RAC. Hence, the sensor
and actuator signals measured by RAC and Sierra are identical. In the second test case the
sampling rates differ : dw = 25 and ds = 200. These values are adopted later on in the
simulations with control. The corresponding results are now displayed in Figure V.4 (upper
figure: actuator signal generated by RAC; second figure: pressure sensor measured by RAC;
third figure: actuator signal measured by Sierra; bottom figure: pressure sensor measured by
Sierra). The actuator signal measured by Sierra clearly shows the discretisation effect. In this
case, Sierra receives a discretized sinusoid (third curve from the top). It is worth underlining
that this is not a quantization error but is the consequence of the sample and hold operation
of the controller output. Although this would have no effect on the controller performance
it generates high frequency components as seen in the signal detected by the pressure sensor
which features high frequency oscillations (lower left plot in Figure V.4). These oscillations
were not observed in the previous test. The high frequencies introduced by the sampled signal
feeding the actuator interfere with the calculation. When the controller input is formed by the
samples without filtering (second plot from the top), high frequency components are present.
This perturbs the controller and the initial frequency is less visible.

Using the same downsampling as in the previous test (dw = 25 and ds = 200) but includ-
ing a low pass filter at the controller input and output one obtains the results shown in Figure
V.5. The actuator signal seen by the Sierra sensor is smooth. The high frequency components
in the pressure sensor signal are essentially suppressed. The controller input is noise free but a
phase is introduced by the filter.

V.6 Active control simulation results

An instability control algorithm (NSC) described in Mettenleiter, et al. [104] is used in the sim-
ulations presented in this section. It is based on a Least Mean Square (LMS) method. To control
the C1 flow it is first necessary to identify the system seen by the controller. This is designated
as the “secondary path” which combines the chamber dynamics and the AAF and LPF transfer
functions. With this information the controller filter may be brought to convergence to a steady
solution.

V.6.1 Secondary path identification

Off-line identification is used in the context of this simulation to describe the secondary path.
As in experiments it is possible to get this information in two regimes of operation :

� Identification may be carried out in the presence of the vortex instability phenomenon.

� Identification may be carried out in the absence of vortex shedding. This is achieved by
multiplying the viscosity by a factor which is typically of the order of 20
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Figure V.4: Actuator and sensor signal records. No filtering of RAC input and output signals.
From top to bottom : actuator signal output generated by RAC, pressure signal input to RAC,
actuator signal input to Sierra, pressure signal output from Sierra. dw = 25, ds = 200.

During identification, the controller RAC delivers a frequency which varies linearly in time (a
siren signal). The signal detected by the pressure sensor (pA) is recorded by RAC and Matlab
is used to calculate an Infinite Impulse Response (IIR) filter comprising 21 coefficients in its
numerator and denominator.

The results obtained in the two cases are shown in Ref.[105]. It is found that both filters
reproduce the real behavior well. On physical grounds it seems more appropriate to use the
identification result obtained in the presence of the vortex shedding process. The corresponding
transfer function is used in what follows.

V.6.2 Adaptive control

The control loop is closed when the flow simulation has reached a limit cycle with a well
established vortex shedding instability. Figure V.6 shows signal records after the controller is
switched on. This event is represented by a vertical line. The error signal (pressure sensor pA) is
shown on the top. A considerable reduction is observed in the beginning but the algorithm does
not converge to a steady state. A stationary solution is reached after a transient phase featuring
short modulations. The actuator signal shown at the bottom left also features pulsations before
converging to a steady state. One also notices that a large amplitude is initially generated to act
on the process. This amplitude diminishes later and converges to a lower level when the signal
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Figure V.5: Actuator and sensor signal records. Low pass filtering, applied to RAC input and
output signals. From top to bottom : actuator signal output generated by RAC, pressure signal
input to RAC, actuator signal input to Sierra, pressure signal output from Sierra. dw = 25,
ds = 200.

becomes stationnary. To check the stability of the controlled state, many cycles were calculated
after the stabilized amplitude was reached. Except for a slight increase in controller output, a
stable behavior is observed. This behaviour is also noticed in experiments (see Mettenleiter, et
al. [105]) suggesting that the controller acts on the vortex shedding process which drives the
oscillation in the system.

This interpretation is confirmed by the velocity signal uE not shown here. After an initial
phase with modulations the amplitude is stabilized at a lower level. The frequency also changes
and the shift during the transition may be at the source of modulations detected by all the
sensors. Finally, the pressure sensor pH placed on the motor front end (not shown) features a
notable reduction of amplitude when the controller is on but it is worth recalling that this signal
is not used in the control process.

The power spectral densities calculated during steady state operation confirm the con-
troller influence on the instability phenomenon. In the pressure signal pA without, the compo-
nent at the instability frequency vanishes completely (> 40 dB) but a new peak appears at a
different frequency at a much reduced level (factor of 10). The spectral density of the velocity
signal uE also clearly shows that the oscillation is shifted to a higher frequency. The initial
peak has disappeared. The new component reaches a significantly reduced level (by a factor of
3). This peak at 3900 Hz is close to the 3L mode of the C1 configuration which corresponds
to the next available mode for acoustic resonance. A similar behaviour can be observed for the
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Figure V.6: Control results in case 1. Pressure signal record pA(t) before and after the controller
is switched on (the vertical line indicates control switch on).

Figure V.7: Control results in case 1. Actuator signal record before and after the controller is
switched on (the vertical line indicates control switch on).

pressure signal pH . The peak at the initial frequency vanishes and the phenomenon is shifted to
the higher mode. The overall level is reduced by a factor of 3. These results are not shown here.

The controller does not suppress the vortex shedding but it shifts the phenomenon to an-
other eigenmode. The intensities at this new frequency are nevertheless significantly reduced.
The vorticity field before and after control are displayed in FiguresV.8 and V.9 respectively.
The no-slip condition imposed on the head end produces a vorticity layer in the first columns
of computational cells but this has no consequence for the calculation. The lower image corre-
sponding to the controlled operation shows that coherent vortices are still present but their size
and shedding frequency are modified in agreement with observations of the velocity spectral
density.

It appears that in the numerical simulation the vortex shedding is more persistent than in
the experimental case. This could be explained by the difference in the broad band content of
the signals detected in the two situations. Without coupling the acoustic signal is submerged in
the broad band noise existing in the experimental facility and it cannot trigger the vortices in a
coherent fashion. The shedding takes place more randomly (this is demonstrated in experiments
described in Mettenleiter [103]) or it may even be completely suppressed as described by Huang
and Weaver [15]. In the numerical simulation, the flow conditions are much “cleaner” . There

5-68



is no broad band noise which could prevent the synchronization between acoustics and vortex
dynamics. The vortices find in all circumstances a phase reference even when the acoustic signal
level is strongly reduced. No attempt was made to introduce broad-band noise to simulate more
realistic conditions.

Figure V.8: Vorticity field before control. The controller input is the pressure signal pA (case
1).

Figure V.9: Vorticity field after control. The controller input is the pressure signal pA (case 1).

In the case examined, the controller acts on the acoustics and then indirectly through
coupling on the vortex shedding. A more efficient reduction of velocity fluctuations could be
obtained by acting directly on the shear layer. It is interesting to see if an additional decrease in
the signal amplitude could be obtained with a another arrangement in which the actuator is set at
the edge of the propellant surface and the sensor provides a vorticity signal (case 2 in Table V.1).
This case is treated in Ref.[105]. In general, the same frequency shift can be observed as in case
1. The initial peaks disappear and the oscillation is shifted to the 3L mode, where it reappears
with largely reduced levels. It is worth noting that convergence in this second case is smoother
perhaps because the controller acts more directly on the instability process.

V.7 Conclusions

The simulation of active control is investigated in this section. A Navier-Stokes solver is cou-
pled to an adaptive control algorithm. It is shown that the actuator may be defined by distribut-
ing sources in the computational domain. This method is first used in open loop tests. The
coupling of the flow simulation module with the control algorithm is then considered. Because
the rates of operation of the flow solver and active control are widely different the signals at
the controller input and output must be filtered. It is shown that this eliminates high frequency
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components which would otherwise perturb the calculation. The simulation of active control is
then developed in a solid rocket motor geometry in which vortex shedding takes place which
leads to acoustic resonance of the system. Results obtained demonstrate that control is feasible
and that the method may be used to examine the changes in the flow field induced by the con-
troller. However convergence and stability issues related to adaptive control algorithms would
need further investigation.
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Chapter VI

Conclusion

This set of lectures has focused on modeling and simulation of combustion instability and con-
trol studies. After a presentation of some basic results, the paper deals with different facets
of the problem. simple time lag models, flame front dynamics, LES simulations of turbulent
flames interacting with acoustic waves, simulations of active control.

Dynamical combustion problems are exemplified in laminar and turbulent configurations.
The laminar case may be used to understand the mechanism and to validate numerical tools. The
modeling of acoustic interactions with external perturbations and turbulent flames is carried out
in an LES framework in which the large scale motions are computed while the smaller ones are
modeled.

The combination of an unsteady formulation for the large structures with an adapted flame
model allows the representation of complex combustion phenomena. Such an approach might
be used to study combustion instability mechanisms in combustors. The new approaches to-
gether with recent experimental data have enhanced the current understanding of combustion
instability. The prediction of instability of turbulent combustors is however not yet achieved
and remains a problem for current research.

Under application of the active control system, the stability and extinction domains of
a combustor are dramatically altered. The instabilities can be completely suppressed and the
instability-related flame extinctions are eliminated. The simulation of active control is investi-
gated in the last section. A Navier-Stokes solver is coupled to an adaptive control algorithm. It
is shown that the actuator may be defined by distributing sources in the computational domain.
The coupling of the flow solver with the controller algorithm pose problems which must be con-
sidered with care. It is in particular important to deal with the mismatch between the timestep-
ping required by the flow solver and that needed by the control algorithm. A full simulation of
active control is then developed in the case of a solid rocket motor geometry in which vortex
shedding takes place leading to acoustic resonance of the system. Results obtained demonstrate
that control is feasible and that the simulation method may be used to examine the changes in
the flow field induced by the controller. However convergence and stability issues related to
adaptive control algorithms would need further investigation.
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Summary
Self-excited combustion oscillations constitute an important problem for the development of modern
combustion systems. Methods to avoid these oscillations by active instability control (AIC) to provide
safe operations for the corresponding combustion system are the subject matter of this paper. In addition
to applications of this technology for a land-based gas turbine, basic actuation possibilities, methods of
measuring oscillation quantities and requirements to be met by control strategies are described.
Following this general section, the installation of AIC systems for gas turbines of the Siemens Vx4.3A
family will be explained. This type of turbine features an annular combustion chamber with a total of 24
burners. In order to be able to damp combustion oscillations arising within this type of combustion
chamber - appearing as azimuthal modes spreading along the circumference of the combustion chamber -
every burner was fitted with a direct drive valve. This type of valve creates mass flow modulations within
the pilot gas supply of the burner which are anti-cyclical to the oscillations characterising the heat release
rate within the flame, thus extinguishing them. Input signals for the feedback control system are obtained
by measuring sound pressures within the combustion chamber indirectly at the burner flanges. Finally,
this type of gas turbine was fitted with a 12-channel controller and 12 sensors in order to allow a damping
of the azimuthal modes excited around the circumference of its annular combustion chamber. Exploiting
the symmetry characterising azimuthal modes, two actuators are driven by every feedback loop. In tests
run on various type V94.3A gas turbines delivering up to 267 MW of electric power according to ISO,
AIC systems were used to damp successfully a great variety of combustion oscillations for several burner
variants and operating points. Thus, it was possible to obtain stable gas turbine operations over their full
power ranges. In addition to the high AIC flexibility in damping various oscillation problems at different
gas turbine operating points, this technology has proved to provide a high degree of fault tolerance and
good long-term characteristics.

Introduction
Primary development aims for all modern combustion systems are minimising pollutant emission values,
enhancing efficiency and increasing power density in order to achieve design dimensions as compact as
possible. This imposes strict operating limits for efficiency and power density; moreover, in order to
achieve low NOx emissions, lean premixed combustion is favoured in most cases. One unwanted side-
effect is the appearance of a special form of combustion instability, so-called self-excited combustion
oscillations. For low thermal power combustion systems, these instabilities primarily lead to increased
noise levels. For combustion systems delivering high heat release rates, such as process gas heaters, or
for combustion systems working under pressure, such as gas turbines, the sound pressure generated will
reach very high levels. Owing to the large surfaces of such systems, high mechanical loads on the
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combustion chamber as well as on upstream and downstream components will arise. Also the thermal
load on the chamber walls will rise considerably. Depending on sound pressure amplitudes, components
will fail sooner or later; thus, this kind of oscillation must be avoided by all means if those combustion
systems are to be operated safely. In view of the high requirements to be met by up-to-date, highly
optimised combustion systems and their low degree of flexibility as regards operating parameters, the
scope available for avoiding oscillations by modifying burner operation is decreasing all the time. New
methods to prevent oscillations will have to be found.

Basically, the possibilities available to prevent self-excited combustion oscillations can be subdivided
into passive and active measures. For instance, increasing acoustical attenuation, acoustically detuning
systems by design modifications, and operational modifications are considered passive measures.1-4 By
contrast, active measures imply creating an external feedback loop using an actuator to influence
combustion oscillations so as to damp them down. With this type of "Active Instability Control" (AIC),
the combustion system, properly speaking, does not have to be redesigned, and operations can continue
as usual.

The basic idea to suppress combustion oscillations by an active feedback loop was published in a
theoretical paper on rocket engines by Tsien as early as 1952.5 However, it took until the eighties to
convert this idea into a practical device. Various authors described successful tests based on laboratory-
scaled burners with a thermal power of between 1 kW and 250 kW.6-8 For all these publications,
attenuation of combustion oscillations is achieved by anti-sound signals generated via loudspeakers. In
addition to this method, other types of intervention and control strategies were researched for various
combustion systems; however, all tests were performed at lab scales.9-16 The first industrial-size
application was realised by Seume et al. 17 in 1996 based on a land-based gas turbine delivering 160 MW
of electrical power. For this gas turbine, active control was achieved by means of anti-cyclical fuel
injection, with direct drive valves serving as actuators. This technique was then also extended to the
largest type of this family of gas turbines, the V94.3A with an electric power output of 267 MW.18, 19 Full
scale tests on afterburners have been published by Moren et al. 20, and on a 67.5° sector of a liquid-fuelled
lean premixed combustor by Hibsman et al. 21

The way this technology was implemented and the problems encountered in doing so constitute the
subject matter of chapter 3. To begin with, however, chapter 2 explains the necessary fundamentals, the
main possibilities for actuation, as well as the components available to do so, such as sensors and
actuators. Moreover, practical requirements to be met by this technology will be illustrated. Results
achieved with AIC are discussed in chapter 4. Chapter 5 and 6 deal with long-term experience and a short
evaluation of the advantages offered by AIC as compared to passive measures.

Fundamentals

Origin of self-excited combustion oscillations
In numerous cases, self-excited combustion oscillations are due to the feedback mechanism shown in a
simplified diagram in Fig. 1. The injection of a turbulent air and fuel spray will generate broadband
sound. Excitation of acoustic resonant frequencies within the combustion chamber may thus
particularly amplify specific discrete frequencies. These sound pressure perturbations will create
periodical flow modulations, i.e. periodically change the inflows into the combustion chamber, if
appropriate preconditions at the combustion chamber inlet are given. Within the flame, these periodical
flow fluctuations will cause the heat release rate to fluctuate with the same period. If its oscillations are
in phase with sound pressure oscillations within the combustion chamber, further excitation will result
according to Rayleigh’s criterion,22 so that oscillations will keep building up. Within this feedback
cycle, the decisive link between combustion and flow is constituted by the acoustics.
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Fig. 1: Simplified model of a self-excited combustion oscillation. The feedback loop is determined by
combustor acoustics.

Active control of combustion oscillations
When actively suppressing self-excited combustion oscillations, some physical quantity such as the
sound pressure characterising the oscillation is measured; the signal thus obtained is then fed into a
controller. Using an appropriate control strategy, the controller generates an output signal designed to
counteract the oscillation via an actuator. Thus, the sound pressure signal is attenuated. For this purpose,
the actuator superimposes some separately generated oscillation on some quantity contributing to
combustion oscillations so that self-excited oscillations will be extinguished. Fig. 2 shows this principle
schematically. In this instance, sound pressure is used as controller input signal driving the actuator to
modulate the fuel mass flow Fuelm ,0&  injected.
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Fig. 2: Schematic of the AIC system. Combustion instabilities are neutralised by modulation of the fuel
flow rate anti-cyclically to the heat release rate of the flame.

POINTS OF ACTUATION AND ACTUATORS AVAILABLE

According to the mechanism generating self-excited combustion oscillations, schematically shown in Fig.
1, there are two basic possibilities for active control of combustion instabilities via actuators: by
influencing the combustion system acoustics or by controlling the flame itself. For actively intervening
via acoustical means, sound pressure fluctuations within the combustion chamber are damped by means
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of an anti-sound signal. Owing to the direct coupling between sound pressure fluctuation and related
oscillations of the heat release rate within the flame, the combustion zone itself will likewise be smoothed
out. By contrast, when actively controlling via the flame, fluctuations of the heat release rate are
attenuated by anti-cyclically injecting air and/or fuel mass flows. Seeing that the unsteady flame with its
unsteady heat release rate constitutes the source of sound, the sound field within the combustion system
will likewise be damped.

When implementing various possible means of controlling combustion instabilities, different problems
will occur depending upon the type of intervention or the physical quantities influenced. More
particularly, acting upon acoustics by superimposing an anti-sound signal, say, by means of a
loudspeaker, soon runs up against practical limits. For combustion systems operating under pressure or
characterised by high volume flow rates, the acoustic power that can be generated by loudspeakers is
insufficient to appropriately damp any self-excited sound field. Moreover, there will be problems with
installing this type of actuator. For instance, loudspeakers have to be built in as flush as possible with the
chamber walls in order to guarantee good sound emission. In view of the high wall temperatures
characterising combustion systems, doing so is normally impractical. Installing acoustic actuators within
the air/fuel supply system likewise creates practical problems if mass flows are pre-heated or flammable.

Compared to acoustics, influencing the flows introduced into combustion systems offers a better control
potential. Fuel supplies are normally particularly suitable because, in industrial combustion systems,
volume flow rates of fuel are often substantially lower than those of air. This is particularly true for
gaseous fuels supplied under high pressure, for highly caloric gaseous fuels, or when burning liquid fuels.
Fig. 2 shows this type of control schematically. Given sufficiently reduced volume flow rates,
correspondingly small valves can be used as actuators for high-frequency opening and closing. Various
authors have presented and/or tested this type of valve. Most of these valves are actuated by means of
electromagnetic linear motors or by piezo or magneto-restrictive drives.16, 15, 23 In addition to such valves,
other devices were successfully used in the past to modulate fuel flows, such as an actuator featuring a
piezo driven piston designed to superimpose a sound field upon a liquid fuel flow that generates mass
flow fluctuations at the injection nozzle.15

In addition to actuation through modulation of the mean fuel supply, there is the possibility of damping
the oscillations prevailing within the flame by injecting additional fuel directly into it. Certain papers
have shown that, depending on the actuator type used, the fuel injection point, or the spray
characteristics, no more than 3-4% of additional fuel will be required to control combustion
oscillations.10, 14

No matter which type of actuator is employed, its correct installation is highly important. This includes
actuator positioning, taking due account of functional principles and the sound field prevailing in any
specific case. For instance with loudspeakers, care has to be taken to install them in the sound pressure
anti-node area of the eigenmode for active control to be effective. In addition to this requirement,
actuators for industrial AIC systems need high reliability; in some cases, it must be possible to use them
even at high ambient and media temperatures.

AIC INPUT SIGNALS

Basically, every parameter that is part of the oscillation at issue can be used as input signal for an active
feedback control. In practice, however, only those will be used that can be measured easily by suitable
sensors, i.e. mainly sound pressure and heat release rate of the flame. Sound pressure can be measured
very easily, e.g. by microphones or piezo pressure transducers, while photomultipliers or photodiodes are
particularly useful to measure the unsteady heat release rate of the flame. In order to obtain a resolution
sufficient for the time scales of the oscillations, the emissions of short-lived intermediate reaction
products are measured, such as the formation of free OH radicals. In order to be able to capture only the
radiation emitted by them at 306.5 nm, appropriate optical bandpass filters will be used.

AIC sensors have to be positioned in spots where the parameter to be measured correlates sufficiently
with combustion oscillations and is reasonably proportional. Optical sensors to measure heat release rates
for the AIC must cover no less than that area of the combustion zone where fluctuations of the reaction
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rate occur, the entire combustion zone being preferable. If only a small portion of the combustion zone is
covered, any displacement of this zone may blind the sensor to prevailing oscillations. A further problem
with optical sensors is fouling, e.g. by soot.

REQUIREMENTS TO BE MET BY A CONTROLLER

The least complicated controller for an AIC system is an amplifier/phase shifter combination
appropriately amplifying input signals and shifting their phases so as to ensure the required anti-cyclical
operation of the actuator. However, this type of controller will only work satisfactorily if the oscillation
frequency excited is constant and if there is only one oscillation frequency. Further requirements
imposing more complex control strategies are entailed by combustion systems having several burners
distributed over the modes excited. Under certain circumstances, they may require multi-channel control
signal processing. Moreover, in industrial applications, a self-adapting control strategy and/or control
parameter compensation depending on operating points are indispensable. Thus, in the past, a great
variety of control strategies such as model-based controllers, self-adapting controllers based on LMS
algorithms or self-tuning controllers were researched. A summary of the work published on this topic is
to be found in a recent publication of Dowling.24

Installing AIC on Siemens type Vx4.3A land-based gas turbines
The following section describes the installation of an AIC system on type Vx4.3A land-based Siemens gas
turbines. Fig. 3 shows a longitudinal section through the upper half of this gas turbine. In contrast to former
types of Siemens gas turbines that were fitted with silo combustion chambers, this family of gas turbines
features ring combustion chambers (see left-hand illustration in Fig. 4). In total, this gas turbine comprises
24 Siemens hybrid burners spread uniformly over the circumference of its annular combustion chamber.

Inlet
channel

One of the 24
Hybrid Burners

Ring combustion
chamber

Turbine

Compressor

Exhaust
channel

Fig. 3: Half-section drawing of a Vx4.3A series gas turbine.
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Fig. 4: Left: Three-dimensional drawing of the annular combustion chamber of the Vx4.3A with a total
of 24 burners. Right: Excited azimuthal modes for the second harmonic in the V94.3A.

Any Siemens hybrid burner may be operated both on liquid and gaseous fuels. At start-up and with
gaseous fuel, the burner is operated in diffusion mode. When a specific turbine power is reached, there
will be a switch-over from pure diffusion to so-called mixed operation. For this purpose, a combination
of diffusion and premix flames is used. When the temperature within the combustion chamber is
sufficiently high to stabilise a pure premix flame, operation is switched from this mixed mode to purely
premixed operation. To stabilise the premix flame, every Siemens hybrid burner features an additional
pilot burner. This is a diffusion burner delivering approx. 10% of the thermal power provided by the
complete burner unit.

Instability problem
During the test phase of the prototype and the commissioning of the type of gas turbine described above,
there were problems with self-excited combustion oscillations in various power ranges depending on the
modifications performed on the hybrid burner used. Due to the low frequency of these instabilities, this
effect is sometimes called "humming".

Research on this oscillatory phenomenon described by Seume et al. 17 showed that standing sound waves
are generated within the annular combustion chamber by self-excited combustion oscillations. According
to the direction of propagation of these waves along the circumference of the annular combustor they are
designated "azimuthal modes". They are characterised by regions where sound pressure amplitudes are
high, called "sound pressure anti-nodes", and regions where these amplitudes are very low, called "sound
pressure nodes". The number of nodes and antinodes varies according to the prevailing frequencies. The
right-hand side of Fig. 4 shows the azimuthal modes of the second harmonic, characterised by a total of 4
nodes and 4 anti-nodes. For the largest version of this gas turbine type, V94.3A, this eigenmode is
excited at a frequency of approx. 170 Hz.

The equation f=n⋅c/(π⋅d) provides a theoretical estimate for the characteristic acoustical frequencies of
any annular combustion chamber. At an average combustion chamber diameter of d=3 m and a speed of
sound of c=844 m/s (assuming an average combustion chamber temperature of 1,500°C), the resulting
frequency for a V94.3A is 179 Hz for the second harmonic, a value agreeing well with experimentally
determined characteristic frequencies. For smaller versions of this turbine family, the above equation
returns higher frequencies for the occurrence of combustion oscillations, due to the reduced diameter of
their combustion chambers (see Seume et al. 17).
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AIC installation
In order to avoid the oscillation problem described, an AIC system for this type of gas turbine was
developed in addition to passive measures such as burner design modifications.4 Fig. 5 provides a
simplified schematic diagram of the basic design of this AIC.
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Fig. 5: Schematic AIC diagram of the Siemens model Vx4.3A heavy duty gas turbine

SENSOR

By way of input quantity, this AIC system uses the sound pressure measured at the burner flanges. There,
wall temperatures are substantially lower than within the combustion chamber so that high-temperature
piezo pressure transducers can be used without requiring any additional cooling . It was verified in a
number of tests that the sound pressure signals measured at the burner flanges coincide sufficiently well
in amplitude and phase with the pressure signals within the combustion chamber.

During some initial tests, potential uses of optical probes for measuring AIC input signals were
researched in addition to sound pressure measurements at the burner flanges. However, owing to the
limited field of view and due to thermal problems with probe installation, this method was soon given up.

ACTUATOR

The crucial problem for implementing any AIC system of the type described here is actively influencing
the combustion. Owing to the elevated air and fuel volume flows through Vx4.3A gas turbines, these
flows cannot be sufficiently modulated in full, neither by means of acoustical actuators nor by valves.
Detailed research showed that the main premix flame of the Siemens hybrid burner – controlled by much
smaller pilot diffusion flames – will respond very precisely to fluctuations in the conversion rates of
those pilot flames. Accordingly, it is possible, by modulating the pilot gas mass flow, which comprises
no more than approx. 10% of the entire mass flow, to control not only the pilot flames themselves but
also the premixed main flame to a significant extent. Pilot flames are supplied via their own fuel line. The
actuator, a direct drive valve (DDV) – shown in Fig. 6 - developed specifically for this application by
Moog Germany, is integrated in this fuel line. In order to obtain maximum control levels for main flames
and, accordingly, for the combustion oscillations arising within the gas turbine, every burner of the
turbine was fitted with its own valve. Thus, a total of 24 valves was installed around the annular
combustor of the gas turbine.

In the absence of any AIC signal, DDV valves will be 50% open, so that the pilot gas mass flows
required for normal premixed operation will reach the burners. In order to modulate individual pilot gas
mass flows and thus the pilot flames themselves, valve spools will be moved around their static opening
value of 50%, i.e. opened further or closed down at the frequency of the combustion oscillation to be
damped. The level of fuel flow modulation achieved can be determined by valve spool stroke. According
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to the frequency response of the used valve type – shown in Fig. 7 – the valves allow the control of
combustion oscillations with frequencies of up to 400 Hz.
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Fig. 6: Schematic diagram of the DDV valve used
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Fig. 7: Frequency response of the DDV valve used

By moving the valve spools at frequencies within this range, sound waves will be generated within the
pilot gas systems. The resulting effects on the modulation of the pilot gas mass flow must be taken into
account and the pilot gas system must be tuned as described in Hermann et al. 15 and Hantschk et al. 16

CONTROLLER

As described in Seume et al. 17, azimuthal modes are excited within ring combustion chambers by
combustion oscillations. This means that the pressure fluctuations excited along the combustion chamber
circumference are characterised by both different amplitudes and different phases, and that the burners
placed evenly along the circumference of the annular combustion chamber are accordingly located at
positions characterised by differing amplitude and phase values. Seeing that fluctuations of the heat
release rate are coupled characteristically with pressure oscillations (self-excitation), any heat released at
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the various burners will fluctuate at differing amplitudes and phases. Since AIC requires both anti-phase
and in-amplitude influencing of the unsteady flame, this means that it must be possible to control every
burner individually. The least complicated case would require a sensor and a feedback loop for every
burner, so that a 24-channel AIC system would have to be installed.

Fig. 8: Left: Exploiting the symmetry of azimuthal modes, e.g. for the first harmonic. One sensor and
one controller provide the input signals for two DDVs. Right: Sound pressure at the two valve
positions.

For minimising this high number of feedback loops, the symmetry of azimuthal modes arising within the
combustion chamber was exploited. As shown by the azimuthal mode corresponding with the first
harmonic in Fig. 8, the sound pressure fluctuations for two precisely opposite burners are characterised
by identical amplitudes p̂ and a phase shift ϕ amounting to 180° with respect to each other. As indicated
in Fig. 8, for an AIC system this means that a signal measured at a specific position by one sensor can be
used to control not only the actuator for this position but also the one located at the precisely opposite
point of the combustion chamber by merely inverting the controller output signal for the second actuator.

In the event of second or even higher harmonics, the number of feedback loops can be reduced even
further, as shown in Fig. 9. Here, a total of 4 actuators are controlled via one input signal and one
feedback loop. For the control system of V94.3A burners, an installation as in Fig. 8 was chosen since,
for this type of gas turbine, the first harmonic will likewise appear due to self-excited oscillations. In
total, this type of gas turbine was fitted with 12 sensors and 12 feedback loops.

Control
loop 1

Fig. 9: Exploiting the symmetry of azimuthal modes, e.g. for the second harmonic. One sensor and one
controller provide the input signals for four DDVs.
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Those 12 loops were realised by means of 6 signal processors, every processor handling two input signals
and generating four output signals. The algorithm used works within the frequency range; it is suitable
for controlling two frequencies, a restriction entailed by the limited computing capacity of the type of
signal processor used. The necessary control parameters depend on the operation parameters of the gas
turbine and are set automatically during continuous operation. Hermann et al. 19 provides a detailed
description of this control system.

Results
The AIC system described above was implemented in two differently sized gas turbines within the
Vx4.3A family. The first tests were run using a type V84.3A machine delivering 170 MW of electric
power at Siemens test facilities in Berlin. Detailed specifications of the AIC structure used and the tests
performed are to be found in Seume et al. 17 Owing to these successful tests , AIC systems were
subsequently built into type V94.3A machines for field testing purposes. Depending on the version used,
these machines deliver between 233 MW and 267 MW of electrical power under ISO conditions. For this
purpose, the electronic system and the control strategy used for V84.3A were completely redesigned and
further developed into an industrial-grade system.

During field tests, AIC systems were used on V94.3A machines together with various burner
configurations showing oscillation problems at various operating points of the corresponding gas turbine.
Below, tests on three different burner configurations are presented.

Burner configuration A: active control at switch-over
Burner configuration A mainly presented problems due to combustion oscillation during switch-over
from mixed to premixed operation, i.e. when transitioning from a combination of diffusion and premixed
flame to a purely premixed flame. To stabilise the premixed flame, the pilot burner is switched on while
switch-over is in progress. Fig. 10 shows this process without (left) and with activated AIC system
(right). From top to bottom, the following quantities are plotted:

− maximum sound pressure spectrum calculated on the basis of the signals delivered by the 12 AIC
sensors at three different moments in time;

− maximum RMS value of the sound pressure versus time, calculated on the basis of the signals
delivered by the 12 AIC sensors;

− opening cross-section versus time for the gas valves actuated during switch-over, as a percentage
of the maximum opening cross-section for the corresponding valve.

As shown in Fig. 10 in the diagrams on the left, strong combustion oscillations occur approx. 3.5 seconds
after opening the pilot gas main valve (= start of switch-over, marked in the bottom diagram by a vertical
arrow) as the pilot gas flows into the combustion chamber. After another 2 seconds, the diffusion gas
valve is closed and the premix gas valve opens, with the thermal power within the combustion chamber
being kept constant during that process. About 10.5 seconds after initiating the switch-over (t=15s), i.e.
as the diffusion gas valve closes, the combustion oscillation amplitude slightly weakens before it returns,
after another 5 seconds, to the value characterising constant operation. At the t=20s moment in time, the
gas turbine is running in its fully stabilised premix mode. Considering the frequency spectrum of the
sound pressure measured at various times during switch-over, it becomes obvious that, in the beginning,
the first harmonic dominates at around 90 Hz (t=9.7s). At t=13.7s, this frequency will have dropped to
approx. 80 Hz. By way of non-linear effect, high amplitudes of the first harmonic will additionally
produce its higher-order harmonics.

The diagrams on the right-hand side of Fig. 10 show the same switch-over process, but subject to an
activated AIC system. As the sound pressure history for the RMS value indicates, this leads to an almost
complete attenuation of combustion oscillations. Only a specific position of the diffusion gas valve
(t=15.2s) produces a short peak lasting approx. 0.5 s, its RMS value already substantially reduced.
Considering this moment in time on the frequency spectrum, it becomes apparent that the harmonic
excited is no longer the first but the third one, at approx. 250 Hz. To achieve even further damping for
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this oscillation by means of an AIC system, the system was pre-set for both frequencies (first and third
harmonics). As shown by the spectrum of another switch-over recorded some 10 minutes later, the
amplitude of this oscillation was further attenuated, without influencing, yet damping of the first
harmonic. It has to be stated that the damping achieved by AIC was more than sufficient for safe gas
turbine operation.
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Fig. 10: Switch-over from mixed to premixed operation without (left) and with AIC (right). The inlet
guide vane remained permanently closed.

Burner configuration B: active control at load change during premixed operation
During premixed operation over a power range of 60% to 100% of base load, burner configuration B was
characterised by self-excited combustion oscillations. If this gas turbine is operated without AIC,
increased amplitudes for the third harmonic at a frequency of 270 Hz may appear as early as at 60% of
base load. At approx. 80% of base load, this frequency shifted to 170 Hz, corresponding to the second
harmonic of the combustion chamber.

By activating the AIC system, the oscillations were attenuated enough to allow safe turbine operations up
to 100% of base load power. Fig. 11 demonstrates the AIC operation for a load increase (left) and a load
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decrease (right). From top to bottom, the following oscillation and operating parameters of the turbine are
shown, all of them plotted versus time:

− maximum RMS sound pressure value calculated on the basis of the signals of 12 AIC sensors;

− maximum sound pressure amplitude of the two characteristic frequencies for which the AIC is tuned;

− electrical power output of the gas turbine.
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Fig. 11: Load increase to base load (left) and decrease to part load (right) in premixed operation with
activated AIC system. While running up the gas turbine, the system must be activated earlier
than when the gas turbine is being run down. The AIC system was also always activated at base
load to suppress combustion instabilities.

First the AIC is tuned to the third harmonic at approx. 270 Hz, and automatically activated at 60% of
base load power. Immediately after AIC activation, the amplitudes characterising the oscillations already
present are damped by approx. 65% and remain at more or less this level, as the load is further increased
up to 80% of base load power. At about that level, the second harmonic is excited at around 170 Hz,
while the amplitude of the third harmonic continues to decrease further. By converting the AIC target
frequency to the one characterising the second harmonic, its amplitude is reduced immediately by around
30%. Switching over AIC from the third to the second harmonic, as described, was required since, at that
point of the test runs, simultaneously damping even and odd-numbered modes had not yet been
implemented for the AIC system.

The same damping efficiency as shown above for the case of a load increase was likewise achieved when
the load level was decreased even though, in this case, switching from the second to the third harmonic
did not produce any significant amplitudes. The right-hand trend diagrams in Fig. 11 demonstrate this
AIC operation.
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Burner configuration C: active control at start-up and at lower part load
operation of the gas turbine

This type of gas turbine is started - and subsequently operated, at its lower part load range – exclusively
in diffusion mode where flames are easier to stabilise despite the low level of combustion chamber
temperatures still prevailing. Once a certain temperature limit has been reached, there will be switch-over
to mixed operation. In this lower part load range – from start to switch-over into mixed operation –
burner configuration C will be subject to problems caused by self-excited combustion oscillations, with
the second and the fourth harmonics being excited simultaneously within the ring combustion chamber.

Even though the AIC application presented relies on modulating pilot gas mass flow and pilot flames
which are, in principle, provided only for premixed operations, it proved possible to use the AIC system
successfully even during part load operations. For this purpose, the pilot burners were used together with
diffusion flames, and the AIC system was activated. The system was tuned for the two frequencies
excited.

As shown in Fig. 12, which displays the maximum frequency spectrum of the 12 AIC sensors with and
without AIC for this point within the operational range, it was possible to damp both excited frequencies
almost completely. For the second and fourth harmonics, damping levels amounted to 20 dB and 14 dB
respectively.
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The separate damping of two eigenmodes by AIC, as described above, is exemplified again in Fig. 13.
The diagram plots sound pressure as a spectrogram (maximum values for the 12 sensors) versus time.
Dark areas indicate high amplitudes, lighter areas the general noise level. The two horizontal bars at
completely deactivated AIC mark the two eigenmodes excited, in this case, at 145 Hz and 290 Hz.
Starting at t = 70 s, by slowly reducing the AIC output signal to suppress the fourth harmonic at 290 Hz
within the 70 s < t < 85 s range, the amplitudes of this harmonic increase. During the next 23 seconds,
AIC only damps oscillations at 145 Hz. By completely switching off the AIC system at t=108 s, the
second harmonic is likewise excited at 145 Hz. By reactivating the AIC for both frequencies at t=127 s,
the two oscillations are damped out completely once again. This example demonstrates that both
oscillations can be self-excited independently of each other and that in general - if combustion
oscillations are to be avoided completely - both will have to be damped by using AIC.

AIC fault tolerance and long-term experiences
In order to research the influence of a failure of any feedback loop on AIC damping characteristics, for
instance, due to defective pressure transducers or valves, specific loops were switched off on purpose
during test runs. It was shown that reducing the number of feedback loops to ten – corresponding to no
more than 20 active valves – had no significant influence on damping characteristics.

In test runs to determine the long-term suitability of the AIC system, it was kept operating for more than
8,000 hours in some gas turbines. No valve failure and no decrease in the damping efficiency occurred
and abrasion of the moving parts of actuators was negligible. During these long-term tests, AIC systems
were operated automatically in conjunction with the corresponding gas turbine control units and had to
control automatically a wide range of operating conditions and situations so as to damp any arising
combustion oscillations safely.

Conclusions
As compared to passive measures, AIC systems have a number of advantages. While the damping effect
of passive measures frequently remains restricted to narrow frequency or operating ranges of the
combustion system concerned, the AIC is distinguished by its high degree of flexibility and its wide
range of operation. The examples described – different types of oscillation problems occurring for a
variety of operational situations being solved successfully – make this obvious. For damping low
frequency oscillations numerous passive measures such as Helmholtz resonators or sound absorbers
require a great deal of space and thus cause much unwanted design complications, while the AIC system
needs little space and can be installed in a comparatively simple manner.

Another AIC advantage is that – thanks to its degree of development reached by now – it takes
significantly less time to install and requires fewer tests. Accordingly, novel combustion systems can be
commissioned faster and take less time to market. By comparison, developing suitable passive measures
is still mostly a trial-and-error process and takes much experimenting, i.e. time and money. Thus, higher
expenses frequently required for AIC systems soon pay off in most cases.

In addition to the already mentioned benefits of AIC, this system may render it possible to operate certain
combustion systems at lower emission levels. In the tests run in premixed mode presented above, it was
possible with an activated AIC to operate the gas turbine at lower levels of pilot gas mass flows than
without the system. Since pilot flames are important for influencing NOx emissions of gas turbines, the
AIC system allowed to reduce them by more than 60% in certain cases.
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Combustion Dynamics: Passive Combustion Control

K.C. Schadow
Strategic Analysis, Inc.

2896 Calle Heraldo
San Clemente, CA  92673, USA
E-mail: schadowkc@home.com

Summary. This lecture summarizes research to explore the driving mechanism of dump combustor
instabilities with emphasis on the role of vortex dynamics.  It is shown that the development of coherent flow
structures and their breakdown into fine-scale turbulence can lead to periodic heat release, which, when in
phase with the pressure oscillation, can drive the oscillations.  The physical processes associated with vortex
development and breakdown are described using results from non-reacting, flame, and combustor
experiments.  This understanding is used to passively control and reduce the pressure oscillations using
geometric changes at the dump, such as multi-step and triangular geometries, to prevent development of
coherent structures. The physical understanding of the flow/combustion interactions was used to extend lean
blow-out limits of a premixed flame by acoustic forcing at the initial shear-layer instability frequency.
Introduction. This lecture discusses passive control of flow/acoustics interactions in dump combustors and
its effect on combustion processes, in particular on the amplitude of low-frequency pressure oscillations. The
approach is based on the physical understanding of dump combustor flow characteristics, which are
addressed in a broader context of shear-flow instabilities associated with jets. These instabilities may develop
large-scale structures through interaction with chamber acoustics as the source for periodic heat release and
consequently combustion instabilities.

The role of these flow dynamics as likely mechanism for dump combustor instabilities cannot be
separated completely from other phenomena, such as spray combustion.  In fact, it has been long known
qualitatively from experience gained in engine development that the fuel distribution has a substantial effect
on instabilities.  However, it can be argued that even with spray combustion the dynamics of the vortex
structures remain the dominant feature. In fact, the laboratory tests discussed in this lecture have used
gaseous fuels.

The general idea of periodic combustion, associated with unstable shear layers, was first independently
reported by Kaskan and Noreen1 and Rogers and Marble2 in the mid-fifties.  In particular, the latter work,
discussing premixed gaseous fuel and air flowing past a flameholder, proposed that delayed periodic
combustion in shed vortices can drive an acoustic field, associated with transverse oscillations at high
frequency.  In the present lecture, pressure oscillations at low frequencies are addressed, which became a
growing concern during the development of compact ramjet combustors in the early-eighties.  These
longitudinal oscillations interfered with the inlet shock system causing loss of performance due to inlet
unstart.3,4  Byrne5,6 suggested vortex shedding as a likely cause of the oscillations, also pointing out a
relationship between flow dynamics observed in acoustically excited jets and ramjet pressure oscillations. An
Office of Naval Research (ONR) program in the late eighties has addressed the role of flow instabilities in
various types of combustor7 (Figure 1). The present lecture will concentrate on tests with a simple,
axisymmetric dump combustors, which have been performed at the Naval Air Warfare Center Weapons
Division.

In dump combustors vortices are formed in the shear layer between the high and low speed streams at
the rearward-facing step (dump) (Figure 2). The vortex formation is stabilized in the presence of acoustic
pressure oscillations.  In general, the high-speed stream consists of an unburnt mixture of air and fuel, while
the low speed stream is composed largely of hot combustion products forming the flameholding recirculation
zone behind the dump plane. The vortex structure has a significant influence on the combustion process.  In
the early phase of the vortex development, with the unburnt mixture on one side of an interface and the hot
combustion products on the other side, intense (fine-scale) mixing and burning are limited due to high strain
rates (velocity gradients) between the high and low speed streams. It can be conjectured that the fine-scale
turbulent production is abruptly enhanced during the roll-up of the vortices. During the vortex roll-up process
a large interface between the air/fuel mixture and the hot products develops, leading to fine-scale

Paper presented at the RTO AVT Course on “Active Control of Engine Dynamics”,
held in Brussels, Belgium, 14-18 May 2001, and published in RTO-EN-020.
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turbulence enhancement and sudden heat release.  This process is repeated during each cycle of the pressure
oscillations resulting in periodic heat release. When a proper phase relationship between the periodic heat
release and pressure oscillations exists (Rayleigh criterion)8 high amplitude pressure oscillations may be
excited.

Figure 1.  Investigations of Flow Instabilities as Driving Mechanism of Combustion Instabilities.

LIMITED  FINE-SCALE  (MOLECULAR)  MIXING

ENHANCED  FINE-SCALE  MIXING

PERIODIC  HEAT  RELEASE

A + F

HOT

Figure 2.  Effect of Coherent Vortices on Combustion.

The evolution of the vortices is discussed in the general context of the interactions between shear-layer
instabilities and acoustic instabilities in the combustor.  The commonly known vortex shedding from
rearward facing steps is a special case of these flow instabilities and the vortices will be referred to as large-
scale coherent structures.  From the discussions of the non-reacting and reacting dump combustor tests, a
detailed understanding of the combustion instability driving mechanism is derived, which can be used to
passively control the pressure amplitude by modifying the shear-flow development by distinct geometric
changes at the dump.

The research results do not provide combustor design criteria to reduce pressure oscillations.  More
important, the research provides insight into a dominant driving mechanism, which can guide the designer in
the development of passive shear-flow control methods for reduced pressure oscillation.  Examples of
passive control are presented for the dump combustor configuration only, but may be applied to other
configurations. The physical understanding of flow/combustion interactions can be also used for active
combustion control, as demonstrated for extension of flammability limits as an example.
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Large-Scale Structures in Isothermal Shear Layers. In order to explore the role of vortex dynamics in
driving of dump combustor instabilities, it is necessary to consider the role of organized vortices in shear-
layer dynamics.  This approach was initiated by the discovery of large-scale structures by Brown and
Roshko9 and has been reviewed by Ho and Huerre.10  Based on laboratory low-Reynolds number studies of
various turbulent flows, it was shown that the shear layer develops instability waves in its initial region.
When the amplified waves reach a certain energy level, they roll up into vortices (Figure 3). The initial
vortex shedding frequency, fi, which is also called the most amplified frequency, is determined by various
characteristics of the exit velocity profile, such as shape, turbulence structure, initial shear-layer momentum
thickness, θo, and the jet exit velocity Uo.  The initial most amplified frequency, when scaled with θo, and Uo

yields a nondimensional frequency or Strouhal number, Sti = fiθo/Uo that is predicted to be close to
Sti = 0.017 by linear instability theory11  The initial vortices of the shear layer grow and merge as they are
convected downstream.  Due to merging and entrainment, the shear layer spreads, and the frequency
associated with the dominant large vortices decreases.  In the shear layer of a jet, several vortex interactions
can occur between the initial separation of the shear layer and the end of the jet's potential core.  Therefore,
the shear layer is characterized by several instability frequencies associated with different sizes of vortices.

� INITIAL,  MOST-AMPLIFIED  FREQUENCY,  fi

� PREFERRED  MODE  FREQUENCY,  fj

� VORTEX  COALESCENCE

� LARGE-SCALE  TO  FINE-SCALE  MIXING
TRANSITION

θ0

fi fj

U0

Sti =             ~ 0.017
fi θ0

U0

Stj =             = 0.25 ÷ 0.5
fj D
U0

D

Figure 3. Development of Large-Scale Structures in Jet Shear Layers.

The region at the end of the potential core is governed by the jet-column instability.12  The velocity
fluctuations in this region were observed to have a characteristic frequency, called the preferred-mode
frequency, fj, which is typically in the second or third sub-harmonic range of the initial shear-layer instability
frequency. Because the coherence of the large-scale structures has decreased, the preferred-mode frequency
is indicated by a characteristic energy hump in the velocity fluctuation spectra as compared to a distinct peak
in the initial shear layer and the –5/3 slope in the inertial sub-range (Figure 4). The jet preferred frequency
scales with the jet exit diameter, D, and exit velocity, Uo, to yield the preferred-mode Strouhal number of
Stj = fj • D/Uo.  The range of Stj was found in previous investigations to be between 0.25 and 0.5.13

When acoustic waves interact with the shear layer, the vortex size can be stabilized depending on the
matching between the acoustic frequency and the shear-layer instability frequencies.  The size of the vortices
will be smallest when the acoustic frequency equals the initial vortex shedding frequency; it will be largest
when the acoustic frequency is near the preferred-mode frequency.  Significant large-scale mixing
enhancement can be obtained at the preferred-mode forcing frequency.  If the acoustic frequency is much
lower than that of the initial shear-layer instability, collective interaction occurs as the initially shed vortices
roll-up into a single large vortex.14

To generate coherent structures at the end of the potential core of an axisymmetric jet, the acoustic
frequency has to match the preferred-mode frequency.  This is illustrated in Figure 5, describing experiments
in which turbulent fluctuations were measured with hot-wire anemometry near the end of the potential core
of a free jet.15  The preferred-mode frequency was identified from the maxima in the turbulent velocity
fluctuations spectra as shown for the unforced (UNF) case with Uo  = 71 m/sec yielding fj = 340 Hz with a
corresponding nondimensional frequency of Stj = 0.30.  In a second test with low-amplitude forcing at
fF = 190 Hz and Uo = 50 m/sec, the turbulence spectra from the potential core showed, in addition to the fj-
maxima at 270 Hz, a distinct second peak at the forcing frequency (dotted line).  For this test condition, a
mismatch between fF and fj existed.  When Uo was further reduced to 35 m/s, fj was reduced to 190 Hz, and
a match between fF and fj was obtained, resulting in one high-energy peak at fF = fj.  The high Ev peak
indicates that as a result of matching between the natural flow instability frequency near the end of the
potential core, fj, and the acoustic forcing frequency, fF, highly coherent, large-scale structures were
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generated.  The flow structures were shown to have high azimuthal coherence and high spatial and temporal
periodicity near the dump using hot-wire anemometry; however their coherence was reduced while
convected downstream, which was also visualized in water tunnel experiments (Figure 6).16 Forcing at the
preferred-mode frequency generates the most energetic coherent structure and therefore changes the shear-
flow characteristics most effectively.  Forcing at higher frequencies produces smaller coherent vortices,
which are less amplified by the flow instability and consequently less effective in modifying the shear layer
spreading rate.

INITIAL  VORTEX  SHEDDING  FREQUENCY
JET  PREFERRED  MODE  FREQUENCY

FREQUENCIES  ASSOCIATED  WITH  
KOLMOGOROV  EDDIES

Hz

Figure 4. Jet Flow Instability Frequencies.

Figure 5. Development of Coherent Structures by Matching Jet Preferred Mode
Frequency and Acoustic Forcing Frequency.
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Figure 6.  Water Flow Visualization of Unforced and Forced Ducted Jets.

The critical role of large-scale, coherent structures in combustion processes and in driving pressure
oscillations will be discussed in the following.
Large-Scale Structures in Reacting Shear Layer. Experiments in annular diffusion flames provided
insight into the effect of the vortex dynamics on combustion using an XeCl eximer laser and a diode array
camera for Planar Laser Induced Fluorescence (PLIF) imaging of OH.17,18  To stabilize vortices in the flame,
the air flow was excited using a loudspeaker located in the plenum chamber. An instantaneous picture
(7 nsec) of the flame acoustically excited at the preferred mode of the air jet (St = 0.44) is shown in Figure 7.
The difference in black/white tones indicate different intensities of OH-fluorescence, which in this flame
indicate the location of the reaction zone.  It may be seen that the flame consisted of large-scale structures,
similar to those observed in non-reacting shear flows.  The combustion was initiated (highest OH levels) at
the circumference of large-scale structures, where secondary streamwise small-scale eddies are growing,
initiating the process of transition to fully turbulent flow.  The braids connecting adjacent vortices had low
OH levels as a result of local quenching due to high straining rates in these regions.  The vortices were
convected downstream, and the combustion reached the vortex core (Figure 8).  From these experiments it is
clear that the combustion is related to the flow structures generated by acoustic forcing in the shear layer.
Due to the fluid dynamic/combustion interaction, the heat release was periodic and pockets of high-
temperature flow were convected downstream from the burner exit.

The PLIF visualization tests were also done in the coaxial dump combustor.18  These tests, at conditions
which led to high amplitude pressure oscillations, confirmed that, even at realistic combustor conditions, the
combustion oscillations were associated with periodic flow structures generated through interaction between
flow instabilities and chamber acoustics (Figure 9).

Measurements with ionization probes in the same combustor also showed that heat was released
periodically due to the convecting vortices.17  In addition, these tests showed the role of the non-reacting
preferred mode (flow) instability in determining which of the combustor acoustic mode was excited.
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Figure 7. PLIF Imaging of Forced Diffusion Flame.
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Figure 8. Vortex Dynamics in Forced Diffusion Flame.

Combustor tests were made to determine the acoustic frequency and mode for varying preferred-mode
frequencies.  For example, for Uo = 38 m/s a preferred-mode frequency of fj = 148 Hz was determined in
non-reacting tests (Figure 10).  The Strouhal number corresponding to this frequency is 0.25.  This value is
within the range of preferred-mode Strouhal numbers in jets.  In the combustion test with the same Uo, the
acoustic bulk mode near the flow instability was excited17 (Figure 10).

Figure 11 identifies the strongest pressure frequency peaks in the power spectra for a wide range of flow
conditions.19  A Strouhal number of 0.3 appears to provide a good correlation between the observed pressure
instability frequencies and the frequency of the flow instability calculated on the basis of a constant Strouhal
number. The amplitude of pressure is substantially amplified when the fluid dynamic frequency (or jet
preferred-mode frequency) is equal or near the bulk-mode or acoustic frequency of the combustor.
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Figure 9. Vortex Combustion in the Presence of Combustion Instability in Dump Combustor.

Figure 10. Excitation of Acoustic Combustion Instability by Jet Preferred Mode Instability.
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Figure 11. Relationship between Jet Preferred Mode Frequency and Combustion Instability Frequency.

Ionization probes were used to determine the effect of the pressure oscillation on the temperature
fluctuations in the shear layer of the jet issuing from the dump.  The temperature spectrum measured by the
ionization probe at the tip of the jet's potential core was similar to the pressure spectrum (Figure 12).  Cross-
correlations of two ionization-probe signals showed that the temperature fluctuations were convected at the
convection speed of burning vortices past the ionization probes (Figure 13).  These experiments confirm that
vortices generated at the acoustic frequency during the combustion process were releasing heat periodically
while being convected in the downstream direction.

Figure 12. Pressure and Temperature (Ionization Probe) Spectra during Combustion Instability.



7-9

Figure 13. Cross-Correlation of Temperature Signals Indicating Convection of Vortices.

Driving Mechanism. The preceding results suggest that a combustor flow, which is dominated by vortex
flow in the flameholding region, is associated with periodic heat release.  If the heat release is in phase with
the pressure oscillations, driving occurs as stated by the Rayleigh criterion.  To determine if the periodic heat
release is a driving force, it is necessary to have a complete knowledge of the spatial and temporal
distributions of heat release and acoustic pressure.  These measurements were performed in the Caltech
dump combustor using pressure transducer and radiation intensity measurements.20.21  By taking the cross
spectrum and phase of the pressure and radiation intensity at a given location in the combustion chamber, the
relative magnitude of the driving at that location can be determined.  For the example in Figure 14, the
driving occurs primarily at the front of the combustor.20  Damping occurs further downstream.  The net value
of the integral of the curve determines if driving (positive net value) or damping (negative net value) occurs.
The net value will change if combustor parameters which determine the heat release and pressure
distributions are varied.  The heat release depends on fluid dynamic mixing and chemical reaction and is
therefore affected by dump geometry, initial condition of the shear layer, fuel type, and local equivalence
ratio, while the pressure distribution depends on the dominant acoustic mode, which is excited during the
combustion instability.

Figure 14. Rayleigh’s Criterion for Dump Combustor Instabilities.

Passive Control. The physical understanding of the driving process suggests possible methods for
controlling the oscillations in unstable combustion.  Several passive methods are available, including driving
the periodic heat release and the acoustic pressure oscillations out of phase with each other using Rayleigh
criterion or designs, which provide a mismatch between acoustics resonant frequencies of different sections
of the combustor and a mismatch of these acoustic frequencies with the jet preferred mode frequency. In this
lecture the discussions of passive control will focus on geometric changes at the dump to manipulate the
shear-flow development and minimize vortex coherence. Non-reacting and reacting shear-flow dynamics of
nozzles with corners (triangular nozzle) and downstream-facing steps (multi-step nozzle) were
investigated.22,23
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The experimental methods included (1) hot-wire anemometry to compare fluctuating velocities for
circular, triangular and multi-step nozzles, the latter having three downstream facing steps with varying
length-to-step height ratios from L/H = 3.5 to 7.0 and 10, (2) visualization in a water tunnel to compare the
flow characteristics, (3) annular diffusion flame experiments with propane injection from the lip of the
nozzles into the developing shear flows using PLIF imaging of in situ OH-radicals, and (4) experiments with
a laboratory coaxial dump combustor to compare the amplitude of combustion-induced pressure oscillations
for a  standard sudden dump configuration with a combustor with a multi-step dump (Figure 15) and a
triangular air inlet (Figure 16).

Figure 15. Combustor with Fuel Injection from Multi-Step Dump.

Figure 16. Combustor with Fuel Injection from Circular and Triangular Inlet Ducts.

With the multi-step nozzle, the turbulent intensity was significantly enhanced compared to the circular
nozzle as visualized in water tunnel tests.  The turbulence enhancement was maximized at (L/H) = 7 at which
reattachment of the separated boundary layers occurred near the downstream end of the steps. The flow did
not develop large-scale flow structures, even when it was forced with a butterfly valve at a velocity
fluctuation amplitude of 3% of the mean velocity, which was Uo = 0.5 m/s.  The excitation frequency was
fF = 2.5 Hz.  At (L/H) = 3, the flow separated without reattachment at the first step and the turbulence
intensity in the jet core at the nozzle exit became similar to the pipe flow without steps.  At (L/H) = 10, the
flow was restabilized after flow reattachment, and the turbulence intensity was again lower than at (L/H) = 7.
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The observations in the water tunnel tests were quantified in the air-flow experiments (Figure 17).  At the
nozzle exit the turbulence intensity of the multi-step nozzle with (L/H) = 7 was increased by a factor of 5
compared to the circular jet. Because of the high turbulence the multi-step exit flow did not develop shear
layers as in the circular nozzle, thus preventing the growth of large-scale coherent structures.  The turbulence
intensity was significantly lower for (L/H) = 3.5 and (L/H) = 10.

� ENHANCEMENT  OF  SMALL-SCALE  TURBULENCE
(OR  ELIMINATION  OF  LARGE-SCALE  VORTICES)  BY
MULTIPLE  SEPARATING/REATTACHING  FLOW  REGIONS

Figure 17. Fine-Scale Turbulence Enhancement in Multi-Step Nozzle.

The fine-scale turbulence augmentation or prevention of large-scale structure development with multiple
steps had a strong effect on the flame stability and intensity of the diffusion-flame burner (Figure 18). In the
circular burner combustion was limited to the shear layer and traces of large-scale structures were observed.
In the multi-step burner, the flame spread into the jet core, and development of large-scale structures was
avoided.

With the multi-step dump, pressure oscillations were reduced below ∆PRMS/PC = 0.10 (Fig. 19) with
∆PRMS/PC the root-mean-square pressure amplitude normalized by the combustor pressure.  The lean flame
blow-out limit was slightly extended to lower equivalence ratios v's with the multi-step dump relative to the
sudden dump; however, rich flame blow-out occurred at a lower equivalence ratio for the multi-step dump
(0.8 < φ < 0.9) than for the sudden dump (φ > 1.3).  The combustion efficiency with the multi-step dump was
higher than with the sudden dump (Figure 20).

To obtain suppression over a wide range of equivalence ratio, the distribution of fuel injection into the
flow over the steps is critical.  It has to be distributed along the steps so that it is mixed into the fine-scale
turbulence downstream of each step.

With the triangular jet, different shear-flow behaviors were observed on the corner and flat-side as
evident in the mean and fluctuating velocity measurements. Iso-kinetic contours for the equilateral triangular
jet are shown in Figure 21 for the four axial locations at x/De = 0.1, 0.4, 1.0, and 2.0 with De the equivalent
diameter of the triangle (same area as circular nozzle). The initial momentum thickness at the corner (vertex)
side was significantly larger than at the flat side as indicated by the contour for 0.5 UCL (velocity at 50% of
the centerline velocity) at the nozzle exit at x/De = 0.1 (shape switching).  The momentum thickness
difference produced a substantial difference in spreading rates on both sides resulting in a quasi-
axisymmetric jet shape at about 5 De.  The initial turbulence level at the corner was nearly 20% of the mean
velocity and about four times higher than at the flat side (Figure 22).  The turbulence grew by a factor of four
between 0.1 < x/De < 7 at the flat side, however remained almost constant at the corner side.  The turbulence
growth at the flat side is typical to disturbance amplification pattern of a regular shear layer, through the
process of vortex shedding and vortex interaction, which makes this side more receptive to forcing.  On the
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other hand, the high initial turbulence level at the corner side indicates the highly three-dimensional,
incoherent structure of the corner flow, which changes the amplification characteristics of the shear layer and
makes it less receptive to forcing.

Figure 18. Combustion Enhancement in Multi-Step Burner.

Figure 19. Reduction of Combustion Instability Amplitude with Multi-Step Dump.

The shape switching in the initial region of the triangular jet and the resulting turbulence amplification
characteristics yield a special combination of mixing pattern.  At the flat side the large spreading rate results
in an intense bulk mixing while the intense turbulence at the vertices contribute to the fine-scale mixing
process.  This coexistence of large and fine scale in the same flow is a unique property of the triangular jet.
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Figure 20. Combustion Efficiency Enhancement with Multi-Step Dump.

Figure 21. Mean Velocity Contours for Triangular Jet.

Figure 22. Comparison of Turbulence Intensity in Corner Flow and on Flat Side
Shear Layer of Triangular Jet.



7-14

The effect of forcing on the corner and flat side of the triangular jet was studied in the water flow tunnel
(Figure 23).  When the jet was forced near the preferred mode frequency, the asymmetric development along
the two sides was visualized.  The shear layer shed from the flat side was much thinner than the shear layer
emanating from the jet corner.  The flat-side shear layer rolled up into organized structures, while the flow
coming out at the triangle's corner was highly turbulent and had no sign of coherent motion even under
forcing.  The tests suggest that corner fuel injection is beneficial to initiate combustion because it will be
efficient (high degree of fine-scale or molecular mixing) and periodic heat release can be avoided (absence of
coherent flow structures).

The combustion characteristics of the triangular jet during preferred-mode forcing showed that the
combustion at the flat side (left flame side) was dominated by reacting vortical structures and that
combustion at the corner (right flame side) was initiated at the nozzle exit and was incoherent making the
corner the preferred fuel injection location for efficient, periodicity-free combustion (Figure 24).

Figure 23. Water Flow Visualization of Forced Triangular Jet.

7 ns  EXPOSURE

PLIF  IMAGING
OF  OH
fF = 100 Hz

Figure 24. Flame Characteristics in Corner Flow and Flat Side Shear Layer of Forced
Triangular Diffusion Flame.

Combustion-induced pressure oscillations were compared for the triangular and circular inlet ducts.
Figure 25 shows a comparison of the triangular inlet duct with the circular inlet duct.  For the circular inlet,
the pressure amplitude increased from ∆PRMS/Pc = 0.12 at φ = 0.65 to ∆PRMS/Pc = 0.30 near the lean
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blow-out limit of φ = 0.45 and to ∆PRMS/Pc = 0.37 with φ approaching one.  The circular-duct pressure
amplitude was significantly higher than with corner injection. In these tests the pressure amplitude is
dependent on fuel injector orientation relative to the airstream and injector-depth position. The best results
were achieved with fuel injection in-line with the airstream to achieve good mixing with the fuel and the
turbulent corner flow.

The suppression of the pressure oscillations with the triangular inlet duct was obtained in the majority of
the tests with an increase in combustion efficiency (Figure 26).

Figure 25. Combustion Efficiency Amplitude Reduction with Fuel Injection into
Corner Flow of Triangular Inlet Duct.

Figure 26. Combustion Efficiency Enhancement with Corner Fuel Injection from Triangular Inlet.

In the previous discussions it was shown that the detailed understanding of shear-flow dynamics can be
used to passively control combustion dynamics. The same physical understanding can also be used to obtain
the combustion improvements through active control, for example to enhance combustion stability and
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extend lean blow-out limits. For passive control multi-step nozzles were used to enhance fine-scale mixing.
For active control, discussed in the following, shear-layer excitation at the right frequencies, will be
explored.
Related Active Control Experiments.  A propane/air premixed circular flame was actively controlled in
order to extend the lean blow-out limit.24  The flame could be excited by a set of four speakers mounted in an
acoustic resonant chamber (Figure 27).  The speakers were driven at controlled frequencies and amplitudes
using a dual phase locked loop and audio power amplifier.  The PLIF laser system was phase locked to
acoustic excitation of the flame jet so that the flame structure at a specific phase relative to the forcing could
be determined.  The forcing frequencies, amplitudes, and relative phase angles were monitored (in cold flow)
by using a calibrated hot-wire anemometer which was also used to measure the mean and turbulent velocities
of the air.

UNFORCED
PREFERRED

MODE
FREQUENCY

INITIAL
SHEDDING

FREQUENCY

FORCED

Figure 27. Forced Premixed Flame for Extension of Flammability Limits.

The lean stability limit of the flame was studied in a range of equivalence ratio from 0.6 to 1.6.  The fuel
flow rate was kept constant, at different values in this range, and the air flow rate was increased gradually to
obtain a stable lift-off, followed by blow-out.

When the jet was forced near the preferred jet frequency of St = 0.48 and at a forcing level of 13% of
the mean velocity, coherent structures dominated the flow. The flameholding location jumped from one
vortex to the other according to the evolution phase of the vortices. As a result of this unstable behavior, the
lean flammability limit remained almost unaffected by the preferred mode forcing.  Subsequently the forcing
frequency was increased, thus generating smaller vortices.  In the higher frequency range the most effective
forcing was within the amplification range of the initial jet shear layer. At this forcing frequency, the flame
structure was changing with the increased forcing level as shown in the phase-average OH-images in Figure
28.  A small forcing amount of 0.7% was sufficient to cause the lifted-off flame to reattach to the
flameholder (Figure 28b).  The combustion in the vortices became more apparent in the high forcing level of
11% and 19% as shown in the instantaneous images in Figures 28c and 28d.
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Figure 28. Instantaneous (18 nsec) PLIF Images of Forced Premixed Flame.

Figure 29 shows the effect of forcing at the initial jet shear layer instability on lean blow-out extension
in comparison to preferred-mode forcing. Different frequencies in this initially unstable range were tested
and all forcing frequencies in that range extended the flammability limit to lower equivalence ratios.  The
most effective forcing, however, was at a Strouhal number of Stθ � 0.02 (Figure 30) which is close to the
most amplified instability frequency.

FLAME  BLOW  OUT

PREFERRED  MORE
FORCING

UNFORCED

INITIAL  SHEAR  LAYER
FORCING

STABLE  FLAME

Figure 29. Flammability Extension in Forced Premixed Flame.
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Figure 30.  Optimal Flammability Extension with Forcing at Initial Most
Amplified Shear Layer Instability Frequency.

Conclusions. Combustion instabilities related to an axisymmetric dump combustor were studied.  The
experiments showed that the instability was associated with the formation of large-scale vortices in the
mixing layer, which coupled with the acoustic pressure to excite strong oscillations.

Cold flow tests showed that the roll-up of vortices is related to initial instabilities in the separating shear
layer behind the dump.  The frequency of this instability scales with a typical length scale, which can be
either the initial thickness of the shear layer or the jet inlet diameter, and the flow velocity.

When the flow is forced by either the upstream or downstream duct resonant acoustic modes or by an
external source, vortices can be generated at a much larger scale relative to the initial instability. Since the
acoustic emission of the non-reacting vortices is low, there was no detectable feedback between the flow and
the acoustic pressure in the chamber in the non-reacting tests.

In reacting mixing layers the large periodic energy release associated with the burning inside the
vortices provides the link for the necessary feedback loop to drive oscillations. The mixing layer rolls up into
vortices with enhanced reaction.  The energy release, which is periodic in nature, reaches a maximum when
the vortices break down to small-scale turbulence.  The fluctuating heat release can feed energy into the
acoustic pressure oscillations provided that the two are in phase with each other, as stated by the Rayleigh
criterion.  As the pressure oscillations are amplified, they drive velocity oscillation at the mixing layer, which
further enhance the generation of coherent vortices in the shear layer.

There can be other mechanisms that may lead to periodic heat release such as vortex interaction, vortex
impingement or collision with each other or on a solid surface, and vortex merging.

The understanding of this process suggests possible passive methods for controlling the oscillations in
unstable combustion.  The methods described are based on geometrical changes in the design of the
combustor to hamper the evolution of large-scale structures and promote production of small-scale
turbulence, thus maintaining a uniform rather than pulsating combustion process.  The multi-step and
triangular nozzles showed a certain success in suppressing combustion instabilities but they require careful
design of the fuel injection system to take full advantage of these methods.
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The physical understanding of the flow/combustion interactions was also used to extend lean blow-out
limit of a premixed flame by acoustic forcing at the initial shear-layer instability frequency.
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Analysis of Compression System Dynamics

James D. Paduano
Gas Turbine Laboratory, 31-213

Massachusetts Institute of Technology
Cambridge, MA 02139, USA

Summary
Modelling of rotating stall and surge dynamics in compression systems is discussed.  The primary aim
here is to provide a comprehensive set of models for active control applications, as well as a thorough
tutorial on advanced modelling methods.  The Moore-Greitzer family of models has proven to be the
environment best suited to control applications, and so it is the focus of this document.  The basic
model is derived, and a description of its linear and non-linear behaviour is given.  Extensions and
variants to the basic model are also provided.   These include the Galerkin formulation, which provides
the lowest order non-linear description that captures both rotating stall and surge.  The state-space
formulation provides a more detailed, multi-dimensional framework for both linear and nonlinear
control studies.   This framework allows extensions to the basic model to be incorporated, including
distortion, unsteady loss dynamics, sensor models, and actuator models.  These extensions and their
impact on the stability behaviour are described.

Nomenclature

A area of compressor duct, also stall cell
amplitude (in Galerkin form)

a speed of sound

b blade chord length

B surge stability parameter
(dimensionless ratio of compliance to
inertia)

D diagonal transformation matrices

E transformation matrix for impedences

F Fourier transform matrix

KT throttle loss coefficient

KB = 24
1

B

� (duct length)/(compressor mean
radius), also loss states in  unsteady
loss model

L loss characteristic (function of φ), also
dimensional inlet duct length

mc slope of the compressor characteristic

mT slope of throttle characteristic

S, T bookkeeping matrices, state space
model

t dimensionless time

U speed of the rotor at mean radius

V plenum volume

x axial position in compressor annulus

γ throttle area coefficient, also IGV
deflection (function of θ)

λ rotor inertia parameter

µ rotor + stator inertia parameter

λ flow coefficient, (axial velocity)/U

ΦT flow coefficient map for throttle

θ circumferential position in annulus

Θ non-dimensional velocity potential

ρ density

σ, ω growth and rotation rate of  modal
wave

τ lag time for unsteady loss
development

υ (circumferential velocity)/U

Ψ non-dimensional pressure rise or drop

ψ (pressure)/( 2
2
1 Uρ ), static unless

specified

Paper presented at the RTO AVT Course on “Active Control of Engine Dynamics”,
held in Brussels, Belgium, 14-18 May 2001, and published in RTO-EN-020.
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Subscripts
a actuator

b bleed

c overall duct ( c� )

C compressor

d downstream

j jet

p plenum

pb plenum bleed

r, s rotor and stator

s, c sine and cosine parts (in Galerkin)

ss steady state

t total (pressure)

T throttle

u upstream

n, N harmonic number in Fourier decomp.

θ denotes matrix transformation that

approximates θ∂
∂

( )⋅ circumferential average

( )⋅� time derivative w/respect to t

( )⋅~ spatial Fourier coefficient (SFC)

1 Introduction
This document is organised as follows.  In this section, background on compressor

phenomenology and past research is provided.  This is followed by a derivation of the basic Moore-
Greitzer PDEs in Section 2.  Section 3 gives a tutorial on the linear and non-linear stability properties
implied by the model.  Section 4 is devoted to advanced modelling methods, including the Galerkin and
state-space formulations.  Finally, extensions to the model to incorporate unsteady losses, distortion,
sensing, and actuation are discussed.

1.1 Phenomenology of Compressor Behaviour
The operating condition of a compressor is determined by its mass flow as characterized by its

'constant-speed characteristic' or 'map', which shows how the pressure rise of the device changes with
mass flow.  Figure 1 shows two schematic compressor characteristics:  as the mass flow through the
compressor is decreased the pressure rise increases.  This trend continues until the system goes into
either surge or rotating stall.  Both of these conditions are disruptions of the steady, symmetric flow of
air through the device. Surge is a symmetric, unsteady operating condition involving limit-cycle type
oscillation of both pressure rise and mass flow through the entire compression system.  Reverse flow
and flame-out are often the consequences of surge.  Rotating stall, on the other hand, is a severely
asymmetric distribution of axial velocity around the annulus of the compressor, taking the form of a
wave or 'stall cell', that propagates in the circumferential direction at a fraction of the rotor speed.  At
rotating stall inception, the mean pressure rise of the compressor drops dramatically, after which it
remains relatively fixed.  This is sometimes termed 'deep stall', because recovery from the rotating stall
condition can be very difficult, sometimes requiring engine restart.  Obviously both rotating stall and
surge are unacceptable operating conditions in gas turbine compressors.  Figure 1 also shows the time
history of a compressor experiencing surge (from Weigl, [1]) – note that each surge cycle contains a
short period of rotating stall.  This time history illustrates the relative time scales of the two events.
Rotating stall waves rotate at about half the rotor frequency, while surge cycles are much slower,
typically requiring many rotor revolutions to go through one cycle.

The time history in Figure 1 also serves to illustrate our terminology for different time periods in a
typical transient into rotating stall or surge.  Fully developed rotating stall refers to the large amplitude
(50-100% mass flow fluctuations) rotating stall, during which amplitude variations of the perturbations
are insignificant.  Stall inception is the transient from asymmetric, small perturbation flow conditions to
rotating stall, and thus includes large disturbances whose amplitudes change with time.
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Figure 1 – Phenomenology of rotating stall and surge.  In mass flow vs. pressure rise plots, solid lines are
steady-state operation of the compressor, dashed lines are transient operation.
On time history, regions are as follows: (a) pre-stall, (b)stall inception, (c) fully

developed stall, and (d) one full cycle of surge.

Pre-stall refers to the period of time immediately prior to stall inception, during which compressor
operation is steady but may exhibit small amplitude (on the order of 1%) dynamics.  Perturbations
associated with these dynamics are small compared both to stall inception and to fully developed stall
perturbations.  These three regions – pre-stall, stall inception, and fully developed stall – are difficult to
separate precisely; rather the terminology is introduced to facilitate discussion.

The fourth region, simply called surge, is actually one of the most complex and varied conditions
of operation.  In the example shown (and in many real engines) each surge cycle begins with rotating
stall, which causes the pressure rise through the machine to drop dramatically.  This catastrophic loss of
pumping capability allows the flow through the machine to decelerate rapidly, sometimes reversing.
When the pressure behind the compressor has sufficiently relaxed from this ‘blow down’ event, rotating
stall clears and the compressor begins to pump the downstream collector (combustion chamber or
‘plenum’) up to full pressure again.  The process then repeats itself.  This relaxation oscillation involves
non-linear coupling between stall inception, itself an asymmetric non-linear phenomenon, and the
nonlinear dynamics of the mean flow.  Because it involves complex coupling phenomena between
various physical components and length scales, surge can take several forms, which are described in
detail in Section 3.3.

It is important not only to understand the dynamics of stall and surge, but also the effect of
operating conditions on these dynamics.  Several operational issues must be addressed.  Foremost
among these is inlet distortion, or non-uniformity of the flow entering the compressor [2].  Distortion
can be introduced by bends and turns in the ducts leading to the compressor (as in a buried engine
installation), by inlet lip separation, by hot gas ingestion, or by boundary layer separation.  The most
important forms of distortion are total pressure and temperature distortion.  Deviation from clean flow
can be either circumferential or radial; typically stall instabilities are exacerbated more severely by the
former.

Another operational consideration is engine wear.  Tight clearances combined with structural and
thermal loads on an engine can cause deformation of the casing, temporary rubbing of the rotor blade
tips on the casing, and increased vibration levels.  These combined effects cause the tip gap to increase
during the engine’s lifetime, which can have a significant impact on stability [3], particularly if tip gap
becomes non-uniform [4].  Coupling between rotor-dynamics and tip clearance effects can also play a
role in stability behaviour, although the extent of this coupling in real applications is not well
understood.

Finally, acceleration from idle to full power causes flow transients in the compressor that can
induce stall.  Combinations of the above effects must also be accommodated.  The net result is that
during engine design a significant portion (on the order of 20%) of the pressure rise capability of the
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compressor is given over to ‘surge margin’, which is defined as the distance between the surge
operating condition and the nominal operating line.  Table 1 gives the an example of a typical surge
margin budget for a military fan (taken from ARP 1420, “Aerospace recommended practice: Gas
turbine engine inlet flow distortion guidelines”  [5]).  In this chart stall margin is expressed in percent
pressure ratio, with the operating line pressure ratio taken as the baseline.

Table I – Typical Stall Margin Budget (from [5])

Destabilizing Effects  Fan Stall Margin
Budget

Random

0.5

4.0

--

--

1.87

6.25
--

Non-
Random

--

--

±1.1

±1.2

--

--

±1.3

•  OPERATING LINE

� Inlet Distortion

� PLA Transients

� Variable Geom.
 Control Tolerances

� Engine to Engine
 Variation

•  SURGE LINE

� Reynolds Number

� Inlet Distortion

� Engine to Engine
 Variation

•  TOTAL

•  BASE SURGE
MARGIN

•  NET SURGE MARGIN

12.62

25.0

10.30

±2.083

1.2 Overview of Compressor Stability Research
All of the phenomenology described in the previous section can be understood from the

perspective of the fluid mechanical models described in this document.  As such, the models we will
describe represent a powerful set of first-principals tools for developing practical solutions, and for
research into advanced techniques such as active control.  Before describing these tools, however, it is
instructive to place them in the context of past and present research in compressor dynamics, and to
catalogue the modeling techniques currently available.  This discussion will hopefully help the reader
make an informed decision about the modeling effort that is consistent with the problem at hand.

Compressor dynamics research falls into four major categories: detailed flow observations, stall
detection methods, stall control, and modeling and model validation.  We give a brief review here; for a
more thorough review see [32,33].  Modelling is given somewhat more attention here, for obvious
reasons.

Much early work concentrated on experimental studies of phenomenology and detailed flow
observations [6].  This research continues [7], as the ‘root cause’ of rotating stall is sought, and as
deeper understanding of the flow details motivates more careful measurements.

Stall detection research attempts to develop methods that can issue a warning during the pre-stall
phase when stall is imminent [8].  Typically one is looking for a ‘signature’ or other indication that the
flow through the compressor has become less stable.  Often such detection schemes are able to see
indications of impending stall 100 to 1000 revolutions prior to stall; however a complete study of the
false alarm to success rate of such detection filters is difficult to obtain, because a statistically
significant number of stall experiments are rarely performed.  One of the primary conclusions of this
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body of research is that the stall inception process varies greatly from compressor to compressor, so that
although many general concepts apply to a wide variety of compressor, stall detection algorithms must
invariably be tuned to the compressor being tested [8, 9].

Stall control research might be considered the ‘next step’ after stall detection, but this is not
necessarily true.  In some cases the control strategy that has been employed is in fact to detect
impending stall and then actuate by some means to improve the health of the compressor.  Other
methods, however, are aimed at continually measuring and feeding back flow perturbations in such a
way to fundamentally alter the compressor as a dynamic system [1].  Rather than relying on quick
detection,  these methods rely heavily on modeling of the dynamics and understanding how they might
be altered by continuous feedback control.

Modelling of compressor dynamics obviously plays a role in all of the previously mentioned
endeavors.  It motivates the measurements one might take experimentally, and provides a means to
interpret the results.  Modeling also motivates detection and control schemes.  Finally, predictive
modeling has been considered, as a means to assess stability in the design phase.  Because of the
diversity of the applications, a wide variety of models exist for simulating compressor dynamics, each
with its own strengths and limitations.  Table II summarizes the types of models that have been
developed.  The list proceeds from 1D to 3D characterizations, and within each level from low to high
order.  In this paper, we concentrate primarily on Moore-Greitzer [10] based models, which have the
following advantages: They are very low order, they capture most nonlinear and operational effects at
least to first order, and they are physical (‘first principals’) rather than computational models, so that
they lend insight into phenomena.  The primary disadvantages of Moore-Greitzer approaches are that
they do not describe short length-scale events, and multistage effects and compressibility are not
modeled.  These shortcomings become important as the level of required fidelity increases, but in
control studies (the primary application we address here) have not been debilitating.

2 Derivation of the Moore-Greitzer PDEs
In this section, the Moore-Greitzer PDEs in their original form [10] are presented.  The discussion starts
with a description of the equilibrium behaviour of compressors, and continues with a derivation of the
unsteady perturbation behaviour of each of the components in Figure 2.  Finally, the equations are
assembled into the fundamental equations for the compression system.

Table II – Compression System Modeling Techniques

Dimension
Compressible/

Multistage
Nonlinear/

Distortion,Pips
Suitable for

Control (Model
Order)

Multistage Surge/1D [11] 1 � 1D effects Linearized O(100)

Moore-Greitzer Based [10, 2] 2 �, no pips Nonlinear, O(10)

2D Hydrodynamic Stability [12,13] 2 �, centrifs Linear, O(100)

2D, Nonlinear Blade Rows [14,15] 2 � � O(10,000)

3D Hydrodynamics Stability [16] 3 O(1,000)

2D/3D Body Force Models [17] 2/3 � � O(100,000)
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Figure 2 – Schematic compression system.
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2.1 Equilibrium Behaviour and Nomenclature
Consider the schematic diagram of an axial compressor in Figure 2.  It consists of an upstream annular
duct, a compressor modelled as an actuator disk, a downstream annular duct, and a throttle.  During
stable operation, flow through the compressor can be assumed to be circumferentially uniform (axi-
symmetric), and a single non-dimensional measure of flow through the compressor determines the
system state.  This measure is the ‘flow coefficient’, which is simply the nondimensionalized value of
the axial velocity:

( )
( )speedrotor

velocityaxial=φ .

During quasi-steady operation, the total-to-static pressure rise delivered by the compressor is simply
determined by its 'total-to-static pressure rise characteristic,' denoted ΨC(φ):  

( ) ( )
2

2
1 U

pressuretotalupstreampressurestaticdownstream
C

ρ
−=Ψ ,

where ρ is the ambient air density and U is the rotor velocity at the mean radius.  The pressure rise is
balanced by a pressure loss across a throttling device, which can be either a simple flow restriction
(used for testing compressors as components) or the combustor and turbine in a gas turbine engine.  The
balance between pressure rise across the compressor and pressure drop across the throttle is depicted as
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an intersection between the characteristics of the two devices, ΨC(φ) and ΨT(φ),  where, for low

pressure ratios, ΨT(φ) is usually taken to be a quadratic function of φ:

2

2

1 φψ TT K= , (1)

where ΨT  is non-dimensionalized in the same way as ΨT, and ΚΤ  depends on the degree of throttle
closure.  In a typical experiment, the throttle is slowly closed, the throttle characteristic becomes steeper
(modelled by adjusting ΚΤ in (1)), the intersection point between ΨC(φ) and ΨT(φ) changes, and the
equilibrium operating point of the compressor moves from high flow to low flow (see Figure 3).

The stability of the equilibrium point represented by the intersection between ΨC(φ) and

ΨT(φ) has been the topic of numerous studies, due to its importance in the safe, high performance
operation of gas turbine engines.  In our model, the system state under unsteady, possibly asymmetric
(i.e. circumferentially varying) conditions is characterized by two terms:  the annulus averaged pressure
rise delivered by the compressor, ψ , and the spatially distributed flow coefficient, denoted φ :

( )tx ,,: θφφ ,

where x is the axial position in the compressor, non-dimensionalized by the mean rotor radius (the
origin is chosen to be at the compressor face), θ is the circumferential position, and t is non-
dimensional time (in rotor revolutions).

Note that evaluation of ΨC(φ) and ΨT(φ) must now be conducted more carefully due to the

unsteady and asymmetric character of the flow: ΨC(φ)  is evaluated at x = 0 (the compressor face), and

varies with both t and θ .  Thus the compressor is viewed as a distributed memoryless nonlinearity
operating on the local (in θ) flow coefficient.  For the throttle, we realise that the plenum pressure pψ is

unsteady and thus cannot be completely specified by ΨT (φ ).  It is, however, consistent with the
unsteady situation to say that flow through the throttle depends on pressure drop across it, i.e. to invert
ΨT (φ ):

( )
T

p
pT K

ψ
ψ

2
=Φ . (2)

pψ  is non-dimensionalized by 2
2
1 Uρ , as are all pressures throughout this document; similarly TΦ

and all subsequent velocities are non-dimensionalized by the mean wheel speed U.

One additional variable must be introduced in order to set up the system of equations.  The
upstream flow field, being two dimensional, admits both axial velocity perturbations (φ ) and
circumferential velocity perturbations.  On the assumption that the upstream flow field is inviscid and
irrotational, we introduce the non-dimensional velocity potential Θ , such that

φ=
∂
Θ∂
x

         and        
( )

U

velocityntialcircumfere==
∂
Θ∂ υ
θ

. (3)

We will see that Θ  and υ  can ultimately be eliminated from the equations, along with all of the partial
derivatives with respect to space, leaving an ordinary-differential relationship.

In the remaining subsections we present the relationships for the upstream and downstream duct
flows. We then present the modified actuator disk representation of the compressor.  Finally, the
plenum and throttle relationships are given.  The modelling components are subsequently assembled
into the nonlinear PDEs.
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2.2 Upstream  Duct
Linearity of the duct flow fields is the key assumption that must be made in order to derive a

tractable set of equations for control law design.  This assumption has been used by many researchers
(see Longley [18] for a review), and has been validated against experimental data by Lavrich [19], and
more recently for the upstream flow field by Van Schalkwyk [20].  In both the upstream and
downstream duct, this assumption must be carefully applied to accurately account for the relevant flow
field effects.

In the upstream flow field, the clean inlet flow situation is easily understood.  The upstream
boundary condition is irrotational, the flow is incompressible for low Mach number flows, and high
Reynolds numbers insure that the flow behaves in an inviscid manner.  With these assumptions, the
flow is potential, and a very simple impedance relation can be derived upstream.  Lavrich tested the
validity of the upstream potential flow assumption during fully developed stall, and in that study it was
quite adequate.

Under the above assumptions, the upstream flow can be assumed linear (even when the flow
perturbations at the compressor face are large), which leads to a potential flow representation of the
flow:

0
2

2

2

2
=

∂
Θ∂+

∂
Θ∂

θx
. (4)

The solution for the upstream flow is found by considering the following general form for Θ, which
satisfies the Laplacian:

( ) )()( 0
0

0 tBxtAeetA
n

xnin
n ++=Θ ∑

≠

θ . (5)

Note that perturbations that grow in the upstream direction ( xne− terms) are not considered here – this
simplification requires that the distance between the compressor and the inlet is sufficiently long (say 2
to 3 rotor radii) and the inlet flow is uniform.  The final two terms represent the 0th harmonic (spatial
mean part of the flow perturbations).  Based on the potential flow relations (3), φ has a similar form:

( ) 0
~

0
≤+= ∑

≠
xeet

n

xnin
n φφφ θ , (6)

where:

.
~

and0 nn AnA == φφ

To find the value of B0 in (5), substitute into the unsteady Bernoulli equation:

0Constant ==+Θ
tt

δψ
∂
∂

, (7)

where the constant is evaluated  far upstream of the compressor to obtain zero.  Since total pressure
perturbations tδψ  are approximately zero at ux �−= , we have φuB �=0 , which results in the
following representation of Θ at the compressor face (evaluating (5) at x=0):

φφ θ
u

n

in
nx

et
n

�+=Θ ∑
≠

−= 00
)(

~1
(8)

The total pressure at the compressor face is found by applying unsteady Bernoulli (7) at x=0, yielding

φφψ θ ���
u

n

in
xt e

n
−−= ∑

≠= 00
~1

. (9)

where total pressure has been non-dimensionalized by 2
2
1 Uρ , as are all pressures in this analysis.
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2.3 Downstream Duct
The downstream flow field is also assumed to behave linearly to simplify the analysis.  The flow in

this region is assumed 2D, incompressible, and inviscid, but it is vortical due to the upstream
introduction of vorticity by the compressor.  The linearized Euler equation (appropriately non-
dimensionalized) provides a starting point for analysis of this flow field:

0           ≥−=+− x
xt ∂

∂ψ
∂θ
∂φυ

∂θ
∂υφ

∂
∂φ

(10)

Two assumptions, which are not necessary to complete the analysis, simplify further derivation
considerably.  If the last row of stators directs the flow axially, then υ , the mean swirl downstream of
the compressor, is zero.  In addition, if the last stator row executes turning perfectly (i.e. the solidity is

very high so that deviations are small), 
∂θ
∂υ

 is also zero.  In [19], Longley removes these assumptions;

doing so complicates the results but does not change the basic behaviour of the system.  Therefore, we
will use the simplified equation

tx ∂
∂φ

∂
∂ψ −= , (11)

and, recognizing that the downstream flow is incompressible and thus static pressure perturbations must
satisfy a Laplacian (see Moore and Greitzer [10]):

0
2

22
=+

∂θ
ψ∂

∂
ψ∂
x

, (12)

we have the following representation of the downstream static pressure:

( ) )()( 00
0

tDxtCeetC
n

xnin
n ++= ∑

≠

−θψ , (13)

where we have assumed here that perturbations that grow in the downstream direction ( xne terms) are
not present.  To satisfy (11), downstream velocity perturbations must take a similar form:

( ) 0            
~

0
≥+= −

∑
≠

xeet xnin
n

n
φφφ θ . (14)

This representation allows us to relate φ and ψ, and to solve for C0 and D0 by integrating (13) and
introducing the plenum pressure ψp as a variable.  Performing the integration from any position x to

d� we have

dpnn DC
n

C ���� φψφφ +=−== 00  and,,
~1

. (15)

This results in the following equation for the static pressure immediately downstream of the
compressor:

( )φψφψ θ ���
dp

n

in
nx
e

n
++= ∑

≠
+= 00

~1
. (16)

2.4 Compressor Matching
The duct impedance relationships derived above allow us to determine the total to static pressure

difference across the compressor as a function of the axial velocity at the compressor face.  It remains
to ‘match’ this with the pressure rise delivered by the compressor.  This matching determines how
much of the unsteady pressure difference is supported by the pressure rise of (or work done by) the
compressor, and how much is causing local acceleration of fluid in the blade passages. The detailed
derivation of this matching condition is given in other documents [2, 10, 18, 21].  Here we simply give
the equation that results:
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( )
tcupstxtdownstx ∂

∂−
∂
∂−Ψ=− ==

φµ
θ
φλφψψ

.,0.,0
, (17)

where ΨC is the steady-state total-to-static pressure rise of the compressor, and the remaining two terms
capture the pressure-driven acceleration of flow in the compressor blade passages.  λ is the non-
dimensional inertia parameter for the fluid in the rotating blade passages; µ represents the overall inertia
of the  rotor+stator blade passages.

2.5 Plenum and Throttle
The equations in this section link the flow in the duct to the evolution of pressure in the

downstream plenum, which is a ‘mass storage’ device:  mass flow enters through the compressor duct
and exits through the throttle (see Figure 2).  When the flow is unsteady, these mass flows may not
balance.  Build up of mass in the plenum creates an increase in pressure, with the volume acting as a
fluid ‘spring’.  When this spring is coupled to the inertia of the annulus-averaged portion of the
upstream flow, a spring-mass system is generated which can be underdamped or unstable, resulting in
surge.

The following relationship for the mass balance and compressibility in the plenum can be derived
through application of continuity and the ideal gas law (isentropic compression):

( ){ }pT
c

p
B

ψφψ Φ−=
�

�
24

1
(18)

where we rely on continuity of the mean flow to allow the use of φ  (the mean flow at x=0) to represent
the duct flow, and ΦT is the throttle characteristic, as discussed previously:

( )
T

p
pT K

ψ
ψ

2
=Φ . (19)

The parameter B in (18) is Greitzer’s stability parameter, ( ) AL
V

a
UB 2= , which gives the ratio of

compliance to inertia for a system with ambient speed of sound a, plenum volume V, and duct area and
length A and L.  Greitzer [22, 23] gives an account of the importance of this parameter to compressor
stability and to the coupling between rotating stall and surge.

2.6 Summary and Discussion
In the discussion so far, we have presented partial and ordinary differential equations for the flows

through the various components in Figure 2.  Where possible, we have also presented the solutions to
these equations, which are expressed in terms of the Spatial Fourier Coefficients (SFCs) of the flow
variables.  Time derivatives have purposely been left unsolved in these solutions. We have done this
because it is our desire to represent the system in a form amenable to control. In this context we wish to
derive ordinary differential equations.  We seek homogeneous ODEs for the present, but in Section 4
we introduce effects of forcing from both actuators and disturbance sources.

Table III summarizes the equations derived thus far, and their Fourier coefficient form.  Since we
are assuming that the flow fields upstream and downstream can be treated as linear, even when the flow
in the compressor itself exhibits large perturbations, these equations remain the same throughout this
document.  The non-linearities associated with the compressor and the throttle, however, cannot be
ignored during stall inception and fully developed stall.  Therefore we choose here to maintain the
nonlinear representation of these equations, adopting a somewhat unwieldy notation in the Fourier
space.  In discussing the solutions, we will look at both linear and non-linear forms of the solutions
resulting from the equations in Table III.
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3 Homogeneous Behavior of Compressor Dynamics
This section concentrates on describing the implications of the equations presented in the previous

section.  We will consider linearized and nonlinear behavior, for both surge and rotating stall.  In the
linear case surge and rotating stall are decoupled and can be considered separately, using standard
analysis methods.  In the nonlinear case, surge and rotating stall are coupled, a wide range of detailed
behaviors and interactions can occur, and one must resort to nonlinear simulations.  Therefore a less
general treatment is given for the nonlinear behaviour.

3.1 Linearized Behavior – Surge
Linearized surge dynamics are the most basic form of compressor instability.  We first introduce

notation for the compressor and throttle slope at a given equilibrium point (one of the X’s in Figure 3):

peqp

T
T

eq

C
C d

d
m

d

d
m

ψφ ψφ
.

1

.

;
Φ=

Ψ
= − (20)

Using these definitions, and eliminating variables in the n=0 column of Table III, we obtain the
following system of ODEs (note: duc ��� ++= µ ):
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In so-called ‘state space’ form, these equations are written:
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The characteristic equation for the systems is

01
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Table III – Equations For Moore-Greitzer Model (����≡ Fourier Transform)

Part Spatial Domain Fourier Domain ( )0≠n Fourier Domain ( )0=n
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 Duct
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ψ
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∂
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φψ �~1~

0
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∂
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φµ
θ
φλφψψ

00

( ){ } nncntn in φλφψψ ~~~
00 −−Ψ=− −+ � ( ) φµφψψ �−Ψ=− −+ ct 00

Downst.
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∂
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�
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1
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B
ψφψ Φ−=
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24
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ψ
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2
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For realistic values of Cm  and Tm  near stall, the third term is approximately equal to cB �241 ; the
natural frequency of the system depends on the Greitzer’s ‘B’ parameter.  Stability is determined by the
following criterion (based on the necessity for all coefficients in (23) to be positive for stability):

T
C

mB
m

24

1< (24)

Since both Tm and B  are always positive, the negatively sloped portion of the compressor characteristic
is always stable.  For typical compression systems, the surge mode becomes unstable very near the
value where Cm = 0.

X

XX X

X X

X X

X

X
X

X

n=1

n=2

n=3

n=0

decreasing m
.

eigenvalue 

imaginary 

part

eigenvalue real part

Figure 4 – Migration of eigenvalues for both surge and rotating stall.  X’s indicate eigenvalue
locations at three separate mass flows (same three values along

each line). Complex conjugate eigenvalues not shown.

Figure 4 shows the migration of the eigenvalues (labeled “n=0”) as Cm  goes from negative to
positive.  At instability, an oscillatory pair of eigenvalues exists, indicating a resonant, or dynamic,
instability.  This instability involves coupled oscillation of the mass flow in the ductwork and the
pressure in the plenum.  One can draw an analogy between these oscillations and the oscillation of a
mass-spring-damper system.  In this analogy, the fluid in the upstream duct acts as the mass, the
compression of the fluid in the plenum acts as the spring, and the throttle acts as a damper (see [22-24]).
The compressor in this analogy behaves like a damper that can either dissipate or add energy to the
system, depending on the sign of Cm .

Just as in a mass-spring-damper system, where the ratio of mass to spring constant determines
whether the system experiences large displacements or large compressive forces in the spring during
transients, the linearized transient behavior of the compressor near surge depends on the B parameter,
which is the ratio of compliance to inertia in the system. For large B parameters (soft spring), mass flow
fluctuations (displacements) are large while plenum pressure (compressive force) is small. For small B
parameter (analogous to a mechanical system with a stiff spring), the pressure in the plenum varies
strongly for relatively small changes in mass flow in the ducts.  These two types of behavior are shown
in Figure 5.  Note that the large mass flow variations associated with large B parameter make it more
likely that the compressor will exhibit destabilizing nonlinearities, since mass flow determines
compressor pressure rise and slope (see Figures 2 and 3).

Large B

Pressure

Perturbation

Mass Flow

Perturbation

Small B

Pressure

Perturbation

Mass Flow

Perturbation

Figure 5 – Transient response of surge system to a perturbation pressure, for
large and small values of Greitzer’s B parameter.
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3.2 Linearized Behavior – Rotating Stall
Linear rotating stall modes behave in a very simple way that is directly linked to the physical

parameters originally defined by Moore and Greitzer.  Unfortunately, the spatial nature of the problem,
and the use of complex Fourier coefficients to represent this spatial nature, makes understanding the
link between the mathematics and the physics somewhat difficult.  Eliminating variables in the
linearized equations for 0≠n  in Table III, we obtain the following ODE for the nth  Spatial Fourier
Coefficient (SFC):

.
~

2

~
n

c
n n

inm
φ

µ
λ

φ 









+

−
=�

(25)

Thus each SFC obeys a first-order ODE, whose solution we can immediately write as:

( )tnin
n Ae ωσφ −=~

 , (26)

where A is a constant determined by the initial conditions,

µ
σ

+
=

n

mc
n 2

, and 
µ

λω
+

=
n

n
n 2

. (27)

It is easier to understand the implications of this solution if we first rewrite it in the spatial domain.
Taking the real part of the nth harmonic of φ  (or, equivalently, combining the nth  and -nth SFC’s)  in
equation (6), and rewriting in terms of a sinusoid,

( ) 





+





 −== β

ω
θθφ σ t

n
nMetx ntn cos,,0 . (28)

M and β depend only on A, the initial condition, and therefore are not of interest.  We see that nσ  is the

growth rate of the rotating wave, and nnω  is the wave’s rotation rate.  Figure 6 illustrates the
behavior of the sinusoidal mode as it travels around the compressor annulus.  Studying equation (27),
we see that the sign of cm  governs stability; the system is stable for negatively sloped regions of the
compressor characteristic, and unstable for positively sloped regions (similar to surge).  Rotation rate is
governed by the ratio of rotor blade passage inertia, λ , and overall compressor blade passage inertia,
µ , with a weak dependence on n.  The n in the numerator of the nω  does not indicate that higher
harmonic waves rotate proportionally faster; rather it indicates that all waves maintain roughly the same
group velocity (i.e. wave peaks travel at approximately the same rate nn /ω ).

θ

φ

eσnt

ωn
 n t

Figure 6 – Relationship between differential equation solution and
physical behaviour of rotating stall waves.
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Migration of eigenvalues is depicted in Figure 4.  Note that all harmonics go unstable at the same
flow coefficient, and that this is typically a higher flow coefficient than surge.  Also note that prior to
the instability point, higher harmonics are more stable, but beyond the stability boundary, higher
harmonics are more unstable (i.e. grow faster). Eigenvalue frequency is relatively invariant with mass
flow.  These features give clues to the nonlinear behavior to be discussed in the next section.

Another way to represent the rotating stall dynamics is in real-valued state space form [26].  This
form is useful for the application of control theory, which usually requires that the ODEs describing any
given system are real-valued.  It is also useful for developing nonlinear simulations.  The idea is to
write the flow coefficient φ  in terms of sine and cosine coefficients instead of complex Fourier
coefficients.   Consider the following representation of φ :

( ) ( )( ) φθφθφφ ++= ∑
≠= 00

)sin(
~

)cos(
~

n
nsncx

ntnt . (29)

The coefficients ncφ~  and nsφ~ are the real and imaginary parts of nφ~ , respectively.  By taking the real

and imaginary parts of (25), we can derive the following real-valued, state-space equations:
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c
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nn
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φ
φ

~

~

~

~

�

�
. (30)

In this representation we see that the states of the system form a second-order oscillatory system; the
sine and cosine coefficients oscillate in quadrature to create a rotating wave.  This form of the equations
is the most amenable to a nonlinear formulation, discussed in the next section.

3.3 Nonlinear Behaviour – Coupling Between Rotating Stall and Surge
As indicated by the linearized modelling discussion, compressors typically exhibit rotating stall

instability first. The experimental data in Figure 1 shows that as rotating stall perturbations get large,
they can trigger surge oscillations.  The Moore-Greitzer model captures this nonlinear coupling
between rotating stall and surge, and helps to explain the parametric situations associated with different
types of stall/surge behavior.

0
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0.4

0 1 2 3 4 5 6
0

0.2

0.4

0.6

0 1 2 3 4 5 6

φ(θ) Ψc(φ(θ))

φ ψ

θ θ

0
0.2
0.4
0.6
0.8

0 0.2 0.4 0.6 0.8
φ

ψ

φ

Note drop in ΨC

Figure 7 – Effect of nonlinear map on pressure forces that act to accelerate a velocity perturbation.
Pressure forces (on right) below the mean value act to decelerate the flow.

Note the significant cross-feed between the 1st harmonic and
the 0th and 2nd harmonics.  From Mansoux, [25].

The key nonlinearity in the model is ( )φCΨ , the compressor map.  The model assumes that at each
circumferential location, the instantaneous, local value of flow coefficient determines the instantaneous,
local pressure rise.  Thus there is a distributed nonlinear map between the flow and the accelerating
pressure force introduced by the compressor.  To understand the influence of the nonlinearity in ( )φCΨ
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on stall inception, consider a sinusoidal velocity perturbation being mapped through the compressor
characteristic, shown in Figure 7.  From the figure it is clear that at the peak of the characteristic, a
linear representation of ( )φCΨ  is insufficient; the slope of the characteristic is near zero, so higher order
derivatives become important.  Both velocities higher than the equilibrium value and lower than the
equilibrium value result in pressure forces that are less than the equilibrium pressure rise (i.e.
decelerating with respect to equilibrium).  This has two effects.  First, it couples first harmonic
perturbations into the second and higher harmonics, causing the wave shape to deform as rotating stall
inception proceeds.  Second, the nonlinearity causes a drop in the mean pressure delivered by the
compressor, coupling the first harmonic to the 0th harmonic, that is the surge dynamics.  We will show
both of these effects in nonlinear simulations, after a brief description of the computational approach to
nonlinear simulation.  A more detailed description of nonlinear modeling appears in Section 4.

In order to compute the effects of nonlinear coupling, a simulation that accounts for both rotating
stall and surge must be set up.  The most direct way to do this (and the one originally applied by Chue
et al. [21]) is using a Fourier collocation method.  Again referring to Table III, we can set up an
iterative algorithm that computes, over one cycle, the acceleration of the flow at the compressor face:

0. Initialize ( )0,,0 == tx θφ  and pψ .

1. Compute SFCs of φ , that is NNnn ,,,
~

�−=φ

2. Compute ( )φCΨ  and its SFCs nCΨ~ .

3. Compute acceleration of nφ~ :

0,,
~~~2 ≠−=−Ψ=










+ nNNnin

n nnCn �� φλφµ

( ) )
~

:(
~1

00 == =−Ψ= npnC
c

Note φφψφ
�

�

4. Compute acceleration of pψ :

( )( )pT
c

p
B

ψφψ Φ−=
�

�
24

1

5. Integrate in time to update nφ~  and pψ .

6. Perform inverse Fourier transform of nφ~  to
obtain spatial distribution of flow,

( )ktx ,,0 θφ =
7. Continue at Step 2.

Each iteration in the above algorithm contains one Fourier transform and one inverse Fourier transform,
because the nonlinearity ( )φCΨ  must be applied in the spatial domain, but the flow calculations are
more efficiently computed in the Fourier domain.  Note that the third step indicates that the quantity

( ) nn φµ �~
2 +  should be computed rather than nφ�~ ; we have found this approach to have better numerical

properties.  In this case the integration step updates this quantity directly.  Another numerical
consideration is Fourier truncation; some method to insure that the highest modes do not diverge must
be employed.  Careful numerical treatment is especially important when simulating the interaction
between rotating stall and surge; the disparate time scales involved make capturing this interaction
challenging.

Using a simulation such as this we can study how the coupling between rotating stall and surge
manifests itself for various types of compression systems.  The most important parameter in this respect
is the B parameter; Figure 8 shows how the one dimensional states of the system evolve for three
different values of B, which span the range of possible behaviours in the model.  These cases show how
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the drop in pressure delivered by the compressor as it enters rotating stall couple into surge oscillations.
This is the coupling between higher modes and the zeroth mode discussed previously.

(a) (b) (c)

pψ

φ φ φ
Figure 8 – Time evolution of numerical simulations of coupled rotating stall and surge (from Greitzer [23]).

y axis is plenum pressure, compressor total-to-static pressure rise,
and throttle pressure drop.  x axis flow coefficient

All the simulations shown in Figure 8 are conducted with the same throttle and compressor
characteristics, so that the (unstable) equilibrium point is the same in every case.  All parameters except
B are the same for all theses cases.  For low values of B, the system behaves in a manner similar to the
case with no plenum chamber – the result of rotating stall inception is that the system finds a new
equilibrium in the mean flow quantities φ  and pψ .  At this equilibrium rotating stall has constant,

large amplitude, and is highly nonlinear.  Although the mean flow no longer  resides on the compressor
map, each circumferential location has a pressure rise consistent with the map; the mean result is that
shown in Figure 8a.

For values of the B parameter near 1, oscillations of the plenum pressure and mean flow interact
with rotating stall oscillations, so that there are large excursions in these quantities.  In some cases, like
that shown in Figure 8b, the system eventually converges to rotating stall.  In other cases, known as
‘classic’ surge, the surge oscillations do not die away, although they are small relative to ‘deep’ surge,
which is shown in Figure 8c.

For large values of B, the compliance of the plenum is such that very large mass flow perturbations
exist.  These perturbations actually cause rotating stall to be squelched during part of the surge limit
cycle.  The process of plenum blowdown, refilling, and subsequent re-initiation of surge through the
action of rotating stall is that described in Section 1.1.

To illustrate the effect of coupling between lower modes and higher modes, shown in Figure 7, we
must look at the asymmetric flow patterns in the compressor.  This is done by placing fictitious
‘sensors’ at various places around the sensor annulus, and displaying the resulting time traces of local
flow coefficient as offset traces.  Figure 9 shows the results of simulations using this technique, where
three local velocities are displayed.

This plot also shows the concurrence of the results with experimental data.  This concurrence is
based on tuned parameters, so it does not depict the predictive capability of the model.  Rather it
illustrates that the model captures the main features of the experimental results.  The focus here is on
two features of the transient into stall.  First, at low amplitude, one can see a wave whose peak
amplitude rotates around the annulus (this can be seen by drawing a line between the peaks of the
sinusoidal oscillations in the plots).  Second, it is clear that at approximately 25 rotor revolutions, the
sinusoidal wave becomes much sharper and more localized.  The minimum-flow portion of the wave is



8-17

t, Rotor revs
10 15 20 25

δφ

δφ

Probe #1

Probe #2

Probe #3

Probe #1

Probe #2

Probe #3

Experimental Stall Inception Data

Simulated Stall Inception 

SCALE:  
δφ = 0.2

 SENSOR LOCATIONS:

12
3

x = -0.2

Figure 9 – Stall inception nonlinear simulation, with comparison to data (arbitrary
time axis).  From Mansoux et. al, [25].

experiencing severe deceleration, because the compressor characteristic drops off sharply at low flow
coefficients.  This causes the local flow to drop in this region, coupling in harmonics higher than the
first, as illustrated in Figure 7.  Figure 10 shows the evolution of the first 5 Fourier harmonics during a
similar simulation.  During stall inception, what began as a 1st harmonic perturbation becomes a multi-
harmonic perturbation, eventually transitioning again to a 1st-harmonic-dominated fully develop stall
cell.
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Figure 10 – Participation of the 1st 5 Fourier harmonics in stall inception.  Note that
harmonics 2 and 3 temporarily become larger  than the 1st

harmonic during stall inception.  From Mansoux, [25].

4 Advanced Modeling Methods
The previous sections were focused on providing an understanding of the basic approach to Moore-
Greitzer modeling, and on the behavior that these models describe.  The primary strength of the Moore-
Greitzer model is that it captures the salient physics of rotating stall and surge in a very low-order
model.  This strength can be, and has been, capitalized upon in many ways.  We have shown how it can
be used to understand the basic stability properties of compressors, the coupling between rotating stall
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and surge, and the influence of physical parameters on the system behavior.  Much more has been done
in this regime of study, using among other techniques the Galerkin approximation method.  Beyond
this, the model has been augmented in various ways to increase its accuracy, to understand the role of
forcing functions such as inlet distortion and asymmetric tip clearance, and to model the effects of
actuators for active control.

In this section we discuss these additional uses and extensions of the Moore-Greitzer model.  We
begin by giving a brief account of the 3-state Galerkin approximation, which has had a major impact on
the study of compressor stability and control.  We then adopt a very general framework for representing
the equations, and in this framework develop models for unsteady losses, inlet distortion, and some of
the actuator types that have been used in experimental control work.  The framework presented
represents a comprehensive description of the state of the art in Moore-Greitzer based modeling, and
should be considered a starting point for additional research in the area of rotating stall modeling for
control.

4.1 Galerkin Projection
We begin from a slightly more general framework for Galerkin approximation than that originally

presented by Moore and Greitzer, and then present the 3-state approximation as a special case.
Although the 3-state model has been by far the most valuable to research work, higher order models
represent the highest accuracy approach to simulation, so may be of interest for this reason alone.

The approach is to optimally project the equations in Table III onto the same set of basis functions
used for linearization, that is spatial sinusoids.  For control applications the real-valued Fourier
decomposition is often useful:

( ) ( )[ ]∑
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++=
N

n
nsnc nn

1
sin

~
cos

~ θφθφφφ (30)

To apply the Galerkin procedure, we simply substitute in this assumed form for the solutions, and then
form an inner product with each of the basis functions.  The substitution step leads to the following
equations:
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( )pTpcB ψφψ Φ−=��24 (32)

Taking the inner product with the basis functions φ , ncφ~ , and nsφ~  on both sides of these equation is

the same as taking the Fourier transforms.  The results are equations for the surge dynamics and
rotating stall dynamics, coupled through the spatial Fourier coefficients of the compressor nonlinearity,
as follows:

( ) pcc ψφφ −Ψ=�� (33)
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This is the general form for a Galerkin model for rotating stall and surge.  The overbar in equation (33)
denotes spatial mean (0th Fourier coefficient).  Evaluating the integrals in (35) and (36) is simplified if
the compressor characteristic is represented by a linear regression, such as a polynomial in φ.  In this
case, we can write ΨC as follows:
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The integrals (35-36) can be carried out on each of the regressors separately.  This leads to a regression
matrix in the chosen state space, which provides the nonlinear coupling terms in the Galerkin
projection.  For instance, if we perform the integral for a cubic representation of the compressor
characteristic (q=3 in (37)), the two-mode Galerkin expansion is

[ ]

( )pTpc

p
c

B

c

s

c

s

s

c

s

c

ψφψ

λ
λ
λ

λ
ψ

µ
µ
µ
µ

φ

Φ−=

Ψ+























−

−
−

=























��

�
�
�
�

��

2

2

2

1

22

22

11

11

4

~

1
a

(38)

where µµ += nn 2 , and the cross-coupling between Fourier harmonics is encapsulated in the integral

of the regressor matrix:
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The following abbreviations have been employed to make the expressions more succinct:
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Of course these equations become even more complex as the number of modes incorporated is
increased; symbolic manipulation software such as Mathematica or Maple is necessary.  But for
understanding some of the fundamental properties of the system, a 0th and 1st-mode only Galerkin
expansion has been the most often used.  In the general formulation presented above, this would yield
four equations.  But one can obtain a 3-state representation by considering the amplitude and phase of
the rotating wave, rather than the sine and cosine coefficients.  Setting 0222 === Rcs  in the above
equations, and converting into amplitude-phase form by approximating the rotating stall amplitude A
and phase β  as follows:
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we arrive at the following equations, originally derived by Moore and Greitzer [10] (albeit for specific
values of the parameters, a):

( ) 2
32 2
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1
Aaapcc 





 ++−Ψ= φψφφ�� ;

ppcB γψφψ −=��24 ; (41)

( ) ( ) 3
3

2
321 4

3
322 AaAaaaA +++=+ φφµ � .

Although they appear to be complex, once the physical parameters a, ,,, µcB � and γ are specified, (41)
is a simple system of three nonlinear ODEs.  The 4th ODE, for β, simply indicates that the rotating stall
wave rotates at constant speed, and therefore is not of interest.  So the three states of the Galerkin
Moore-Greitzer model are velocity in the compressor duct (φ ), pressure in the plenum ( pψ ), and the

amplitude of the 1st Fourier harmonic of velocity at the compressor face (A).  The amplitude A is the
Galerkin representation of the rotating stall cell amplitude.  Note that in this model, full developed
rotating stall is not an unsteady situation; in fact it is a set of equilibria along which A is non-zero.
Figure 11 shows the equilibria of MG3 and the open-loop stability properties.  Note that there are four
separate branches of equilibria, two that are stable, and thus achievable/measureable in an open loop
environment, and two that are unstable.  The equilibrium to which the system settles is set by the

intersection of the equilibrium branches with the throttle surface, ( ) ppT
γψψ =Φ  (see equation (1); γ

is an input parameter that sets the throttle area). The throttle surface is independent of A and intersects
either one or two of the stable solutions.  The inset in Figure 11 shows the migration of equilibria with
γ, which is the most commonly used ‘bifurcation parameter’ for describing how the equilibria evolve.

The two stable equilibrium branches are the points along the speed line, for which A=0, and the
rotating stall characteristic, along which A is large.  As shown in Figure 11b, as γ goes down in an
uncontrolled compressor the system jumps from the no-stall branch to the in-stall branch in an abrupt
way, which is undesirable.  The hysteresis associated with recovery is also undesirable, as is the
existence of two equilibria, one of which is rotating stall, at a given value of the throttle area
parameter γ.

The first unstable equilibrium branch is the one along which A=0.  This is the axisymmetric-flow
extension of the compressor characteristic; stabilizing this set of equilibria is the goal of most modal
control techniques.  The second unstable equilibrium branch connects the peak of the compressor map
and the rotating stall map; this is the focus of ‘operability enhancement’, or bifurcation-based, control
schemes.  If a control scheme can stabilize these equilibria, its existence may prevent the compressor
from jumping directly between stable operation and fully developed rotating stall.

Figure 11c can also be interpreted as a bifurcation diagram with respect to a disturbance throttle
area.  The throttle characteristic is the same as described above, but here it represents effects which tend
to undermine operability – changes in fuel flow, acceleration transients, etc.  The fact that at a certain
value of throttle area, the system jumps to a large amplitude rotating stall equilibrium, and that the
throttle area must be increase significantly before the system returns to normal operation, indicates that
points near γpeak, even if they are stable in the small-amplitude (linear) sense, tend to easily transition
into rotating stall.  Proof that these points do in fact have poor operability requires one to analyse the
nonlinear stability properties of the equilibria; this can be done either through simulation or in a more
general theoretical context.
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Figure 11 – Equilibria of the 3-State Galerkin approximation of the Moore-Greitzer model.
(a) three dimensional view of equilibria; (b) two dimensional view in the

pψφ −  plane; (c) equilibria viewed as bifurcations of the parameter γγγγ.

4.2 State-Space Representation
Although the Galerkin projection method is an efficient approach when the number of spatial

harmonics to be incorporated is very low, it is unwieldy for larger dimensions.  The source of
complexity is representation of the nonlinearity ( )φCΨ  using spatial Fourier coefficients.  In this
section, we instead represent the ODEs in the spatial domain, so that the nonlinearities are easily
evaluated.  The resulting equations are in ‘state space’ form, a form useful for application of control
theory.  The state-space Moore-Greitzer model is also a straightforward formulation for incorporation
of unsteady loss dynamics, distortion, and actuators.

The reason that we have used the spatial Fourier domain so far is that the linearized flow field
relationships are in this domain.  If we begin with a circumferential flow coefficient distribution,

( )0,,0 tx θφ = , we must first convert to SFCs, then apply the equations in Table II to determine the time
derivative of φ  and update, and then convert back to the spatial domain to determine the effects of the
nonlinearities (refer to the algorithm in Section 3.3).

But the fact that all of the operations to represent the flow field are linear means that they can be
applied directly to the differential equations, yielding linear operators that can be represented as matrix
multiplications (if the Fourier coefficient representation of φ  is truncated).  Consider step 3 in the
algorithm in Section 3.3:

( ) )
~

:(
~1

0,,
~~~2

00 == =−Ψ=

≠−=−Ψ=









+

npnC
c

nnCn

Note

nNNnin
n

φφψφ

φλφµ

�
�

��

. (42)

We first represent this in vector-matrix form:
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We wish to apply a matrix implementation of the inverse Fourier transform to this equation.  Because
we have truncated the SFC representation of the flow, and because the domain is periodic in θ, the
discrete Fourier transform (DFT) is appropriate here.  This transform has two important properties:  (1)
it yields a discrete representation of the flow field in the spatial domain, and (2) it can be represented as
a matrix multiplication.  Periodicity in θ insures that no information is lost in going between the
truncated SFC domain and the discrete spatial domain (the truncated approximation is retained exactly).
The transform pair for the discrete Fourier transform is:

( )

( ) ∑
−=

∑
+

=

−

+
=

=

N

Nn

nkj
nk

N

k

nkj
kn

e
N

e

θ

θ

φθφ

θφφ

~

12

1

~ 12
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12

2

+
=

N

k
k

πθ . (44)

We can represent both transforms as matrix multiplications:
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where we introduce the notation F and 1−F  for the matrix DFT and its inverse, as well as as φ and φ~

for the vector representations of the flow at x=0 and its DFT (the elements of the latter matrix are the
SFCs we have been using throughout this document).

Using these definitions, we can rewrite Equation (42) into a vector-matrix ODE:

( )[ ] pCAE eFFDFD ψφφφ 0−Ψ+= . (46)

DE and DA are matrices, defined based on Equation (43):
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. (47)

The notation ( )[ ]φCΨ  indicates a vector whose elements are ( )( )kC θφΨ . The vector 0e  simply applies

the scalar pψ  to the zeroth-mode equation in the centre of the matrix:

[ ]Te 00010000 ��= (48)
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The final step to create a standard state-space representation is to take the inverse Fourier transform of
both sides of equation (46), so that the nonlinearity ( )φCΨ  can be directly evaluated.  The result is:

( )[ ] pCAE eFFFFDFFDF ψφφφ 0
1111 −−−− −Ψ+=� , (49)

or, by recognizing that FF 1−  is the identity and introducing notation for the three other matrix
operators (which, after all, can be computed once off-line to a simulation or control study):

( )[ ] pC TAE ψφφφ −Ψ+=� . (49)

The ODEs are completed by converted the plenum equation into vector matrix form:

( )( )pT
c

p S
B

ψφψ Φ−=
�

�
24

1
. (50)

The following definitions for the transformation matrices are readily verified:

[ ]
[ ].1111
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FDFE

T

A

E

(51)

Equations (49) and (50) encapsulate the entire algorithm described in Section 3, where all of the
Fourier transform and inverse transform steps have been folded into the matrix multiplications.  The
only approximation introduced is the truncation of the Fourier series.  This state space formulation is
indispensable for conceptualization and design of control laws, as well as for compact representation of
the model extensions to be presented in the next sections.

4.3 Unsteady Loss Modeling
The compressor representation ( )φCΨ  models how much of the unsteady pressure difference

across the actuator disk is supported by the pressure rise of (or work done by) the compressor (see
Equation (17)).  So far we have assumed that ΨC is a nonlinear, memoryless operator on φ.  Here we
introduce a more detailed representation that accounts for the time required for pressure rise to develop
across the compressor.  This is done by allowing losses in the rotor and stator passages to develop over
time according to first-order lags. To do this, we must first break the compressor map into components
that separately account for ideal turning, viscous losses in the rotor, and viscous losses in the stator:

( ) ( ) ( ) ( )φφφφ ss
r

ss
s

id
c

ss
c LL −−Ψ=Ψ . (52)

( )φid
cΨ is the ideal compressor characteristic, which never becomes negatively sloped (the blade

passages continue to turn the flow efficiently as the flow coefficient is reduced).  ss
sL  and ss

rL  account
for the viscous loss effects, which grow as incidence increases, that is as the flow coefficient is reduced.

Next we must model what occurs in unsteady situations.  Nagano et. al [27] performed one of the
few measurements of the unsteady characteristics of a blade row, concluding that a first-order lag in the
development of unsteady losses is a reasonable approximation (see Mazzawy, [31]).  This leads to the
following unsteady model for the compressor pressure rise, cΨ :

( )
( ) ( )

( ) ( ) r
ss
rrrr

s
ss
sss

rs
id
cc

L

L

����

���

��

−=








∂
∂+

−=

−−Ψ=Ψ

φ
θ

φτ

φφτ

φ

3 . (53)
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The term in brackets is the time derivative of flow in the rotor passages, which depends on the shape of
the perturbation through which the rotor is passing (similar to a convective derivative).  r� and s� are
the unsteady stator and rotor loss values respectively; note that the equations are constructed so that

these values approach the nonlinear functions ss
sL  and ss

rL  exponentially, so that (52) and (53) are
identical in steady state, uniform flow.

The time constants rτ and sτ  are approximated, after Nagano et. al, as the flow-through times in
the blade passages, which in turn depend on the blade chord and the flow coefficient:

( ) ( )t
b

k
sr

sr ,
,

, θφ
φτ τ= , (54)

where rb  and sb  are the mean stator and rotor chord lengths and τk  is an experimentally identified
coefficient, typically near one.

We can introduce this new model of the compressor into the state-space formulation by first

representing the 
θ∂
∂

 operator with a matrix operator on the approximate vector φ :

( ) [ ]φθθφ
θ

~1
∂

∂≅




∂
∂ −Fk , (55)

where

[ ] [ ]{ }iNinNiNidiag ��)()1( −+−=∂
∂

θ

is a diagonal matrix that performs the derivative on the Fourier coefficients.  A matrix operator that
performs the partial derivative is thus derived, as:

[ ]FFD θθ ∂
∂= −1 .

Using this relation to convert equations (53) into state space form, and combining with equations
(49-50) yields an expanded model of rotating stall and surge that takes into account lags in the
development of viscous losses:
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Note that since rotor and stator loss are distributed parameters, r� and s� have been made into vectors

of the same dimension as φ .  This triples the dimension of the non-linear simulation; in a linearized

setting it alters the eigenvalue problem for each circumferential mode to a third order problem.  This
additional complexity appears to be necessary, however, to accurately capture the stability properties of
higher circumferential harmonics.   Figures 12 and 13, taken from the study of Haynes et. al [28],
demonstrate this fact.  They show the real and imaginary parts (growth rate and rotation rate) of the first
three harmonics in a low speed research compressor, obtained using system identification methods.
Without the unsteady loss model presented here, the Moore-Greitzer model does not accurately capture
the eigenvalue behaviour as a function of mass flow.  However, with the unsteady loss dynamics
included, the model’s ability to capture the eigenvalues is markedly improved.  Not that this is not a
demonstration of the predictive capability of the model, which is generally imperfect; model parameters
must typically be tuned based on experimental data.  Instead, it is a demonstration of the model’s ability
to capture the observed behaviour, such as the relative stability of the eigenmodes, the trends with mass
flow, etc.  This ability to capture the dynamics, rather than predict them, is the sufficient for most
control applications.
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Figure 12 – Modeling results vs. measurement for Moore-Greitzer model without inclusion of lag in the
development of losses.  From Haynes et al., [28].
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Figure 13 – Modeling results vs. measurement for Moore-Greitzer model including lag model for the
development of losses. From Haynes et al., [28].

4.4 Inlet Distortion Modeling
Inlet distortion, resulting from separation of the lip or inlet, side gusts, hot gas ingestion, etc. is

known to have a significant impact on compressor stability.  In the state-space, control theoretic
framework being presented here, inlet distortion can be represented as external forcing.  The character
of this forcing can be either steady or unsteady.  It is a non-uniformity in either the circumferential or
radial flow, or both.  The primary forms of inlet flow non-uniformity are total pressure and temperature.
We will consider  steady, circumferential, total pressure distortions here; our formulation is also
suitable for the study of unsteady circumferential total pressure distortion.  Temperature distortion and
radial distortion can be represented in the Moore-Greitzer framework, but these models involve
approximations and additional calculations.

When inlet distortion is added at the inlet, the upstream flow field assumptions must be rethought.
This is done in detail by Hynes and Greitzer [2] and by Chue et al [21].  To develop a model, an
experimental distortion scenario (rather than an operational environment) is modelled.  When distortion
is studied experimentally, a semi-porous screen is placed in the upstream annular duct, creating a loss
or blocking over some fraction of the circumference (typically 90 to 180 degrees).  The total pressure
loss across this screen convects downstream, causing some parts of the compressor to experience lower
total pressure than others. Thus the compressor operates in two different regimes, and the flow
velocities accelerate until a fluid mechanical balance is reached.  Inertia in the blade passages, as well
as the upstream and downstream flow relations, determine the resulting axial velocity pattern, which is
non-uniform but steady (i.e. a new, distorted equilibrium).  As the compressor is throttled into stall,
lightly damped eigenmodes of this new equilibrium appear and eventually go unstable.  The character
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of these eigenmodes is completely different from the uniform flow eigenmodes, which are sinusoidal
waves rotating at constant speed.  However, the physics that govern distorted-flow eigenmodes are the
same. Straight-forward modifications to the model already developed can capture the behaviour of the
dynamics quite accurately.

The approach to modelling this experimental scenario is to assume that the streamlines
downstream of the distortion screen remain straight and parallel throughout the upstream flow.  Thus no
nonlinear redistribution of the flow field is allowed.  Although this will clearly not be the case behind a
significant pressure loss screen, the error for typical screens is acceptable – the important feature to
capture is the total pressure non-uniformity.  The velocity field is assumed to continue to satisfy the
linearized relations already presented – that is, it is a potential flow.  Longley [29] validated this model
in an indirect way by showing that the complete model described distorted flow phenomena well.  More
recently, van Schalkwyk [20] directly compared the upstream flow field predicted by this model, the
predictions of a fully nonlinear 2D Euler simulation, and measurements in a heavily instrumented low
speed research compressor.  He found that while there was some flow redistribution behind the screen
(i.e. curvature of streamlines), it was small and had negligible impact the accuracy of stability
predictions.

Based on these assumptions the model of the distortion screen is that it introduces a total pressure
profile at the compressor face that is determined by a screen loss function SC(θ).  This screen loss
function can be viewed as a 2D generalization of a throttle:

( ) 2

2

1 φθψ Sscreent −= . (57)

Superimposed on this effect is the impedance relation of the potential flow perturbations.  The resulting
equations for the upstream flow can be written as follows:

( ) 2
0 2

1 φθψ S
txt −

∂
Θ∂−== . (58)

Comparing this equation to the one in the first column of Table III, we see that the only change is
an additional term, which can be considered as an external forcing term if the mean flow is not allowed
to vary.  This will be the case if the system is still stable and the throttle is used to set the compressor
mass flow. The view of distortion as an external force is not strictly correct during large oscillations of
the mean flow in our experimental scenario, since mean flow variations will cause the distortion to
change.  In an operational environment, large flow oscillations induced by the compressor may also
alter the nature of the distortion-producing element (such as the inlet lip). However, to understand
distortion and to characterise many practical issues, it is relevant to treat distortion as external forcing
(i.e. not coupled to the system dynamics).

If distortion is simply an external forcing function, one might ask how it can change the
homogeneous behaviour of the system.  In linear systems, external forcing has no effect on the
eigenvalues; details of its introduction only effect the system’s forced or ‘input-output’ properties.
However, in non-linear systems, steady external forcing can change the equilibrium of the system, and
the homogeneous properties at this new equilibrium may be different.  To study this effect, Hynes and
Greitzer first solved for the equilibrium flow properties, and then linearized the dynamics about this
new equilibrium.  We can perform the same analysis in our new framework by introducing (57) into our
state-space model (49-50), and computing the steady solution:

( )[ ]
( )pT

cpC

S

sTA

ψφ

ψφφ

Φ−=

−−Ψ+=0
. (59)

The second equation simply allows the mean flow to be set using the throttle.  The first equation is the
steady version of equation (49), with the addition of an external forcing vector defined to be equal at
each circumferential location (that is, for each vector element) to ( )θψ screent  in equation (57).  The

solution to this non-linear equation must be found iteratively.  The result is ( )kθφ , the circumferential

distribution of flow coefficient, contained in the vector φ .  One also obtains pψ  at the equilibrium

point.  Figure 14 shows a typical profile, for a low-speed experimental compressor.  Clearly the
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equilibrium has changed dramatically – and one can expect that the unsteady character will change
accordingly.

0 60 120 180 240 300 360
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

F
lo

w
 C

o
e

ff
ic

ie
n

t,
 φ

Circumferential Position, θ

Figure 14 – Steady state effect of inlet distortion.  Flow coefficient variation with circumference.  Dashed
lines are the boundaries of the ‘spoiled sector’, that is the

region behind the distortion screen.   From van Schalkwyk, [20].

Our state space formulation is also well suited to computing the linearized unsteady character of
the flow resulting from distortion.  To linearize about the new equilibrium, we simply create a diagonal
matrix of local linearizations of the compressor map (the only non-linear term in equation (49)).  Each
circumferential location of the annulus will have a different local linearization because the flow
coefficient is different at each location.  Denote this diagonal matrix dP :

( ) ( ) ( )
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The throttle slope, since it operates only on the mean flow, is linearized as in equation (20),

p

T
T d
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m

ψ
Φ=−1 .

Introducing these linearizations into equations (49-50) results in the following linearized, state-
space representation:
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Note that we have neglected to linearize equation (57) in this formulation – this will introduce extra
damping on the mean flow, because the screen behaves in a manner similar to the throttle from the
perspective of the mean-flow.  This is a simple addition to the above analysis that we omit for brevity.

To understand the effect of distortion on the stability and character of perturbation waves, one
simply computes the eigenvalues and eigenvectors of the matrix on the right-hand side of (61).  Since
the states include the flow coefficient distribution, the real parts of the eigenvectors directly represent
the spatial distribution of the flow coefficient.  Modulating these eigenvectors by a unity phasor and
then computing the real part gives the spatial distribution as the wave rotates around the annulus
(neglecting the effect of growth or decay rate).  This allows the character of the rotating wave to be
compared to the uniform flow case, where the flow coefficient distribution is always sinusoidal.  Figure
15 shows the result of such a calculation, including a plot of the steady flow coefficient (i.e. the values
that determine the diagonal elements of the matrix dP ).  Each line in the top plot in Figure 15
represents the distribution for a different circumferential position of the wave, as it travels around the
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annulus.  The interweaving pattern is the result of a growing and shrinking process the wave undergoes
as it rotates around.  This can be understood by considering the slope of the compressor characteristic in
various regions of the annulus.   In regions where the slope is negative (due to high local flow
coefficient), perturbations decay.  Regions of lower flow experience positive local compressor slopes,
so waves in that region tend to grow.  The stability of the is determined by the interplay of these regions
of growth and decay.

Figure 15 – Superimposed snapshots of a rotating stall precursor wave at various points around the
annulus.  From Hynes and Greitzer, [2].

4.5 Sensor and Actuator Models
Our discussion of modelling for control of rotating stall would not be complete without a

discussion of sensors and actuators.  Various sensors and actuators have been proposed and/or
implemented for control of rotating stall.  For each, the equations must be reconsidered and modified
appropriately.  We begin with a description of sensor choices and associated modelling considerations.
We then present the modifications introduced by four different types of actuators, as a catalogue of
possible actuators and a record of their behaviour.  Considered are one-dimensional bleed from the duct
downstream of the compressor, bleed from the plenum, inlet guide vane actuation, and injection of
high-momentum air upstream of the compressor.

To represent the additional elements that we will add to the fluid system, we need to introduce
several additional stations in the compressor schematic.  Figure 16 shows these additional stations, as
well as the locations of the sensors and actuators that we will discuss.
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Figure 16 – Compression system schematic with additional notation for actuator modelling.

INTRODUCING SENSORS

Sensors fall into two broad categories:  sensors that measure one-dimensional, mean flow
properties, and sensors that measure local flow properties, and are often arranged in arrays to allow one
to approximately determine the circumferential distribution of the two-dimensional flow variables.
One-dimensional flow measurements can be approximated by averaging a distributed array of sensors
in an annulus; in this case we model them as ideal mean-flow measurements.

One-dimensional measurements for control of surge are discussed in detail by Simon [24].  The
choices are mean total pressure, static pressure, and velocity (or mass flow) measured in the duct
upstream or downstream of the compressor, and static pressure measured in the plenum.  Eveker et al.
[34] also approximated the derivative of velocity for their control laws; this can be accomplished
simply by measuring the static pressure difference across a section of duct as will be described
presently.

Obviously mean duct velocity and plenum pressure measurements are directly represented in the
compressor model already described – no additional modelling is necessary to represent these.  To
model mean total pressure at any station, we can write a modified version of the unsteady Bernoulli
relation in equation (9), which assumes that the total pressure at the inlet to the upstream duct is zero.
Our modifications to (9) are to eliminate the higher harmonics, and to take into account the duct length
between the inlet and the probe, probe� :

φψ �� probeprobet −= . (62)

Substituting in the equation for φ�  (for instance (33)), we have:

( )( )pc
c

probe

upstreamprobet ψφψ −Ψ
−

=
�

�
(63)

This is the non-dimensional, perturbation value of total pressure at an arbitrary station in the upstream
duct.  It can be linearized or converted to state-space form as appropriate for the analysis at hand.

In the downstream duct, we can determine static pressure in a similar manner, using the static
pressure in the plenum as a reference.  In this case we modify equation (16), arriving at the following
relation:

( )( )pc
c

probec
pdownstreamprobe ψφψψ −Ψ

−
+=

�

�� )(
. (64)

The term in numerator is the distance from the probe to the plenum.  Note that since φ�  is utilised to

derive this equation as well, one could deduce φ�  by placing one static pressure transducer in the
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plenum and another set (sufficient to determine mean static pressure) some distance upstream of the
plenum.  Finally, we note that the formulation of Moore-Greitzer is based on static pressure upstream
and total pressure downstream of the compressor, but one can relate the two at any station to complete
the modelling:

2φψψ −= probetprobe  (any station) (65)

The two-dimensional or local-flow probe types that have been used to date in most experiments
are arrays of hot wires and arrays of high-response, static pressure transducers (mounted in the casing).
Several measurements are typically taken at the same axial station and combined using the discrete
Fourier transform relations in equation (44)-(46) to estimate Spatial Fourier Coefficients (SFCs).  To
model these arrays, we again rely on the Moore-Greitzer derivation.  Velocity at the compressor face is
directly available from the model; however hot wires may be placed some distance upstream.  In this
case we apply a transformation based on equation (6), which states that higher harmonic components of
the velocity distribution at the compressor face are attenuated:

n
n

proben e φφ χ ~~ −= (66)

where probeu �� −=χ  is the distance from the probe to the compressor face.  This relation can be

translated into state space form in a manner similar to the other relations derived so far; the result being:

φφ FDF probeprobe
1−=  (67)

where { }χχχχχχχχ NNNN
probe eeeeeeeediagD −−−−−−−−−−= ,,,,1,,,, )1(22)1( �� .

Note that the zeroth-harmonic contribution is included in this formulation, and is not attenuated.
Equation (67) is valid in the upstream duct.  Although one could derive a similar relation downstream,
hot wires in this region are uncommon because of the increased noise introduced by blade wakes.

Finally, we consider distributed static pressure sensors.  It is sufficient at this point to give the
relationship between static pressure and velocity in SFC form, and allow the reader to deduce the state
space equivalent.  Upstream of the compressor, as with hot wires, is a much more common location for
these sensors than downstream  (unsteady static pressure sensors are also often placed within the
compressor itself; modelling these would require one to introduce additional details about inter-blade
pressure rise characteristics).  In the upstream case we can apply the unsteady Euler equation,

tx
t

∂
∂

∂
∂ −= φψ .  Combining this equation with the upstream solution and the definition of total

pressure, and linearizing yields:

proben
probe

nproben φφφψ ~~~ +−= �
. (68)

In this equation, the time derivative of the flow coefficient at the compressor face must be computed
using for instance (25) or (49), and then projected to the probe location using (66).

The remaining sections describe various models for actuators that have been used for rotating stall
control in the past.  Although this list is not all-inclusive, it does give a sampling of the type of
actuators that have been used, and the assumptions and approximations that have been found to be
appropriate.

1D BLEED FROM DOWNSTREAM DUCT AND PLENUM BLEED

Many researchers have investigated the use of purely one-dimensional actuation, either for control
of surge in compressors not prone to rotating stall (centrifugal compressors, primarily), or for
application of bifurcation-based methods to control rotating stall.  One-dimensional actuation is the
simplest to model, so it is described first.  Two types of actuation will be introduced in this context.
The first is one-dimensional bleed from the duct downstream of the compressor (see Figure16).
Continuity and 1D momentum arguments in the downstream duct lead to the following modification to
equation (16):
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( ) ( ) bbddp
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≠
+= 00
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(69)

where φb is the normalised mass flow exiting through the bleed.  Equation (18) must also be modified to
reflect the fact that less mass flow will go into the plenum if it is bled off upstream.  We can combine
this change with the change introduced by a plenum bleed, which only modifies the plenum mass
balance:

( ){ }pbbpT
c

p
B

φφψφψ −−Φ−=
�

�
24

1
(70)

both φb and φpb can be related  through throttle characteristics to the area of the throttle opening and the
pressure drop across it; these relationships are similar to the main throttle relation.  One can imagine

implementing a control law that commands φpb and subsequently determines the throttle opening
required to achieve this based on the pressure in the plenum and a previously identified set of throttle
maps.

INLET GUIDE VANES

Inlet guide vane (IGV) actuation is of interest primarily in an experimental setting.  Consider a set
of inlet guide vanes that are independently actuated in incidence (or, alternatively, incorporate flaps or
circulation control to change their degree of flow turning).  These IGVs would be able to change the
incidence of the flow introduced to the rotor in a non-uniform manner.   In this way, IGV actuators
provide a direct method to change the local pressure rise delivered by the compressor.  For modelling

purposes, this effect is represented by simply replacing ( )φid
cΨ  in equation (53) (or, alternatively,

( )φcΨ , if unsteady losses will not be considered)  with ( )γφ,id
cΨ , where γ is the circumferentially

distributed IGV incidence (perturbation from mean turning).  Thus a two-parameter, non-linear, steady
state function must be identified experimentally to capture both the compressor map and its sensitivity
to IGV incidence.  Because IGVs have a direct impact on the source of rotating stall instability
(compressor pressure rise), one can quite readily use them for rotating stall control, provided they have
sufficient circumferential resolution.  Twelve circumferentially distributed and actuated guide vanes,
for instance, are capable of actuating modes zero through six (the Nyquist frequency), although in
practice only modes up to the third or fourth are accessible.

Modulation of incidence is not the only effect of modulating the IGVs.  If two adjacent IGVs are
deflected in opposite directions, they form a converging passage.  Such a passage causes the flow to
increase in velocity to satisfy continuity.  In addition, total pressure variations will occur due to
acceleration of flow within the passage.  The details of this process are described by Paduano [26], and
result in the following relationships upstream of the compressor:
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The additional terms and axial stations in these equations are defined in Figure 16.  These additional
equations, together with the new representation of the compressor characteristic, form the actuation
model for IGVs.

INJECTION OF HIGH-MOMENTUM FLOW

Another type of actuation that is currently being investigated is injection of high-momentum air
into the upstream annulus.  Injectors are assumed here to be uniformly distributed circumferentially;
this restriction can be removed if care is taken to take into account the more localized injection effects
that would be introduced by an array of discrete injectors.
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A two dimensional, evenly distributed set of injectors has three effects. First, it can be directed in
such a way that it changes the incidence angle of the first stage rotor (if no IGVs are present).  This, like
IGV deflection, changes the pressure rise delivered by the compressor. Second, it adds momentum to
the flow, which translates into additional pressure rise from the compressor/actuator combination.
Third, the mass flow through the system is altered; thus the mass flow through each of the various
elements of the system will be modified.

To include incidence effects, we first (as in the case of IGVs) replace ( )φid
cΨ with ( )qid

c ,φΨ ,
where q is the area of the injector opening nondimensionalized by the annulus area.   To include
momentum effects, a momentum balance is done across the actuator disk containing the injectors – this
is described by Vo [29]. A simplified relationship approximates the primary effects (see [30]):

( ) qjjtt φφφψψ 223 −+= . (72)

where the stations are defined in Figure 16 and jφ  is the normalised injection velocity.  Finally,

continuity considerations yield the third relationship:

qjφφφ −= 32 (73)

5 Conclusions
These notes attempt to give a comprehensive account of modeling techniques used for control of

rotating stall and surge.  Because such modeling has been primarily based on the Moore-Greitzer
model, that has been the focus of the technical discussion.  This is not to say that more computationally
intensive methods have not yielded information useful to the endeavor of active control. On the
contrary, for the design of actuators, for understanding where those actuators would have the most
influence, and for understanding the detailed nature of flow instabilities, such computational
approaches have been invaluable.  However, for control law design and developing a basic
understanding of the forces at work in a compressor, especially when the compressor is influenced by
large scale forcing functions such as circumferential distortion and non-uniform tip clearance, the
models presented here are “as simple as they can be while not being too simple” , and yield insight into
the main effects that are important.
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1 Overview

These notes provide an introduction to active control techniques applied to compression system
instabilities, chiefly rotating stall and surge. The material is derived from a number of sources, in-
cluding material from the thesis work of Robert Behnken [4], Simon Yeung [41] and Yong Wang [37]
and a variety of papers and books by the author [6, 29, 38, 42]. We also rely on a recent survey
paper by Paduano et al. [31]. More detailed references are given in the individual sections.

1.1 Background

The design process for gas turbine engines has become quite mature over the past several decades
and substantial performance increases have become harder to achieve. While most avenues in the
design process have been deeply explored, one area of performance enhancement that has not be
fully exploited is that of control. One reason for this is that the amount of complexity added
by a control system has been, until recently, a major concern. Currently, the presence of full
authority digital engine controllers (FADECS) on most modern aircraft has decreased the amount
of additional hardware required to take advantage of more sophisticated control techniques. In
addition to computation power, engine hardware is also being added to aid engine operability and
to help eliminate startup transients. This additional equipment could also be exploited for control
purposes.

It was recently shown that passive control techniques can be used to increase both engine
efficiency and power output on actual full scale engines. The simulation study by Smith et al. [34]
reported a 15% increase in thrust and 3% decrease in fuel consumption with the use of a controller
that scheduled engine parameters, and experimental validation of these results was presented by
Gilyard and Orme [12]. The experiments involved subsonic flight tests of an F-15 airplane at
the NASA Dryden Flight Research Center, and showed up to 15% increase in thrust and a 1–2%
decrease in fuel consumption. These increases in performance and efficiency for one of the highest
performance aircraft in the world suggest that other aircraft would also see benefits from similar
controls.
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Figure 1: Typical components of the stability stack for a jet engine.

These results for passive control suggest that active techniques could also be beneficial for
increasing performance and efficiency, by allowing the operation of the engine in previously unusable
regions. These unusable regions are typically due to the presence of instabilities in the compression
system under low flow/high pressure rise conditions. Unfortunately, the peak performance of the
compressor is also achieved near the operating conditions at which these instabilities occur.

Two of the performance limiting factors for which active control holds promise are rotating
stall and surge. Rotating stall is a non-axisymmetric instability that is localized to the compressor,
and involves periodic stalling and unstalling in the blade passages. Surge is a violent system level
axisymmetric oscillation that is due to the overall dynamics of the pumping system.

Figure 1 shows a stability stack for a typical jet engine, which is a graph of the amount of
margin required to avoid performance limiting instabilities due to different factors. On the left
side of the figure, several compressor performance characteristics are shown along with the stability
stack. These characteristics show the pressure that is delivered by the compressor at a given flow
rate. The nominal stability line is where a compressor system would start to exhibit some sort of
instability (typically rotating stall or surge) under ideal operating conditions. Since the operating
conditions are never ideal, the compressor must be operated some distance away from this curve
in order to avoid instability. The stability margin for a given effect is the distance away from the
nominal stability line that the compressor must be operated in order to avoid instability. Examples
of effects for which stability margins are included are distortion and power transients; others are
listed in the figure. The nominal steady state operating line is the curve where compressor system
would start to exhibit instability under worst case operating conditions. This worst case is obtained
by adding up all of the individual margins, and this sum of all of the individual margins is called
the stability stack. The stability stack therefore tells how much margin must be included in order
to avoid instability. An open area of research is in determining how to sum the individual margins
into the stability stack; it is not clear that a linear combination is the correct way to combine
the margins. Each of the components in the stack could possibly be decreased if the performance
limiting instabilities (rotating stall and surge) could be damped by active control. In order to
better describe the possibilities for active control, further description of the performance limiting
instabilities is now in order.
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The Emmons [9] model for rotating stall is shown in Figure 2, and provides a simple explanation
for stall cell formation and propagation. As the throttle on the compressor is slowly closed, the
angle of attack on the blades increases to a point where the flow separates on one of the blades;
this creates a blockage that the flow is redirected around. This flow redirection causes the angle
attack for the passage below the stalled region to be decreased; this makes this lower passage less
likely to stall. On the blade passage above the stalled passage the angle of attack is increased; this
makes this above passage more likely to stall. This effect causes the stall cell to rotate around the
compressor annulus.

Surge is caused by the alternating storage and release of compressed air in the downstream
ducting of the compressor. The compressibility of the air acts as a spring system, and the nonlinear
compressor performance characteristic provides negative damping to this spring system under some
operating conditions, and this effect leads to surge.

While these two instabilities are often modeled as separate phenomena, there is coupling between
them, and rotating stall is a precursor to the onset of surge in many engines. In fact, work by Day [8]
suggests that rotating stall causes the onset of surge. In addition to the coupling with surge, rotating
stall has a large hysteresis loop associated with it. This hysteresis results in the requirement of large
swings in operating conditions in order to recover from a stalled condition (in practice, recovery is
often accomplished by shutting the engine down and restarting it). A more detailed description of
these and other instabilities that limit the performance of compression systems can be found in the
survey paper by Greitzer [14].

While these two instabilities limit performance, there are other reasons that they must be
avoided. On high speed engines (high speed refers to the Mach number being high, and therefore
that compressibility effects are important), rotating stall leads to drastic increases in compressor
stage temperature and can lead to titanium fires [8]. During deep surge, reverse flow through
the engine can lead to combustion gases exiting the engine inlet and can create large pressure
spikes in the combustor. Rotating stall and surge must therefore be avoided not only because of
the performance limitations that they are associated with, but also because they can cause severe
damage to, or even failure of, the engine. Active control research for axial flow compressors therefore
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focuses on developing techniques for both decreasing the performance limitations associated with
these instabilities and on developing active disturbance rejection techniques for avoiding them.

1.2 Brief review of the literature

There has been substantial work in the area of active control of rotating stall and search in the
past ten years. We provide a brief overview here, somewhat skewed toward those most relevant for
our own research results. Additional information on some of the history of active control can be
found in the recent survey article by Paduano et al. [31].

Modeling and analysis

The centerpiece of nearly all theoretical work in the area of control of rotating stall and surge for
axial flow compressors is the model developed by Greitzer beginning with [13] and Moore in [27].
Their work culminated in what is now referred to as the MG-3 model, for Moore and Greitzer three
state model, and was first presented in [28]. This work is significant because it provides a low order
nonlinear model which captures many of the qualitative features seen in these types of compression
systems. Initial work at showing how the MG-3 model captures the behavior previously seen in
experiments was performed by the same authors [15]. The Moore and Greitzer model consists of
a partial differential equation (PDE) which describes the dynamics of an axial flow compressor.
By assuming a potential flow solution for the flow perturbations in the inlet duct in the form of
a Fourier series, the MG-3 model can be developed from this PDE by truncating the series at a
single mode.

The first dynamical systems analysis performed on this model was presented by McCaughan
in [25] and [26], where it was shown that the transition to rotating stall is captured as a transcritical
bifurcation and that the transition to surge is captured as a Hopf bifurcation in the MG-3 model.
Greitzer originally developed the B parameter [13] in order to calculate whether a given compressor
would surge or transition to rotating stall, and McCaughan showed that the value of this parameter
in the MG-3 model did help decide which of the instabilities would be dominant. She went on to
show that the phenomena of classical and deep surge and the hysteresis associated with the jump
to rotating stall were all present in the model, and could be explained from a dynamical systems
standpoint. A similar analysis was performed by Abed et al. [1].

While the MG-3 model does capture much of the qualitative behavior of axial flow compressors,
it does a poor job of quantitatively matching experimental data. In order to better match experi-
mental measurements of rotating stall dynamics other researchers have included more terms in the
Fourier series of the original Moore and Greitzer PDE description, and have extended the model
to include additional effects. These additional modes and effects increase the order of the model
substantially, but result in better correlation with experimental data. One of the most successful
modeling examples was presented by Mansoux et al. [24], where time traces from flow measure-
ments directly upstream of the compressor rotor face matched simulation results extremely well.
The model used by Mansoux et al. has been labeled as the distributed model and includes higher
Fourier modes for the flow perturbations at the rotor face as well as dynamics for the pressure
rise delivered by the compressor as the flow rate through the system is changed. These dynamics
(also referred to as unsteady loss dynamics) for the response of the compressor pressure delivery to
changes in the flow conditions were suggested by Haynes et al. [18], and are essential for matching
simulation and experimental data.

Initial work in active control for axial flow compressors focused on designing throttle controllers
for the low order MG-3 model. Throttle control techniques are one dimensional in nature since
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they act only on the circumferential averaged flow through the compressor. Liaw and Abed [23]
developed the first model based controller for rotating stall. The most interesting aspect of their
results is that the control law can eliminate the hysteresis loop associated with rotating stall. This
is accomplished by stabilizing an unstable solution to the MG-3 equations which corresponds to
small amplitude rotating stall (small is relative to the fully developed rotating stall that is open
loop stable in the MG-3 model). Additional throttle controller design on the MG-3 model was
performed by Krstić et al. [22] using backstepping techniques. The resulting controllers had similar
effects of stabilizing the unstable equilibria associated with small amplitude rotating stall and, in
addition, stabilized the surge dynamics.

The first extensive studies on 2-D actuation schemes for preventing rotating stall were performed
by Hendricks and Gysling [19]. This work compared the linear stability of different actuator and
sensing strategies to determine which was the most successful at extending the operating region of
a compressor system. The result for actuation techniques was that the injection of air upstream
of the rotor was the most promising method of controlling the transition to rotating stall. Further
work on modeling air injection was presented by Gysling [16], where aeromechanical feedback was
used to open a set of air injection ports upstream of the compressor face in response to static
pressure perturbations at the outer wall of the compressor annulus.

Over the last five years, additional work in modeling and analysis has been used to better
understand some of the limits of performance of actively controlled compression systems. Krstic
et al. [21] have explored the use of nonlinear techniques such as backstepping to provide global
controllers for stall, building on the nonlinear modeling work described above. Analysis of the
limits of performance due to actuator magnitude and rate limits has been explored by Wang et
al. [38].

Experimental results

There are several active control techniques that have been experimentally shown to decrease the
detrimental effects of rotating stall in axial flow compressors, including active inlet guide vanes,
high speed bleed valves, and air injection.

Control using inlet guide vane actuators works by damping out the small amplitude circum-
ferential flow perturbations which grow into rotating stall. Paduano et al. [30, 32] and Haynes et
al. [18] have both succeeded in controlling rotating stall using this type of actuation. By damping
out the first several circumferential Fourier modes of the inlet flow perturbations, inlet guide vanes
have been successfully used to extended the operating region of full size axial flow compressors.
These methods provided as high as 18% decrease in the stalling mass flow [32].

High speed bleed valves work to control rotating stall by using the coupling between the surge
and the rotating stall dynamics as described by the MG-3 model. Experimental results for control-
ling rotating stall using this method were presented by Badmus et al. [2], and a combined surge
and rotating stall bleed valve controller was presented by Eveker et al. [10]. These actuators have
been successful at eliminating the hysteresis associated with rotating stall and stabilizing the surge
dynamics. One area which is problematic is the requirement of relatively high bandwidth actuators
in order to control rotating stall using this actuation method.

Air injection has also proven successful at controlling rotating stall in experiments. Gysling’s
work [16] was based on using aeromechanical feedback for controlling a circumferential array of air
injectors upstream of the rotor face. The aeromechanical feedback was based on the increased static
pressure that is present in regions of the compressor annulus where rotating stall occurs. By clever
valve design, this effect was used to inject air which damped out small amplitude flow perturbations
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at the compressor inlet which would have grown into rotating stall cells. This actuation scheme
provided for a 10% decrease in the stalling mass flow rate through the compressor for the closed loop
case, compared with the steady air injection case. Twenty-four valves where used to accomplish
this control technique, and the mass flow addition was approximately 4% of the stalling mass flow
rate.

Further work using air injection to control rotating stall was performed by Day [7]. His work
focused on using several different techniques for damping out the flow perturbations which grow
into rotating stall cells. Two methods were investigated, one which attempted to measure the
rotating stall modes (using hot-wires) and cancel them, and a second which measured local flow
perturbations and attempted to reject them individually. Both of these methods were successful
at extending the operating region of the compressor system. Day also showed that this sort of
rotating stall control has a beneficial effect of damping out surge oscillations.

D’Andrea et al. [5] showed that the effect of continuous air injection was to shift the steady state
compressor performance characteristic and then explored the use of this for closed loop control.
The result was a controller which eliminated the hysteresis region associated with rotating stall.
Further work by the same authors [6] showed results for air injection control of rotating stall and
surge that are similar to those of Day [7], even though the injected air flow was not axial in nature.

These early studies have been extended to more realistic operating conditions in a number of
recent papers. Weigl et al. [39] implemented a controller for rotating stall using air injection on a
transonic, single state axial compressor at NASA and Rolls-Royce has reported results of control
of surge and stall on a full scale engine [11]. Additional experimental results are reported in [31].

1.3 Outline

These notes provide an introduction to the basic concepts of active control of compression systems,
focusing on rotating stall. Our emphasis is on nonlinear techniques for analysis and control of insta-
bilities since these are the most relevant for compression system instabilities. A brief introduction
to the definitions and tools of nonlinear control theory are given in Section 2. We then introduce
the notion of active control of compression system instabilities in Section 3, focusing first on linear
control techniques. Section 4 describes the use of nonlinear control methods, including bifurcation
control, as applied to compression systems.
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2 Introduction to Nonlinear Dynamics and Control

Rotating stall and surge represent system level instabilities in which nonlinear effects play an
important role. In this section we give a brief introduction to some of the specific tools that have
been used to analyze and control compression system dynamics. We assume familiarity with linear
control techniques (covered elsewhere in the course).

2.1 Lyapunov Stability

In this section we review the tools of Lyapunov stability theory. These tools will be used to analyze
stability of actively controlled compression systems. We present a survey of the results that we
shall need in the sequel, with no proofs. The interested reader should consult a standard text, such
as Vidyasagar [36] or Khalil [20], for details.

Basic definitions

Consider a dynamical system modeled by a smooth set of ordinary differential equations

ẋ = f(x) x(t0) = x0 x ∈ R
n, (1)

where x denotes the state of the system and x0 is the initial condition for the system at time
t = t0. We will assume that f(x) satisfies the standard conditions for the existence and uniqueness
of solutions. A point x∗ ∈ R

n is an equilibrium point of (1) if f(x∗) ≡ 0. We say an equilibrium
point is locally stable if all solutions which start near x∗ (meaning that the initial conditions are in
a neighborhood of x∗) remain near x∗ for all time. The equilibrium point x∗ is said to be locally
asymptotically stable if x∗ is locally stable and, furthermore, all solutions starting near x∗ tend
toward x∗ as t → ∞.

By shifting the origin of the system, we may assume that the equilibrium point of interest
occurs at x∗ = 0. If multiple equilibrium points exist, we will need to study the stability of each
by appropriately shifting the origin.

Definition 1. Stability in the sense of Lyapunov
The equilibrium point x∗ = 0 of (1) is stable (in the sense of Lyapunov) at t = t0 if for any ε > 0
there exists a δ(ε) > 0 such that

‖x(t0)‖ < δ =⇒ ‖x(t)‖ < ε, ∀t ≥ t0. (2)

Lyapunov stability is a very mild requirement on equilibrium points. In particular, it does not
require that trajectories starting close to the origin tend to the origin asymptotically. Asymptotic
stability is made precise in the following definition:

Definition 2. Asymptotic stability
An equilibrium point x∗ = 0 of (1) is asymptotically stable at t = t0 if

1. x∗ = 0 is stable, and

2. x∗ = 0 is locally attractive; i.e., there exists δ such that

‖x(t0)‖ < δ =⇒ lim
t→∞x(t) = 0. (3)
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Figure 3: Phase portraits for stable and unstable equilibrium points.

Finally, we say that an equilibrium point is unstable if it is not stable. Figure 3 illustrates the
difference between stability in the sense of Lyapunov, asymptotic stability, and instability.

Definitions 1 and 2 are local definitions; they describe the behavior of a system near an equilib-
rium point. We say an equilibrium point x∗ is globally stable if it is stable for all initial conditions
x0 ∈ R

n. Global stability is very desirable, but in many applications it can be difficult to achieve.
We will concentrate on local stability theorems and indicate where it is possible to extend the
results to the global case.

It is important to note that the definitions of asymptotic stability do not quantify the rate of
convergence. There is a strong form of stability which demands an exponential rate of convergence:

Definition 3. Exponential stability, rate of convergence
The equilibrium point x∗ = 0 is an exponentially stable equilibrium point of (1) if there exist
constants m,α > 0 and ε > 0 such that

‖x(t)‖ ≤ me−α(t−t0)‖x(t0)‖ (4)

for all ‖x(t0)‖ ≤ ε and t ≥ t0. The largest constant α which may be utilized in (4) is called the
rate of convergence.

Exponential stability is a strong form of stability; in particular, it implies asymptotic stability.
Exponential convergence is important in applications because it can be shown to be robust to
perturbations and is essential for the consideration of more advanced control algorithms, such as
adaptive ones. A system is globally exponentially stable if the bound in equation (4) holds for all
x0 ∈ R

n. Whenever possible, we shall strive to prove global, exponential stability.
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The direct method of Lyapunov

Lyapunov’s direct method (also called the second method of Lyapunov) allows us to determine the
stability of a system without explicitly integrating the differential equation (1). The method is a
generalization of the idea that if there is some “measure of energy” in a system, then we can study
the rate of change of the energy of the system to ascertain stability. To make this precise, we need
to define exactly what one means by a “measure of energy.” Let Bε be a ball of size ε around the
origin, Bε = {x ∈ R

n : ‖x‖ < ε}.
Definition 4. Locally positive definite functions (lpdf)
A continuous function V : R

n ×R+ → R is a locally positive definite function if for some ε > 0 and
some continuous, strictly increasing function α : R+ → R,

V (0) = 0 and V (x) ≥ α(‖x‖) ∀x ∈ Bε, ∀t ≥ 0. (5)

A locally positive definite function is locally like an energy function. Functions which are
globally like energy functions are called positive definite functions:

Definition 5. Positive definite functions (pdf)
A continuous function V : R

n × R+ → R is a positive definite function if it satisfies the conditions
of Definition 4 and, additionally, α(p) → ∞ as p → ∞.

Using these definitions, the following theorem allows us to determine stability for a system by
studying an appropriate energy function. Roughly, this theorem states that when V (x) is a locally
positive definite function and V̇ (x) ≤ 0 then we can conclude stability of the equilibrium point.
The time derivative of V is taken along the trajectories of the system:

V̇
∣∣∣
ẋ=f(x)

=
∂V

∂x
f.

In what follows, by V̇ we will mean V̇ |ẋ=f(x).

Theorem 1. Basic theorem of Lyapunov
Let V (x) be a non-negative function with derivative V̇ along the trajectories of the system.

1. If V (x) is locally positive definite and V̇ (x) ≤ 0 locally in x, then the origin of the system is
locally stable (in the sense of Lyapunov).

2. If V (x) is locally positive definite and −V̇ (x) is locally positive definite, then the origin of the
system is locally asymptotically stable.

3. If V (x) is positive definite and −V̇ (x) is positive definite, then the origin of the system is
globally asymptotically stable.

The conditions in the theorem are summarized in Table 1.
Theorem 1 gives sufficient conditions for the stability of the origin of a system. It does not,

however, give a prescription for determining the Lyapunov function V (x). Since the theorem only
gives sufficient conditions, the search for a Lyapunov function establishing stability of an equilibrium
point could be arduous. However, it is a remarkable fact that the converse of Theorem 1 also exists:
if an equilibrium point is stable, then there exists a function V (x) satisfying the conditions of the
theorem. However, the utility of this and other converse theorems is limited by the lack of a
computable technique for generating Lyapunov functions.

Theorem 1 also stops short of giving explicit rates of convergence of solutions to the equilibrium.
It may be modified to do so in the case of exponentially stable equilibria.
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Table 1: Summary of the basic theorem of Lyapunov.

Conditions on Conditions on Conclusions
V (x) −V̇ (x)

1 lpdf ≥ 0 locally Stable
2 lpdf lpdf Asymptotically stable
3 pdf pdf Globally asymptotically stable

Theorem 2. Exponential stability theorem
x∗ = 0 is an exponentially stable equilibrium point of ẋ = f(x) if and only if there exists an ε > 0
and a function V (x) which satisfies

α1‖x‖2 ≤ V (x) ≤ α2‖x‖2

V̇ |ẋ=f(x) ≤ −α3‖x‖2

‖∂V
∂x

(x)‖ ≤ α4‖x‖

for some positive constants α1, α2, α3, α4, and ‖x‖ ≤ ε.

The rate of convergence for a system satisfying the conditions of Theorem 2 can be determined
from the proof of the theorem [33]. It can be shown that

m ≤
(
α2

α1

)1/2

α ≥ α3

2α2

are bounds in equation (4). The equilibrium point x∗ = 0 is globally exponentially stable if the
bounds in Theorem 2 hold for all x.

The indirect method of Lyapunov

The indirect method of Lyapunov uses the linearization of a system to determine the local stability
of the original system. Consider the system

ẋ = f(x) (6)

with f(0) = 0. Define

A =
∂f(x)
∂x

∣∣∣∣
x=0

(7)

to be the Jacobian matrix of f(x) with respect to x, evaluated at the origin. It follows that the
remainder

f1(x) = f(x)−Ax

approaches zero as x approaches zero and, more specifically,

lim
‖x‖→0

‖f1(x)‖
‖x‖ = 0. (8)

If equation (8) holds, then the system
ż = Az (9)

is referred to as the linearization of equation (1) about the origin. When the linearization exists,
its stability determines the local stability of the original nonlinear equation.
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Theorem 3. Stability by linearization
Consider the system (6) and assume equation (8) holds. If 0 is a asymptotically stable equilibrium
point of (9) then it is a locally asymptotically stable equilibrium point of (6).

The indirect method says that if the eigenvalues of

A =
∂f(x)
∂x

∣∣∣∣
x=0

are in the open left half complex plane, then the origin is asymptotically stable.
This theorem proves that global asymptotic stability of the linearization implies local asymptotic

stability of the original nonlinear system. The estimates provided by the proof of the theorem can
be used to give a (conservative) bound on the domain of attraction of the origin. Systematic
techniques for estimating the bounds on the regions of attraction of equilibrium points of nonlinear
systems is an important area of research and involves searching for the “best” Lyapunov functions.

Examples

We now illustrate the use of the stability theorems given above on a few examples.

Example 1. Linear harmonic oscillator
Consider a damped harmonic oscillator, as shown in Figure 4. The dynamics of the system are
given by the equation

Mq̈ +Bq̇ +Kq = 0, (10)

where M , B, and K are all positive quantities. As a state space equation we rewrite equation (10)
as

d

dt

[
q
q̇

]
=

[
q̇

−(K/M)q − (B/M)q̇

]
. (11)

Define x = (q, q̇) as the state of the system.
Since this system is a linear system, we can determine stability by examining the poles of the

system. The Jacobian matrix for the system is

A =
[

0 1
−K/M −B/M

]
,

which has a characteristic equation

λ2 + (B/M)λ+ (K/M) = 0.
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Figure 5: Flow of damped harmonic oscillator. The dashed lines are the level sets of the Lyapunov
function defined by (a) the total energy and (b) a skewed modification of the energy.

The solutions of the characteristic equation are

λ =
−B ±√

B2 − 4KM

2M
,

which always have negative real parts, and hence the system is (globally) exponentially stable.
We now try to apply Lyapunov’s direct method to determine exponential stability. The “obvi-

ous” Lyapunov function to use in this context is the energy of the system,

V (x) = 1
2Mq̇2 + 1

2Kq2. (12)

Taking the derivative of V along trajectories of the system (10) gives

V̇ = Mq̇q̈ +Kqq̇ = −Bq̇2. (13)

The function −V̇ is quadratic but not locally positive definite, since it does not depend on q, and
hence we cannot conclude exponential stability. It is still possible to conclude asymptotic stability
using Lasalle’s invariance principle (see [40]), but this is obviously conservative since we already
know that the system is exponentially stable.

The reason that Lyapunov’s direct method fails is illustrated in Figure 5a, which shows the
flow of the system superimposed with the level sets of the Lyapunov function. The level sets of the
Lyapunov function become tangent to the flow when q̇ = 0, and hence it is not a valid Lyapunov
function for determining exponential stability.

To fix this problem, we skew the level sets slightly, so that the flow of the system crosses the
level surfaces transversely. Define

V (x) =
1
2

[
q
q̇

]T [
K εM
εM M

] [
q
q̇

]
= 1

2 q̇Mq̇ + 1
2qKq + εq̇Mq,

where ε is a small positive constant such that V is still positive definite. The derivative of the
Lyapunov function becomes

V̇ = q̇Mq̈ + qKq̇ + εMq̇2 + εqMq̈

= (−B + εM)q̇2 + ε(−Kq2 −Bqq̇) = −
[
q
q̇

]T [
εK 1

2εB
1
2εB B − εM

] [
q
q̇

]
.
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The function V̇ can be made negative definite for ε chosen sufficiently small and hence we can
conclude exponential stability. The level sets of this Lyapunov function are shown in Figure 5b.

Example 2. Stability of the MG-3 equations
Consider the three state Moore-Greitzer equations, which provide a simple model of the dynamics
of a compression system:

Φ̇ =
1
lc

(
Ψc(Φ)−Ψ+

J

4
∂2Ψc(Φ)

∂Φ2

)
Ψ̇ =

1
4lcB2

(
Φ− ΦT (Ψ, γ)

)
J̇ =

2
m+ µ

J
(∂Ψc(Φ)

∂Φ
+

J

8
∂3Ψc(Φ)

∂Φ3

)
.

(14)

Here, Φ represents the (annulus-averaged) flow through the system, Ψ is the pressure rise between
the inlet and outlet, and J is the square of the amplitude of the first mode of rotating stall. The
parameters lc, B, m and µ depend on the compressor configuration and are described in Paduano’s
course notes as well as [28].

The two functions Ψc(Φ) and ΦT (Ψ, γ) represent the compressor and throttle characteristics.
The throttle characteristic models the pressure loss at the outlet of the compressor and can be
written as

ΦT (Ψ, γ) = γ
√
Ψ,

where γ is the throttle parameter. The compressor characteristic curve gives the pressure rise across
the compressor as a function of the mass flow through the compressor (see Figure 6). Together,
these two characteristic curves determine the nominal operating point of the system since when
J = 0, the equilibrium solution for the system is given by the solution of the algebraic equations

Ψ∗ −Ψc(Φ∗) = 0 and Φ∗ − ΦT (Ψ∗, γ) = 0. (15)

A representative set of curves is show in Figure 6. The operating point when J∗ = 0 is at the
intersection of the two curves.

We now consider the stability of this system at an equilibrium point x∗ = (Φ∗,Ψ∗, 0). We
assume that γ is chosen such that

mC =
∂Ψc

∂Ψ
(Φ∗) < 0 and mT =

∂ΦT

∂Φ
(Ψ∗) > 0

and we let
φ = Φ− Φ∗ ψ = Ψ−Ψ∗.

We use the indirect method of Lyapunov and compute the linearization around the equilibrium
point:

φ̇ =
1
lc
(mCφ− ψ)

ψ̇ = kB(
1
lc
φ−mTψ)

J̇ =
2

m+ µ
mCJ

where kB = 1/(4B2). The characteristic equation for this system is given by

(s−mC)
(
s2 +

1
lc
(
kB

mT
−mC)s+

kB

lc
(1− mC

mT
)
)

= 0.
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Figure 6: Compressor and throttle characteristic curves.

Assuming that mC/mT � 1, we can simplify the last term in the equation and stability is given
by the conditions

mC <
1

4B2mT
and mC < 0.

We thus see that if the slope of the compressor characteristic is negative, then the linearized system
is stable (since B and mT are positive).

Stability of the linearized equation allows us to conclude local stability of the full equations when
mC < 0. If mC > 0, it is easy to show that the equations are unstable and J grows if perturbed
away from zero. If, on the other hand, mC ≡ 0, then a linear analysis is not sufficient and we must
resort to a fully nonlinear analysis. This case can be found in the paper by McCaughan [25] and is
discussed in more detail below.

2.2 Nonlinear Control Using Lyapunov Functions

The use of Lyapunov functions to characterize stability leads to a variety of techniques for design
of control laws based on the properties of Lyapunov functions. In this section we consider a system
of the form

ẋ = f(x, u) x(t0) = x0 x ∈ R
n, u ∈ R

m, (16)

where u denotes the inputs to the system. We wish to design a feedback control law u = α(x) such
that the resulting closed loop system

ẋ = f(x, α(x))

is stable.
We consider two such techniques in this section: control Lyapunov functions and backstepping.

More information on Lyapunov-based control design can be found in the the textbook by Krstic et
al. [22].
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Control Lyapunov Functions

Control Lyapunov functions are an extension of standard Lyapunov functions and were originally
introduced by Sontag [35]. They allow constructive design of nonlinear controllers and the Lyapunov
function that proves their stability. We give a brief introduction here, driven by relevant examples.
A more complete treatment is given in [22].

Definition 6. Control Lyapunov Function
A locally positive function V : R

n → R+ is called a control Lyapunov function (CLF) for a control
system (16) if

inf
u∈R

(
∂V

∂x
f(x, u)

)
< 0 for all x �= 0.

For systems that are affine in the control

ẋ = f(x) + g(x)u, f(x) = 0

the CLF condition simplifies to

∂V

∂x
f(x) +

∂V

∂x
g(x)u ≤ −W (x)

for some locally positive definite function W (x). If such a V exists, then a particular control law
that stabilizes the system is given by Sontag’s formula:

u =


−

∂V
∂x

f+
√
( ∂V

∂x
f)2+( ∂V

∂x
g)4

∂V
∂x

g
∂V
∂x g �= 0

0 ∂V
∂x g = 0.

Example 3. CLF example
Consider the scalar system given by the component of the Moore-Greitzer equations that describe
the evolution of rotating stall, with an additional term to represent a control input:

J̇ =
2

m+ µ

(
∂Ψc

∂Φ
+

J

8
∂3Ψc

∂Φ3

)
J + u

We assume here that Φ and Ψ are constants.
Consider the control Lyapunov function candidate

V (J) = 1
2J

2

This function is positive definite and hence we need to check the condition on V̇ to see if it is a
control Lyapunov function:

V̇ = J

(
2

m+ µ

(
∂Ψc

∂Φ
+

J

8
∂3Ψc

∂Φ3

)
J + u

)

It is easy to verify that we can always find a u such that V̇ < 0 for J �= 0. Once such control is
given by u = −kJ , in which case we have

V̇ =
2

m+ µ

(
∂Ψc

∂Φ
− k

)
J2 − J3

8(m+ µ)
∂3Ψc

∂Φ3

and if k is chosen sufficiently large, then V̇ < 0 for J small. Thus we can conclude that we have
local asymptotic stability.

15



Backstepping

In general, it is difficult to find a control Lyapunov function for a complex, nonlinear system. For
example, if we consider the entire Moore-Greitzer equations, it would be much less obvious how to
choose an appropriate V .

Backstepping is a constructive approach to build controllers and Lyapunov functions for certain
classes of systems. The essence of the technique is contained in the following lemma:

Lemma 4. Consider an affine nonlinear system augmented by an integrator:

ẋ = f(x) + g(x)u (17)
u̇ = v (18)

and supposed that V (x) is a control Lyapunov function for the system (17) and u = α(x) is a
control law that stabilizes the system. Then

Va(x, u) = V (x) +
1
2
(u− α(x))2

is a CLF for the full system.

This lemma allows us to iteratively design a CLF for a system as well as constructively build a
control law for the complete system. The basic idea is that we can “backstep” a controller through
an integrator and obtain a controller for the larger system. The following example illustrates this
approach.

Example 4. Stabilization of the MG-3 model via backstepping
Consider the controlled MG-3 equations

Φ̇ =
1
lc

(
Ψc(Φ)−Ψ+

J

4
∂2Ψc(Φ)

∂Φ2

)
Ψ̇ =

1
4lcB2

(
Φ− ΦT (Ψ, γ) + u

)
J̇ =

2
m+ µ

J
(∂Ψc(Φ)

∂Φ
+

J

8
∂3Ψc(Φ)

∂Φ3

)
.

(19)

The input here corresponds (roughly) to the effect of a bleed valve downstream from the compressor,
and hence is somewhat realistic. We wish to stabilize the system around the equilibrium point
x∗ = (Φ∗,Ψ∗, 0) corresponding to the peak of the compressor characteristic curve, where ∂Ψc

∂Ψ = 0.
To simplify the derivation, we assume a cubic compressor characteristic of the form

ΨC(Φ) = a0 + a1Φ− a3Φ3 (20)

where each ai > 0 and Φ∗ =
√

a1/(3a3) at the peak of the compressor characteristic. We then
rewrite the Moore-Greitzer equations in a different order:

J̇ =
2

m+ µ
J
(∂Ψc(Φ)

∂Φ
+

J

8
∂3Ψc(Φ)

∂Φ3

)
Φ̇ =

1
lc

(
Ψc(Φ)−Ψ+

J

4
∂2Ψc(Φ)

∂Φ2

)
Ψ̇ =

1
4lcB2

(
Φ− ΦT (Ψ, γ) + u

)
.
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We begin by trying to stabilize J using Φ as a “virtual” control, which we assume for the moment
that we can control directly (as if it were an input). Setting Φ to the desired value of Φd(J) =
Φ∗ + kJ , we see that the J̇ equation becomes

J̇ =
2

m+ µ

(
−6a3Φ∗kJ2 − 3

4
a3J

2 − 3a3k
2J3

)

(where we have made use of the particular compressor characteristic in equation (20)).
This equation is nonlinearly stable under the assumption that J ≥ 0 and given the signs of the

various coefficients. It is important to note that if we had instead applied this control at an operating
point with mC = ∂Ψc

∂Φ �= 0 then there would be a linear term that would determine stability. If
mC < 0 then we still have stability, but if mC > 0 then the equilibrium point corresponding to
J = 0 is unstable, even with the control in place. It is only at the point where mC = 0 that the
control alters the stability of the equation.

Continuing on, we next look at the equation for Φ̇ and attempt to choose Ψ so as to stabilize
this equation to the value Φd(J). As before, we assume that Ψ can be directly controlled and we
set it to

Ψd(Φ, J) = Ψc(Φ∗)− k2(Φ− Φd(J))

Finally, we look at Ψ̇ and stabilize it to Ψd(Φ, J). A simple controller to achieve this is

u = −k3(Ψ−Ψd(Φ, J)).

Expanding Ψd and Φd, the resulting state feedback for the full system is given by

u = −k3(Ψ−Ψ∗)− k3k2(Φ− Φ∗)− k3k2k1J.

As noted above, this control renders the system stable when mC ≤ 0, including the point mC = 0,
where linear stability is lost. However, beyond the peak of the compressor characteristic, this
control law cannot stabilize the unstalled equilibrium point J = 0.

2.3 Bifurcations and bifurcation control

As the last example illustrates, it is not always possible to stabilize a system about a desired
operating point (e.g., when mC > 0). In this section we show how to perform nonlinear control in
a way that modifies the behavior of the system to be more beneficial without necessarily stabilizing
the system.

Bifurcations

Consider a family of differential equations

ẋ = f(x, µ), x ∈ R
n, µ ∈ R

k, (21)

where x is the state and µ is a set of parameters that describe the family of equations. The
equilibrium solutions satisfy

f(x, µ) = 0

and as µ is varied, the corresponding solutions xe(µ) vary. We say that the system (21) has a
bifurcation at µ = µ∗ if the flow of the system change quantitatively at µ∗. This can occur either
due to a change in stability type or a change in the number of solutions at a given value of µ.
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Figure 7: Pitchfork bifurcation: (a) subcritical and (b) supercritical.

Example 5. Simple exchange of stability
Consider the scalar dynamical system

ẋ = µx.

This system has a bifurcation at µ = 0 since the stability of the system changes from asymptotically
stable (for µ < 0) to neutrally stable (µ = 0) to unstable (for µ > 0).

Example 6. Pitchfork bifurcation
Consider the scalar dynamical system

ẋ = µx− x3.

The equilibrium values of x are plotted in Figure 7a, with solid lines representing stable equilibria
and dashed lines representing unstable equilibria. As illustrated in the figure, the number and type
of the solutions changes at µ = 0 and hence we say there is a bifurcation at µ = 0.

Note that the sign of the cubic term determines whether the bifurcation generates a stable
branch (called a supercritical bifurcation and shown in Figure 7a) or a unstable branch (called a
subcritical bifurcation and shown in Figure 7b).

Bifurcations provide a tool for studying how systems evolve as operating parameters change
and are particularly useful in the study of stability of differential equations. To illustrate how
bifurcations arise in the context of compression systems, we consider the 3 state Moore-Greitzer
model introduced earlier.

Example 7. Bifurcation analysis of the MG-3 model
Consider again the special case given by a cubic compressor characteristic in the form of equa-
tion (20). As we have already seen, the J∗ = 0 equilibrium point undergoes a bifurcation when
∂Ψc(Φ∗)

∂Φ = 0 since the eigenvalue associated with J crosses into the right half plane.
However we can also analyze the stability of the stalled branch, given by

∂Ψc(Φ∗)
∂Φ

+
J∗

8
∂3Ψc

∂Φ3
= 0 =⇒ J∗ = 8

∂Ψc(Φ∗)
∂Φ

/J∗

8
∂3Ψc

∂Φ3
.

Note that this solution most be positive to make physical sense and hence J∗ may not always exist.
To complete the solution for this case, we must also have

Ψc(Φ∗)−Ψ∗ − J∗

4
∂2Ψc(Φ∗)

∂Φ2
= 0 and Φ∗ = ΦT (Ψ∗).
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Figure 8: Bifurcation diagram for the MG-3 model.

A representative graph of J∗ as a function of the bifurcation parameter γ is given in Figure 8, with
a dark line indicating a stable equilibrium and a light line indicating an unstable equilibrium.

Several important features rotating stall are present in this example. First, note that locally
Figure 8 looks like a subcritical pitchfork bifurcation, with only the top branch present (and the
parameter varying in the opposite sense from the canonical pitchfork example). Thus, when we
reach the critical value of γ where the slope of the compressor characteristic is zero, small pertur-
bations in J grow and the system begins to stall (J �= 0). Nonlinearities in the model stop the
growth of the stall cell for J large and we eventually end up with a finite size stall cell (represented
by the stable section of the upper branch). If at this point we increase γ, we remain on the upper
(stalled) branch until we reach the saddle-node bifurcation, where we then drop back to the original
unstalled operating point. This gives a hysteresis loop that corresponds to the well known hysteresis
in rotating stall.

Control of bifurcations

Now consider a family of control systems

ẋ = f(x, u, µ), x ∈ R
n, u ∈ R

m, µ ∈ R
k, (22)

where u is the input to the system. We have seen in the previous sections that we can sometimes
alter the stability of the system by choice of an appropriate feedback control, u = α(x). In this
section we investigate how the control can be used to change the bifurcation characteristics of the
system. As in the previous section, we rely on examples to illustrate the key points. A more
detailed description of the use of feedback to control bifurcations can be found in the work of Abed
and co-workers [23].

The simplest case of bifurcation control is when the system can be stabilized near the bifurcation
point through the use of feedback. In this case, we can completely eliminate the bifurcation through
feedback, as the following simple example shows.
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Figure 9: Relation of controller gain and behavior of bifurcation.

Example 8. Stabilization of the pitchfork bifurcation
Consider the subcritical pitchfork example from the previous section, with a simple additive control:

ẋ = µx+ x3 + u.

Choosing the control law u = −kx, we can stabilize the system at the nominal bifurcation point
µ = 0 since µ− k < 0 at this point. Of course, this only shifts the bifurcation point and so k must
be chosen larger than the maximum value of µ that can be achieved.

Alternatively, we could choose the control law u = −kx3 with k > 1. This changes the sign of the
cubic term and changes the pitchfork from a subcritical bifurcation to a supercritical bifurcation.
The stability of the x = 0 equilibrium point is not changed, but the system operating point moves
slowly away from zero after the bifurcation rather than growing without bound.

The more interesting case for consideration is when the control enters in such a way that it is
not possible to stabilize the system (i.e., the linearization is unstabilizable at the bifurcation point).
In this case, it might be possible to change the bifurcation behavior to a more benign case through
the use of feedback. We illustrate this using the 3 state Moore-Greitzer model.

Example 9. Liaw-Abed Control of the MG-3 model
For stall control, Liaw and Abed [23] proposed a control law that modifies the throttle characteristic:

ΦT (Ψ, γ, u) = (γ + u)
√
Ψ,

u = kJ.

This control law can be realized experimentally through the use of a bleed valve. For a large
enough value of k, the nominally unstable branch of equilibrium solution created at γ = γ∗ “bends
over” and eliminates the hysteresis loop, i.e. the subcritical nature of the transcritical bifurcation
is changed to supercritical (Figure 9).

By substituting the stall control law and computing the quantity dJ
dγ at the stall inception

throttle coefficient γ∗, the minimum gain needed for this phenomenon to occur can be found by
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asserting the condition that dJ
dγ |γ=γ∗ < 0. The expression for the minimum gain required for peak

stabilization is given by

kmin = − Φ∗Ψ′′′
c (Φ

∗)
8γ∗Ψ∗Ψ′′

c (Φ∗)
− γ∗Ψ′′

c (Φ
∗)

8Ψ∗ , (23)

which depends on the shape of the compressor characteristic. Since the second term is always
non-negative around the peak, the larger the value of Ψ′′′

c (Φ
∗), the smaller kmin. Roughly speaking,

this amounts to a compressor characteristic which is more “filled out” to the left of the peak. This
expression serves as one of the theoretical tools for predicting the bleed valve requirement needed
for peak stabilization [38, 42].
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Figure 10: Architecture for modal control.

3 Modal Control of Compression Systems

One of the most common methods of controlling stall is through “modal” control. This type of
control works for systems that are accurately described by long wavelength, modal inception of
stall, as described in the course notes by Paduano. In this case, the circumferential modes of the
flow perturbations can be taken as states of the dynamical system to be control and a feedback law
can be designed to stabilize these states.

The basic architecture for modal control is illustrated in Figure 10. Roughly speaking, this
architecture determines the magnitude and spatial location of each mode, applies a feedback control
law in modal coordinates, and then maps these feedback into the actuator commands.

Modal control has been demonstrated using a variety of different actuators, including high
frequency inlet guide vanes [30] and air injection [16, 39]. The specific control laws used for these
are typically a gain proportional to the amplitude of the modal perturbation, combined with a
spatial phase shift. The phase shift can be regarded as a mechanism for taking into account sensing
and actuation delays, so that the eventual action of the control of the physics is properly timed to
decrease the amplitude of the individual modes.

To analyze the effects of modal control, we consider the stabilization of the simple MG-3 modal
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Figure 11: Range extension using modal control.

using 2D (spatially distributed) air injection. Paduano’s course notes give a description of how
this can be accurately incorporated in the model by taking into account changes in the compressor
characteristic curve as well as momentum effects. For simplicity, we assume here that this actuation
is represented by an additional term in the equation for J , which represents the square of the
amplitude of the first mode:

Φ̇ =
1
lc

(
Ψc(Φ)−Ψ+

J

4
∂2Ψc(Φ)

∂Φ2

)
Ψ̇ =

1
4lcB2

(
Φ− ΦT (Ψ, γ)

)
J̇ =

2
m+ µ

J
(∂Ψc(Φ)

∂Φ
+

J

8
∂3Ψc(Φ)

∂Φ3
+ u

)
.

(24)

It is easy to show using the techniques of the previous section that a control law of the form
u = kJ will extend the stability of the system beyond the nominal stall inception point. Indeed,
the condition for stability of the stall mode is given by k − mC > 0, where mC is the slope of
the compressor characteristic curve at the desired operating point. (The stability of the eigenvalue
corresponding to surge is unchanged.)

Note that implicit in this formulation is that the modal control has been spatially locked to the
phase of the first mode (so that we directly actuate the amplitude). Thus, although this appears
to be a single control input (in modal coordinates), the implementation of this control action will
require an arrange of actuators that are capable of modulating the amount of injected air in a
spatially sinusoidally varying pattern that is aligned with the first mode flow perturbation.

This basic idea can be extended to multiple modes by applying independent controllers in modal
coordinates. Typical modal control laws will make use of 8 pressure or flow sensors and 12 actuators.
This allows control of up to three or four circumferential modes. The actuator bandwidths are a
limiting factor in the effectiveness of the control and typically must be approximately 2.5 times the
rotor frequency. Figure 11 shows the results of a modal control algorithm on a transonic compressor
rig [31]. For this example, modulated air injection was used as the actuation mechanism, with a
mean rate of mass injection of 1.5% of the mean compressor flow.
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For high speed compressors, the compressibility effects become important and must be ac-
counted for in the control design. A detailed discussion can be found in Weigl et al. [39].

It is also possible to make use of the ideas of modal feedback in passive control approaches.
One such approach was given by Gysling and Greitzer [17], in which they used air injectors that
had a “reed valve” mechanism that was sensitive to local pressure variations. This provided a
direct mechanism to dynamically couple the flow perturbations of the rotating stall modes to the
air injection, without electronic sensing or computation.
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4 Nonlinear Control of Compression Systems

In this section we consider the use of nonlinear tools for analyzing and controlling rotating stall
and surge. Throughout this section, we shall illustrate the various approaches as they apply to an
experimental rig developed at Caltech. We begin with a description of this system.

4.1 Caltech Compressor Rig

The Caltech compressor rig is a single-stage, low-speed, axial flow compressor with sensing and
actuation capabilities. Figure 12 shows a drawing of the rig and Figure 13 a magnified view of the
sensor and injection actuator ring.

The compressor is an Able Corporation model 29680 low speed single stage axial compressor
with 14 blades, a tip radius of 8.5 cm, and a hub radius of 6 cm. The blade stagger angle varies
from 30◦ at the tip to 51.6◦ at the hub, and the rotor to stator distance is approximately 12 cm (1.4
rotor radii). Experiments are run with a rotor frequency of 100 Hz, giving a tip Mach number of
0.17. In the configuration shown in Figure 12, rotating stall is observed to occur with a frequency of
approximately 67 Hz. With a plenum attached at the outlet (for compliance effects), surge occurs
at approximately 1.8 Hz. Data taken for a stall transition event suggests that the stall cell grows

25



from the noise level to its fully developed size in approximately 30 msec (3 rotor revolutions). At
the stall inception point, the velocity of the flow through the compressor is approximately 16 m/sec.

Six static pressure transducers with 1000 Hz bandwidth are evenly distributed along the annulus
of the compressor at approximately 5.7 cm (1.1 rotor radii) from the rotor face. By performing
a discrete Fourier transform on the signals from the transducers, the amplitude and phase of the
first and second Fourier modes of the pressure perturbation of a nonaxisymmetric disturbance can
be obtained. The difference between the pressure obtained from one static pressure transducer
mounted at the piezostatic ring at the inlet and that from the piezostatic ring downstream near
the outlet of the system is computed as the pressure rise across the compressor. For the velocity of
the system, a hotwire anemometer is mounted approximately 13.4 cm (1.6 rotor radii) upstream of
the rotor face. All of the sensor signals are filtered through a 4th order Bessel low pass filter with
a cutoff frequency of 1000 Hz before the signal processing phase in the software.

A high speed and a low speed bleed valve are available on the Caltech rig. The high speed
bleed valve, used primarily for stall control, has a magnitude saturation of 12% (corresponding to
an area of 11.4 cm2) of the flow at the stall inception point and is approximately 26 cm (3.1 rotor
radii) downstream of the rotor. The low speed valve, used primarily for surge control and throttle
disturbance generation, has a magnitude saturation of 30% of the flow of the system at the stall
inception point and is estimated to have a small signal (±5◦ angle modulation) bandwidth of 50
Hz and a large signal (±90◦ angle modulation) bandwidth of 15 Hz.

The air injectors are on-off type injectors driven by solenoid valves. For applications on the
Caltech compressor rig, the injectors are fed with a pressure source supplying air at a maximum
pressure of 80 psig. The injectors are located at approximately 10.4 cm (1.2 rotor radii) upstream
of the rotor. Due to significant losses across the solenoid valves and between the valves and the
pressure source, the injector back pressure reading does not represent an accurate indication of the
actual velocity of the injected air on the rotor face. Using a hotwire anemometer, the maximum
velocity of the velocity profile produced by the injected air measured at a distance equivalent to the
rotor-injector distance for 50 and 60 psig injector back pressure are measured to be approximately
30.2 and 33.8 m/sec respectively. At the stall inception point, each injector can add approximately
1.7% mass, 2.4% momentum, and 1.3% energy to the system when turned on continuously at 60
psig injector back pressure. The bandwidth associated with the injectors is approximately 200 Hz
at 50% duty cycle. The angle of injection, injector back pressure, the axial location of the injectors,
and the radial location of the injectors can all be varied.

One of the features of the experiment is the ability to use continuous air injection to modify the
compressor characteristic curve for the system. This allows us to explore the role that the shape of
the compressor characteristic plays in active control of stall and also allows us to emulate a range
of compressors with a single experimental system.

4.2 System ID

Many of the nonlinear analysis techniques that we employ required knowledge of the compressor pa-
rameters and compressor characteristic curve. In this section, an identification algorithm proposed
by Behnken [4] is briefly reviewed to illustrate how these can be obtained.

Due to the unstable nature of the portion of the compressor characteristic to the left of its peak,
achievable stall-free performance of a given compressor has always been uncertain. Identification
of the compressor characteristic and the parameters in the Moore-Greitzer model has been an on-
going research topic. The complexity of the identification process has evolved from an assumption
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based on experience, namely a simplified Moore-Greitzer type cubic [15, 28] of the form

Ψc(Φ) = Ψc0 +H

[
1 +

3
2

(
Φ
W

− 1
)
− 1

2

(
Φ
W

− 1
)3

]
,

where Ψc0 , H, and W are fitting coefficients, to an iterative simulation-experiment matching pro-
cedure which results in piecewise continuous polynomials [24]. While the iterative approach gives
quantitatively reliable stall inception results when used in simulations, a systematic method that
reduces the uncertainty and effort, and increases the accuracy and precision of the identified pa-
rameters is extremely desirable. One such identification algorithm via a linear least squares fit of a
modified version of the Moore-Greitzer equations using surge cycle data is proposed by Behnken [4].

Using modal decomposition and Galerkin projection, the Moore-Greitzer PDE can be projected
onto the modes of interest. As an example, the one-mode Moore-Greitzer model (equation (14)) is
repeated here in a slightly different form:

Ψ̇ =
1

4lcB2
(Φ− γ

√
Ψ)

Φ̇ =
1
lc
(Ψc(Φ)−Ψ+

A2
1

4
∂2Ψc(Φ)

∂Φ2
)

Ȧ1 =
1

m+ µ
A1(

∂Ψc(Φ)
∂Φ

+
A2

1

8
∂3Ψc(Φ)

∂Φ3
).

(25)

In this equation, A1 represents the amplitude of stall (rather than the square amplitude, J).
The basic surge model is equation (25) with A1 set to 0. The expanded surge model takes into

account the amplitude of the rotating stall in the surge cycle without considering the corresponding
time rate of change. Furthermore, for applications on data associated with pressure perturbation, a
Taylor expansion can be used to express the stall amplitudes associated with pressure perturbation
to those with flow perturbation. For instance (from [4]), the first mode associated with pressure
perturbation Â1 is given by

Â1 = A1

√[
Φ+

1
m+ µ

(
Ψ′

c(Φ) +
A2

1

8
Ψ′′′

c (Φ)
)]2

+ ṙ1
2.

To pose the problem in a linear least squares form, consider a polynomial description of Ψc(Φ)
given by Ψc(Φ) =

∑N
i=0 aiΦi where N is an integer. The functional dependence of Φ̇ on Âi is

neglected and terms higher than 2nd order in Âi truncated. For consideration of the first and
second modes only, the equations can be written as the following:

Φ̇ =
N∑

i=0

âiΦi + c0Ψ+ d1Â1 + d2Â1Φ+ d3Â1
2
+ d4Â1Â2 + d5Â2 + d6Â2Φ+ d7Â2

2,

Ψ̇ =
1

4lcB2
(Φ− γ

√
Ψ),

(26)

where âi = ai/lc, b1 = 1/4lcB2, b2 = −γ/4lcB2, and c0 = −1/lc. The algorithm uses surge cycle
data from experiment and searches for coefficients that give the best fit to the expanded surge
equations. A successful identification of the compressor characteristic is classified as one that gives
a close fit to the time rate of change of the flow and pressure signals, and has a tight bound on the
range of possible characteristics as a result of the linear least squares fit.

27



0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5
Model Identification with pressure perturbation: combined

Φ

Ψ

1000 2000 3000 4000 5000 6000

−5

0

5

x 10
−3Model Identification with pressure perturbation: fits for dots

rotor radians

ph
id

ot

1000 2000 3000 4000 5000 6000
−4

−2

0

2

4
x 10

−3

rotor radians

ps
id

ot

Figure 14: Identified compressor characteristic and estimated Φ̇ and Ψ̇ using pressure perturbation;
on the right plot, solid lines represent measured data and dashed estimated from fit.

To illustrate the method, surge cycle data was taken on the Caltech rig. Using the model
described in equation (26), the resulting identified compressor characteristic and the estimated Φ̇
and Ψ̇ are shown in Figure 14. The solid lines in the right plots represent the actual Φ̇ and Ψ̇
time traces while the dashed lines the fitted counterparts. The shaded region in the left plot is a
band formed by computing the compressor characteristic from the surge cycle data using the fitted
values of the parameters. The tightness of this band and the close fit to the time traces indicate
that the fit is good with respect to the underlying model.

4.3 Nonlinear control using bleed valves

One of the earliest nonlinear control laws to be proposed for stabilization of rotating stall was given
by Liaw and Abed [23], who considered control using a downstream bleed valve. They demonstrated
that by modulating the bleed proportionally to the square of the amplitude of the first mode of
rotating stall, the normal bifurcation into stall could be transformed for a subcritical bifurcation
to a supercritical one. The resulting closed loop dynamical system has no hysteresis loop, allowing
operation much closer to the peak of the compressor characteristic.

Figure 15 shows the open- and closed-loop behavior of the Caltech compressor in the Φ-Ψ plane
and the γ-J plane respectively, using the Liaw-Abed control law. The closed-loop behavior shows
no hysteresis loop on Figure 15, as expected from the theory. As Figure 15 shows, after the bleed
valve saturates, the system returns to the original stalled equilibria. The γ-J plot in Figure 15 is
expected to show the same observation. The mismatch at low values of γ is due to the formation
of the second mode of stall in the open-loop case. For the open-loop system, the second mode
of rotating stall forms at a value of γ smaller than that for the formation of the first mode. At
γ = 0.45 on Figure 15, the second mode forms and becomes dominant, and the amplitude of the
first mode is decreased. Further decrease in γ leads to a further reduction in the amplitude of the
first mode. At around γ = 0.33, the throttle is almost fully closed and the first mode becomes
dominant again. In the closed-loop case, this phenomenon is not observed since the high speed
bleed valve saturates and remains open. As a result, the main flow level is not low enough for the
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Figure 15: Open- and closed-loop behavior of system on Φ-Ψ plane for control with bleed valve
and continuous air injection at 55 psig injector back pressure.

second mode of rotating stall to form.
A combined surge and stall control algorithm has implemented by using a high speed bleed valve

for control of stall stall and a slow bleed valve (disturbance bleed) for surge. The surge controller is
implemented with a proportional feedback on Φ̇. This control law is proposed by Badmus et al. [3].
The combined control law for rotating stall and surge takes the form

ΦT (Ψ) = (γ +KRSJ +KSΦ̇)
√
Ψ,

where KRS is the gain for rotating stall control and KS that for surge control. Figure 16 shows plots
of the dynamic response of the system. Control is initially turned off and the system is surging.
Control is then activated at approximately 6000 rotor revolutions and the system is stable.

4.4 Nonlinear control using axisymmetric air injection

Control via bleed valves can described as a method of controlling the behavior of the compression
system by modulating the throttle characteristic to change the criticality of the bifurcation. In a
similar way, we can ask whether it is possible to change the behavior of the system by modulating
the compressor characteristic. This requires a mechanism of modulating this curve, analogous to
using the bleed valve to modulate the throttle characteristic. On the Caltech rig, we make use of
unsteady air injection to accomplish this modulation.

In order to test the closed loop compressor characteristic shifting idea, a series of experiments
were performed. We attempt to implement a close loop controller that modulates the compressor
characteristic in a way that is proportional to the squared amplitude of the first mode amplitude
of the rotating stall:

Ψc = Ψcnom +KJ1Ψcu . (27)

In order to achieve this proportional feedback on the amplitude of the stall cell magnitude, the
duty cycle of the air injectors was varied. A carrier frequency of 100 Hz was used, with the duty
cycle varying between 0–100% proportional to the amplitude of the static pressure perturbation
amplitude. By varying the air injection parameters (back pressure, injection angle, etc), we can
explore a variety of shifted compressor characteristics, Ψc. Two shifts were investigated, one with
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Figure 16: Combined stall control with high speed bleed and continuous air injection and surge
control with slow bleed: control initially off and turned on at approximately 6000 rotor revolutions.

a rotating stall hysteresis region that did not overlap that of the uninjected case and one with a
hysteresis region that did overlap.

Figure 17 shows the closed loop compressor characteristic obtained for the non-overlapping
hysteresis region case (left of figure), along with an experimental bifurcation diagram (right of
figure). The figure clearly shows that the entire nonzero equilibria branch is stable, and there is
therefore no hysteresis region associated with rotating stall.

Figure 18 shows the closed loop compressor characteristic obtained for the overlapping hysteresis
region case (left of figure), along with an experimental bifurcation diagram (right of figure). In
this case, we see that there is still a hysteresis loop at the intersection of the two open loop curves.
This effect is explained in more detail in [4].
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Figure 17: Closed loop compressor characteristic and bifurcation diagram, obtained with 1-D pro-
portional feedback: non-overlapping hysteresis case.

0.2 0.25 0.3 0.35 0.4 0.45 0.5
0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

0.36

0.38
Proportional feedback with 1−D actuation

Flow coefficient

P
re

ss
ur

e 
ris

e 
co

ef
fic

ie
nt

No Air Inj.

Prop. Air Inj.

Cont. Air Inj.

0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Throttle coefficient

F
irs

t m
od

e 
am

pl
itu

de

Proportional feedback with 1−D actuation

No Air Inj.

Prop. Air Inj.

Cont. Air Inj.

Figure 18: Closed loop compressor characteristic and bifurcation diagram obtained with 1-D pro-
portional feedback: overlapping hysteresis case.

4.5 Nonlinear control using non-axisymmetric air injection

In this section, experimental results on the use of pulsed air injection to control rotating stall are
presented. Unlikely the previous section, we use non-axisymmetric injection here, so that each air
injector is independently controlled. However, we still make use of only three air injectors, so that
the modal approaches described in Section 3 cannot be directly applied.

Control of stall

The basic strategy of this controller is to sense the location and magnitude of the peak of the first
mode component of a circumferential pressure disturbance and inject air based on the location of
this first mode relative to the positions of each air injector. It was shown in [4] that the second
mode could be neglected with little effect.

The action of the controller is parameterized by the following variables:
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-Initialize jet
counter

-Activate jet

-Increment counter
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-Sample data

-Spatial DFT

-Sample data

counter>jeton

NO

phase<angle+window
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Figure 19: Control Algorithm. The above logic is repeated for each air injector. The double
rectangle corresponds to the beginning of a servo-loop, which occurs at a rate of 2000 times per
second. Figure courtesy of Raffaello D’Andrea.

jeton minimum pulse width
threshold threshold for stall detection
window angle window for stall detection
angle1 activation angle for air injector 1
angle2 activation angle for air injector 2
angle3 activation angle for air injector 3,

and the algorithm itself is shown schematically in Figure 19. The flow chart can be interpreted
as follows: each air injector is activated when the magnitude of the first mode is greater than
threshold and the location of the peak of the first mode is within a pre-specified range of angu-
lar positions (as determined by angle and window); once an air injector is activated, it remains
activated for jeton number of servo-loops, irrespective of the magnitude mag and location phase
of the first mode. Note that phase and mag refer to the phase and magnitude of the first Fourier
coefficient, not the physical location and value of the peak pressure disturbance at the compressor
face. The higher circumferential modes effect the exact location, but the available pressure sensors
only provide the location of the first two modes. In the case that the pressure disturbance is sinu-
soidal (which is a good approximation when fully stalled), phase and the physical location of the
peak pressure disturbance differ only by a constant, which is due to delays in the data acquisition
stage.

The closed loop compressor performance curve is shown in Figure 20 for the optimal choice of
injector phasing and jeton = 15. The results shown to the left of the peak of the characteristic
are time averaged values, since the controller is continuously rejecting stall disturbances in this
region. Error bars are included to show the time variation of the circumferentially averaged flow
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Figure 20: Closed loop compressor characteristic for jeton = 15, optimal controller. The asterisks
correspond to time averaged data, while the solid lines interpolate these points. The pressure and
flow variance are included for each data point as error bars. The open loop compressor characteristic
is included for comparison purposes.

and the pressure rise coefficients at these unsteady operating points (this is because the system is
continuously rejecting rotating stall disturbances in this region). The figure shows that hysteresis
loop associated with rotating stall is eliminated by the pulsed air injection controller.

In addition to the closed loop compressor characteristic for the optimal controller presented
above, the closed loop characteristic for a case where the placement of the air injectors resulted
in non-overlapping hysteresis regions for the continuous air injection and the uninjected case was
determined. Figure 21 shows the result of closed loop control in this case. The only difference that is
apparent between two closed loop compressor characteristics is that the case with non-overlapping
hysteresis regions has a less steep dropoff in pressure rise as the throttle is closed past the peak of
the compressor characteristic. From these results it is clear that shifting the characteristic to the
point where the hysteresis regions do not overlap does not provide significant benefit for this form
of controller.

Figure 22 shows the transient behavior at two points (A and B) on the closed loop compressor
characteristic shown in Figure 21. The figure shows the unsteadiness associated with operating
the closed loop system to the left of the compressor characteristic peak (point B). Again, there
are no significant differences between this case and the overlapping hysteresis case. The fact that
non-overlapping hysteresis regions were not required to eliminate the hysteresis associated with
rotating stall (this was not the case for the 1-D proportional controller presented in the previous
section is a strong motivation to investigate this and other 2-D actuation schemes further.

Control of stall and surge

Several experiments were performed to determine the effect of the control algorithm when the rig
was operated in a configuration with a large plenum attached, which made the resulting surge
dynamics unstable. Data for the uncontrolled case is shown in the top four plots of Figure 23 for
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Figure 21: Closed loop performance characteristic for air injection geometric parameters which
provide no overlap of the hysteresis regions.

reference.
The plots of the uncontrolled case show two different surge modes, one at 1.4 Hz and the other

at 1.8 Hz (these two different surge modes are investigated further in [4]. The time traces for the
first mode rotating stall clearly show that the compressor goes into stall during the low flow rate
intervals and comes out of stall during the high flow rate intervals. The pressure rise coefficient
versus flow coefficient plot clearly illustrates the two different surge limit cycles (note that the surge
cycles are traversed in a counterclockwise direction).

The bottom four plots show the transient behavior of the compression system when the pulsed
air injection controller for rotating stall is active. The plots show the response to a single throttle
disturbance. As in the uncontrolled case, each pressure disturbance de-stabilized the system. Note
that the controller had virtually no effect on the surge trajectory during the time the disturbance
was present (in this 20 revolution time period, the trajectory is virtually the same as the one in the
previous experiment). On the subsequent cycle the pressure and flow variations were substantially
decreased and then eliminated. Experiments showed that by shortening the time duration of the
pressure disturbance (while still keeping it large enough to cause the open loop system to go into
surge), the pressure and flow variations during the first cycle were reduced. For short disturbances,
the magnitude of the pressure and flow disturbances could be kept to within 30% of the nominal
operating flow and pressure rise.

An explanation of why the control algorithm is successful at eliminating surge is based on the
strong coupling between the surge and stall dynamics. Since the compressor begins to stall when
the flow coefficient is decreasing, the stall controller can react to this aspect of the surge dynamics.
When the system begins to stall, the control algorithm activates, and tries to eliminate the stalled
condition. This has the effect of increasing the net flow rate through and pressure rise across the
compressor when these states are low during a surge cycle. The control algorithm therefore provides
positive damping to the surge dynamics.
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4.6 Comparison of modal control versus nonlinear control

The techniques described in this chapter rely on nonlinear techniques to change the bifurcation
behavior of rotating stall from a subcritical bifurcation to a supercritical bifurcation. The benefit
of this change in bifurcation behavior is that the hysteresis loop is eliminated, potentially allowing
the compressor to be operated closer to its peak in a robust fashion. However, the system still
enters stalled operation past the peak of the compressor characteristic, even though the stall cell
amplitude remains small.

In contrast, the modal controllers described in Section 3 operate by actually stabilizing the
system beyond the peak. This means that no discernible stall is present and hence the engine
designer can make use of the maximum pressure rise of the compressor. The amount of extension
of the operation depends on the number of sensors and actuators (which determine the number
of spatial modes that can be stabilized), the bandwidth of the actuators (typically bandwidths of
2—5 times the rotor frequency are required) and the actuator authority (magnitude limit).

Understanding which approach is more appropriate depends on the cost and weight of actuators
and sensors, as well as the ability of the engine to operate in a stall condition (without hysteresis). A
fairly detailed comparison of the performance tradeoffs between these various scenarios was carried
out in [41].

Another important aspect of active control of compression systems is the affect of magnitude
and rate limits. Work by Yeung [41] and Wang [37] has explored these effects and a detailed theory
for predicting these limits has been developed. In particular, it was shown by Yeung that the shape
of the compressor characteristic is a dominant factor in determining the bleed valve magnitude,
rate, and bandwidth requirements. More information is available in [42].
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Figure 22: Comparison of controller performance for two different throttle settings. Points A and
B refer to Figure 21. The first mode stall cell amplitude for the uncontrolled case is shown in gray.
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Figure 23: Effects of pulsed air injection controller on the surge dynamics. The top four plots
correspond to no control action, and the bottom four plots correspond to pulsed air injection
control. The horizontal line in the time trace plots corresponds to the throttle disturbance on time.
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5 Summary

These notes have given a brief introduction to some of the key concepts and results in active control
of compression systems. The main points of the notes can be summarized as follows:

• Benefits of active control: active control of compression systems can be used to extend the
range of operation of a compressor, allowing fewer stages in a given engine design and leading
to substantial fuel savings. Active control has been demonstrated in a variety of experiments,
including full scale compression systems.

• Lyapunov stability analysis: Lyapunov stability theory can be used to prove stability of non-
linear systems and to construct stabilizers. Specific design methods include control Lyapunov
functions and integrator backstepping.

• Bifurcation analysis and control: For systems that cannot be stabilized about a desired op-
erating point, it is sometimes possible to change the bifurcation properties of the system. A
specific example is changing a subcritical bifurcation to a supercritical bifurcation, allowing
the instability to grow slowly in magnitude (as a function of a operating parameter).

• Modal control: By transforming the description of a system into modal coordinates, it is
possible to directly stabilize the individual modes of a compression system. This requires an
array of sensors and actuators of sufficient spatial density to stabilize the desired modes. Air
injection and high-frequency inlet guide vanes are two actuation mechanisms that have been
tested.

• Bifurcation control using axisymmetric actuation: Bleed valves or air injection can be used
as an axisymmetric actuator to control stall by changing the bifurcation properties. This
eliminates the hysteresis loop normally associated with rotating stall by “bending over” the
bifurcation diagram.

• Bifurcation control using air injection: Air injectors can be used in a non-axisymmetric fashion
to change the bifurcation behavior at the stall inception point. Non-axisymmetric actuation
allows more control over the system behavior and appears better suited in the case when low
amounts of actuator authority are needed.

These notes give only a basic introduction to some of the ideas that have been developed in the
last year for active control of compression systems. More information is available on the web page
for this course:

http://www.cds.caltech.edu/~murray/talks/vki-may01.html
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Defence R&D Canada Analysis SDFA - Centro de Documenta¸cão
Department of National Defence Institute of Military Technology Alfragide
Ottawa, Ontario K1A 0K2 Ministry of Defence P-2720 Amadora

H-1525 Budapest P O Box 26
CZECH REPUBLIC SPAIN

ICELAND INTA (RTO/AGARD Publications)DIC Czech Republic-NATO RTO
Director of Aviation Carretera de Torrej´on a Ajalvir, Pk.4VTÚL a PVO Praha
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